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Abstract

This thesis discusses a model reduction method for one-dimensional dis-
tributed systems. These systems can be spatially discretely distributed,
like staged distillation columns, or spatially continuously distributed, like
packed distillation columns, tubular reactors etc. The method takes its
starting point in the aggregated modeling method of Lévine and Rouchon
(1991) for simple staged distillation column models. The derivation of the
method is substantially simplified, making it possible to apply the method
to more complex models that include mass and energy balances. The basic
principle of the method is to divide the system into intervals of steady-
state systems, which are connected by dynamic aggregation elements. In
discrete systems, the aggregation elements are some selected units, and the
remaining units form the steady-state systems. In continuous systems, the
aggregation elements are dynamic equations connecting the steady-state
systems described by boundary value problems.
In order to obtain models of lower complexity than the original models,
the steady-state systems have to be eliminated from the reduced models.
This can be achieved by solving them either numerically or analytically as
functions of the independent variables of the aggregation elements. The
resulting functions can be substituted into the dynamic equations, yielding
reduced models that retain the original structure of the original model, but
have a much lower number of states.
As a case study, a complex distillation column including mass and energy
balances and complex hydraulic and thermodynamic relationships is inves-
tigated. The steady-state equations in the reduced model are replaced by
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tabulated functions that are implemented using linear multi-dimensional
interpolation. The reduced model is compared with a fast implementation
of the original model, and is shown to be several times faster at comparable
accuracy.
For spatially continuous systems, the method is a new approach to derive
discretized equations from the original partial differential equations. It re-
quires more implementation effort, but yields more accurate models than
alternative discretization methods such as finite difference and finite ele-
ment approximations. The method is demonstrated on a fixed bed reactor
model and a heat exchanger model.
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Chapter 1

Introduction

1.1 Motivation

Mathematical models have become an indispensable tool for the analysis,
prediction, control and optimization of many phenomena and processes in
the world. Examples are technical systems, such as chemical processes,
robots or vehicles, geophysical systems such as weather, climate or reser-
voir systems, hydraulic, ecological, economical and astronomical systems.
A mathematical model for a certain system can be used for analyzing the
system and for predicting the system behavior. In some cases, especially
for technical systems, knowledge about the systems behavior can be used
for designing or manipulating a system to achieve a desired behavior.
Mathematical models can quickly become very complex, when for a realis-
tic prediction a large number of details or subsystems need to be included
in the model. This can make the simulation or the analysis of a model
difficult. This is the motivation for deriving less complex “reduced” models
from complex models, where a reduced model is supposed to approximate
the original behavior sufficiently well for a given application.
This thesis discusses a model reduction method for one-dimensional sys-
tems. These systems extend spatially in one direction, and appear fre-
quently in chemical engineering and other technical areas. Typical exam-
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2 CHAPTER 1. INTRODUCTION

ples are columns for distillation, absorption and cleaning, tubular or fixed
bed reactors, heat exchangers, etc.
One important class of application mathematical models of these processes
are needed for is real-time optimizing control. In these applications, the
models are used to simulate the behavior of the system when certain vari-
ables of the system are manipulated. This way, the system can be controlled
in a desired way. The required changes of the manipulated variables can be
found in an automatic optimization procedure using multiple simulations
and an objective function that evaluates the behavior of the system. The
values of the manipulated variables are determined such that they minimize
this objective function.

This work was part of the European Union project PROMATCH, which
focused on developing model reduction methods for application in real-
time optimizing process control applications. The project was divided into
groups, each of which investigated different model reduction approaches.
This work focused on physically-based model reduction methods, whereas
other groups focused on more mathematical approaches. As a case study,
an industrial distillation column was employed.
The work in this study started out with the development of a model reduc-
tion procedure for staged distillation models. The purpose was to derive
reduced models that reduce the computational complexit when the model
is simulated in model predictive control and real-time optimization applica-
tions. The method was subsequently extended to general one-dimensional
systems. This broadens the range of applications of the method.

1.2 Thesis overview

Chapter 2 introduces some of the basic concepts and terminology that is
needed to understand the later chapters of the thesis. An introduction into
the numerical aspects of integrating differential-algebraic equations is given,
with the aim of explaining the computational complexity of mathematical
models and how reduced models can reduce it.
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Chapter 3 reviews the aggregated modeling method of Lévine and Rouchon
(1991) and presents a clarified derivation of the reduced models. From a
simple distillation model, several reduced models are derived. It is shown
that a gain in computational performance can be achieved when the alge-
braic equations resulting from the reduction procedure are eliminated from
the reduced models. Optimized and non-optimized reduced model param-
eters are tested with several numerical integrators, and the incorporation
of the regulatory control layer of the system is investigated.
Chapter 4 presents an extension of the reduction method to complex dis-
tillation models with mass and energy balances and complex hydraulic and
thermodynamic relationships. Fast implementations of both full and re-
duced models are described. The elimination procedure of the algebraic
equations and the tabulation of the required function values are described in
detail. Reduced models with optimized and non-optimized reduced model
parameters are tested, and their performance is compared with the original
model. A detailed analysis of the computational complexity of both full and
reduced models is given. Alternative approaches concerning implementa-
tion details of the reduction method and the relationship to alternative
model reduction methods are discussed.
Chapter 5 presents a generalization of the reduction method to one-dimensional
distributed systems. For discrete systems, the reduction procedure is the
same as for the distillation models discussed before. For continuous sys-
tems, the reduction procedure is derived as a limit case of the discrete
procedure, resulting in a combination of aggregation elements described
by ordinary differential equations and steady-state systems described by
boundary value systems. While a simple distillation model serves as exam-
ple for discrete systems, a heat exchanger model and a fixed bed reactor
model are used as examples for continuous systems. The approximation
quality of the reduced models is compared with the approximation qual-
ity of models obtained by finite difference approximations. The method
is compared with the standard singular perturbation procedure to derive
slow reduced models, and the differences and similarities are discussed.
Chapter 6 contains conclusions and directions for future research.
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Chapter 2

Preliminaries

2.1 Model reduction

Generally, the term model reduction refers to a procedure where a reduced
model of lower complexity is derived from a more detailed original or full
model. The reduced model is supposed to be capable to reproduce the be-
havior of the full model with a certain approximation quality. Usually, the
target application of the reduced model determines the accuracy require-
ments for the approximation quality of the original behavior. Similarly,
a lower complexity of the reduced model means that the reduced model
can be handled easier by the target application. For example, if the re-
duced model is intended for design purposes, a low structural complexity
is desired. If the model is intended for real-time applications, a low com-
putational complexity is desired. The term performance of a reduced model
will in the following be used for the relationship of complexity and approx-
imation quality compared to the original model.
Often, model reduction is understood as model order reduction, which
means that the reduced model has a lower number of dynamic states than
the original model. While a lower number of dynamic states is often a key
requirement for a reduced computational complexity, a model order reduc-
tion can also come at the cost of complicating the structure of the original
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model or increasing the complexity of the remaining model equations. An
example are projection-based methods such as balanced truncation (Scher-
pen, 1993) or proper orthogonal decomposition (Astrid, 2004), where the
dynamic state x of the original model is projected on a reduced state space
(becoming x̃) by a certain projection matrix T . However, to evaluate the
right-hand sides of the equations of the reduced model, the full state has
to be reconstructed by applying some inverse transformation matrix T̃ :

˙̃x = Tf(T̃ x̃). (2.1)

Here, although x̃ is the reduced state vector of reduced length, the full
right-hand side f(x) is evaluated. Furthermore, the transformation T pos-
sibly destroys all structure that was present in the original model.
Another example are models derived using quasi-steady-state assumptions.
In these models, a number of dynamic equations are transformed into al-
gebraic equations by setting their left-hand sides to 0. If the resulting
algebraic equations are not eliminated from the model somehow, they have
to be solved during the integration of the dynamic equations. In section
2.2, it is discussed in detail that this is computationally approximately as
costly as integrating the original system.
Generally, model reduction is a complex field. There exist numerous ap-
proaches for a vast variety of systems. Mainly, it can be differentiated
between methods for linear (Antoulas, 2005) and nonlinear systems (Ersal
et al., 2008, Marquardt, 2001, van den Berg, 2005). Naturally, methods
for linear systems can be much more generic than methods for nonlinear
systems, which are usually developed for more narrow classes of systems.
For nonlinear model reduction of distillation models, several approaches
have been used in the past. One successful approach are orthogonal collo-
cation models (Cho and Joseph, 1983, Stewart et al., 1984), which inher-
its the concept of finite element methods for partial differential equations
(Hundsdorfer and Verwer, 2008). There, variable profiles along the spatial
dimension of the system are approximated by piecewise polynomial basis
functions. Successful applications regarding experimental validation (Karl-
ström and Breitholtz, 1992) and computational performance (Dalaouti and
Seferlis, 2006) have been reported. Another approach are wave propagation
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methods (Hwang, 1991, Kienle, 2000, Marquardt, 1990), where the dynam-
ics of the distillation column are approximated by moving wave profiles.
While the method was originally restricted by assumptions like constant
holdups and flows, extensions to models including enthalpy and holdup ef-
fects were presented lately (Hankins, 2007).
The method of balancing of empirical gramians (Hahn and Edgar, 2002)
uses a state transformation based on empirical gramians such that the states
of the transformed system are approximately ordered according to their sig-
nificance for the input-output behavior of the system. It is an extension of
the balanced realization methods for linear systems as described in Skoges-
tad and Postlethwaite (2005). Hahn and Sun (2004) describe an application
of the balancing method with subsequent reduction of the algebraic equa-
tions in the balanced model.
A singular perturbation approach is presented by Kumar and Daoutidis
(2003). The resulting model is more suitable for nonlinear controler design
than for fast simulations due to its implicit nature. An overview of fur-
ther reduction and simplification methods for distillation column is given
by Skogestad (1997).
This thesis focuses on a model reduction method for one-dimensional dy-
namic systems, which inherits the concepts of the aggregated modeling
method of Lévine and Rouchon (1991) for simple staged distillation col-
umn models. This method is a further development of the compartmental
modeling method of Benallou et al. (1986), where the distillation column
is divided into compartments, the dynamics of which are governed by a
single differential equation for each compartment. The aggregated mod-
eling method has been applied lately by Bian et al. (2005) and Khowinij
et al. (2005) for deriving reduced models for real-time optimizing control
applications.
The aggregated modeling method will be described in more detail later
in this thesis. The remaining sections of the introduction are intended to
provide an overview of important aspects of theory and applications to be
able to understand the performance of the reduction method investigated
in this thesis.
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2.2 Numerical solution of differential-algebraic equa-
tions

This section gives an introduction into the numerical integration of ordinary
differential equations and differential-algebraic equations. The theory is
very well described in classic books such as Hairer et al., 2000, Hairer and
Wanner, 2002, and Ascher and Petzold, 1998. The reason why some of the
basic concepts are repeated here is that the computational aspect of any
model reduction can only be understood if the principal functionality of
the numerical algorithm used to integrate the model in time is known. In
particular, two numerical aspects will be addressed in this section:

1. The concept and implication of stiff systems are explained. This
is important for understanding singular perturbation systems and
differential-algebraic solvers.

2. The numerical tasks of the integration that most of the computational
effort is spent in are described; these are the residual evaluation,
Jacobian evaluation and the solution of the linear systems of equations
arising from the integration algorithm.

2.2.1 Basic integration in time

The starting point is the integration (numerical solution) of ordinary dif-
ferential equations of the form

ẋ = f(x,u, t), (2.2)

where x is the state vector, u is the input vector, and t is time. The simplest
integration scheme possible is the Euler forward scheme (“explicit Euler”)

xi+1 = xi + ∆tf(xi,ui, ti), (2.3)

where xi is the numerical solution at time ti, and ∆t = ti+1−ti is a time step
of a certain length. This is called an explicit scheme, because the equations
for the new states xi+1 at time ti+1 are explicit in the variables known at
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time ti. Explicit schemes have the advantage that the computation of the
new states requires the least possible effort.
In contrast to this, implicit schemes require the solution of a system of
nonlinear equations at every time step. The simplest implicit integration
scheme is the Euler backward scheme (“implicit Euler”)

xi+1 = xi + ∆tf(xi+1,ui+1, ti+1), (2.4)

where the new states xi+1 are implicitly defined. What is the advantage of
the computationally more expensive implicit schemes?
Figure 2.1 shows the solution of the simple test equation

ẋ = −λx (2.5)

with λ = 1 using the explicit and implicit Euler schemes for different time
steps. It can be seen that for the smallest time step used, ∆t = 0.5, both
schemes yield qualitatively correct solutions. For larger time steps, the ex-
plicit Euler scheme yields oscillating solutions, which become unstable for
∆t > 2, whereas the implicit Euler scheme yields stable, yet less accurate
solutions. This is an elementary result from stability theory of numeri-
cal differential equations. The consequence is that explicit schemes are
restricted to time steps smaller than a certain value that depends on the
time-constants of the system.

2.2.2 Stiff systems

In case of the example above, it seems appropriate for accuracy reasons to
choose a time step that is smaller than the stability requirement for the
explicit Euler scheme. The situation is different, however, for stiff systems.
A trivial example for such a system is the following linear system

ẋ1 = −x1, (2.6)

ẋ2 = −100x2. (2.7)

If this system was to be integrated with the explicit Euler scheme, the
time step ∆t would have to be chosen smaller than 0.02 to obtain a stable
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solution for equation (2.7). This time step would be, however, quite small
for the integration of equation (2.6), resulting in a large number of steps to
obtain a solution for the complete system.
Basically, stiff systems are systems where dynamics on different time-scales
are present. In the above example, the two time-scales are clear. In general,
it is possible for all linear systems to decompose the system into eigenmodes.
The time-scale of each eigenmode is determined by its eigenvalue. A linear
system can be said to be stiff if there coexist large and small eigenvalues in
the system. However, Hundsdofer and Verwer (2007) remark that “Stiffness
is not a mathematical definition, since no quantification is given for ’large’
or ’moderate’. Instead it is an operational concept, indicating the class
of problems for which implicit methods can perform (much) better than
explicit methods”. Similarly, Hairer and Wanner (2002) give the definition
“Stiff systems are systems where explicit methods don’t work.”
A simple example for a stiff nonlinear system is the Van der Pol oscillator
(Khalil, 2000)

ẋ1 = x2, (2.8)

ẋ2 = µ(1 − x2
1)x2 − x1, (2.9)

when µ >> 1. This system is a nonlinear modification of the harmonic
oscillator, and performs cyclic relaxation oscillation. Figure 2.2 shows phase
plots of the two variables x1 and x2 for simulations with µ = 10. The dots
on the trajectory in the upper plot mark time intervals of 0.2. The total
period time is around 20. It can be seen that the dynamics of the system
are much slower along the horizontal parts of the trajectory than on the
remaining parts. The middle and lower plots show MATLAB simulations
with the explicit solver ode45 and the implicit solver ode15s, respectively.
The dots on the trajectory mark the time steps the solver has taken. It can
be seen that the explicit solver ode45 uses much more time steps on the
horizontal parts of the trajectory with slow dynamics than on the rest of
the trajectory, whereas the step size for the implicit solver ode15s is only
determined by accuracy requirements, which leads to large step sizes on the
parts with slow dynamics.
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2.2.3 Singular perturbation systems

The time-scale separation of the van der Pol oscillator can be made visible if
the system is transformed into the standard form of singular perturbations
(Kokotovic et al., 1986). For this, a state transformation

y = −
1

µ
x1 + x2 −

1

3
x3

2, (2.10)

z = x1, (2.11)

is introduced, which, together with the time scaling t′ = t/µ and the pa-
rameter ǫ = 1/µ2, yields the system

dy

dt′
= z, (2.12)

ε
dz

dt′
= −y + z −

1

3
z3. (2.13)

In this form, the variable y is called the slow variable, and the variable z is
called the fast variable. In the standard form of singular perturbations, the
time derivatives of the fast variables are multiplied with a small singular
perturbation parameter ε. The transformation that puts the system into the
standard form of singular perturbations is chosen such that the right-hand
sides of the equations are well balanced in terms of magnitude, and the
small singular perturbation parameter causes the difference in dynamics
between the slow and the fast variables. This can be seen in figure 2.3,
where the dots on the blue trajectory mark time intervals of 0.01 (in the
t′ time-scale). The dynamics of the system are fast in the z variable and
slow in the y variable. This example demonstrates how the two-time-scale
dynamics of a nonlinear system can be analyzed by transforming the system
into the singular perturbation standard form. As can be seen already for
this simple example, the transformation to do this is not obvious. This
is one of the difficulties when working with systems on two or more time-
scales. However, once the system has been successfully transformed, the
time-scale separation can be exploited for, for example, controler design or
model reduction.
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Figure 2.3: Phase plot of the transformed van der Pol equation. y and z
are the slow and fast variables after the transformation, respectively. The
blue trajectory is the system with ε = 0.01, the red trajectory is the system
with quasi-steady-state approximation of the fast dynamics. The dots on
the blue trajectory mark time intervals of 0.01.
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In the latter case, the system can be approximated by a quasi-steady-state
approximation, where the singular perturbation parameter ε goes to 0.
The resulting system reads

ẏ = z, (2.14)

0 = −y + z −
1

3
z3. (2.15)

The idea is to approximate the fast dynamics of the system by instanta-
neous dynamics. The fast dynamic equations consequently are converted
into algebraic equations. This is one reason for the expression “singular
perturbation”, because the perturbation parameter ε changes the nature of
the system when going to 0. This approximation will only yield satisfactory
approximation quality if the time-scales are sufficiently distinct. In figure
2.3, the red trajectory shows the solution of this system. The vertical tra-
jectories signify instantaneous movement to the next slow interval. It can
be seen that the slow movement of the system is approximated quite well.
The model reduction has, however, only succeeded in reducing the dy-
namic order of the system by one. The system consists now of dynamic
and algebraic equations, and is therefore described by differential-algebraic
equations (DAE). Their numerical treatment does not differ much from the
treatment of the stiff system they were derived from. This will be discussed
next.

2.2.4 Differential-algebraic equations

Systems of the form

ẏ = f(y, z, t), (2.16)

0 = g(y, z, t), (2.17)

are called differential-algebraic equations (DAE), because they consist of
differential equations (2.16), and algebraic equations (2.17). For simplicity
of notation, the input variable u is left out in the equations. The alge-
braic equations may result from a quasi-steady-state approximation of a
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fast dynamic equation, as described in the previous section, or can be con-
stitutive equations, which implicitly define variables used in the dynamic
equations. Especially in mechanical systems, the algebraic equations can
be constraints, which force the motion of the dynamic system on certain
paths. In these cases, depending on the choice of coordinates for the dy-
namic variables, the algebraic equations can give rise to high-index systems,
which are numerically difficult to solve. There exists extensive literature on
these kind of systems (Hairer and Wanner, 2002, Ascher and Petzold, 1998).
In the following, only the relatively simple index-1 systems are discussed.
For these systems, basically two solution strategies are possible:

1. The algebraic equations are solved separately from the dynamic equa-
tions. The system (2.16) and (2.17) then takes the form

ẏ = f(y,h(y, t), t), (2.18)

where h(y, t) is the solution of the algebraic equations (2.17) for z.
This can be done in two ways:

(a) The algebraic equations are solved each time the algebraic vari-
ables are required using a numerical solver for nonlinear systems
of equations (nested approach);

(b) The algebraic equations are pre-solved, that means the algebraic
variables that are needed in the dynamic equations are calculated
as functions of the relevant dynamic variables. In simple cases,
analytic solutions for the algebraic equations can be found, but
generally, the equations have to be solved numerically on a suf-
ficiently large domain of input variables and the solutions have
to be approximated in a suitable way. This can be done by, for
example, interpolation in tables or polynomial approximations.

2. The algebraic equations and dynamic equations are solved simultane-
ously using a differential-algebraic solver (simultaneous approach).
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Strategy 1a is usually the least efficient. It can be used, however, if the
algebraic equations can be solved with little effort, and if a system of or-
dinary differential equations is desired for certain reasons. For example,
in some cases an explicit solver can be used to integrate the differential
equations, which is usually faster than using an implicit solver in case the
differential equations are not stiff. If, however, an implicit solver is used to
integrate the differential equations, the efficiency is significantly reduced.
This is mainly because the original algebraic equations (2.17) have to be
solved every time the right-hand side of equation (2.18) is required. Then,
the two iterations for solving the nonlinear equations (2.17) and the equa-
tions from the implicit integration scheme are nested.
Strategy 1b can be very efficient, when the pre-solution of the algebraic
equations results in accurate approximation functions of acceptable com-
plexity. In general, pre-solution is only possible if the number of variables
the solution of the algebraic equations depend on is sufficiently low. How-
ever, in case this strategy can be applied successfully, a real reduction of
the model order can be achieved.
Most frequently, however, the most efficient and convenient way is strategy
2. In this case, all algebraic equations are solved simultaneously. For exam-
ple, the implicit Euler scheme is applied to the dynamic equations (2.16),
and the algebraic equations (2.17) of the original systems are solved at the
new time step i+ 1:

yi+1 = yi + ∆tf(yi+1, zi+1, ti+1), (2.19)

0 = g(yi+1, zi+1, ti+1). (2.20)

This way, at each time step, the nonlinear system of equations

0 = yi + ∆tf(yi+1, zi+1, ti+1) − yi+1, (2.21)

0 = g(yi+1, zi+1, ti+1) (2.22)

has to be solved.
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2.2.5 Computational complexity of DAE systems

Nonlinear equations

It is important to understand the distribution of the computational effort
when solving a DAE system in order to evaluate the effectiveness of a certain
model reduction method. In the following, the implicit Euler scheme is used
to discuss the basic computational aspects.
The implicit Euler scheme in (2.21)-(2.22) can be written as

0 = γ(xi+1), (2.23)

where γ = {γ1, γ2} are the combined right-hand sides of equations (2.21)
and (2.22), and xi+1 = {yi+1, zi+1} are the combined unknown variables.
For the solution of this system, usually some nonlinear equation solver
based on the Newton scheme is used:

0 =
∂

∂x
γ

∣

∣

∣

∣

xj

(xj − xj+1) − γ(xj), (2.24)

where xj is the j-th iteration variable. The superscript index j is used
here to distinguish the iteration index from the time index i in the Euler

scheme (2.21) and (2.22). ∂
∂x
γ

∣

∣

∣

∣

xj

is here the Jacobian matrix of eq. (2.23)

evaluated at the current iterate xj . In order to obtain the next iterate xj+1,
the linear equation system

∂

∂x
γ

∣

∣

∣

∣

xj

xj+1 =
∂

∂x
γ

∣

∣

∣

∣

xj

xj − γ(xj) (2.25)

has to be solved at each iteration step. Since the Newton method is a local
method that requires an initial guess for the solution that is close to the real
solution, the Jacobian usually does not change much during the iteration
steps. A common simplification is therefore to use a quasi-Newton scheme

using a constant Jacobian ∂
∂x
γ

∣

∣

∣

∣

xi

that is evaluated at the last known time

step. In practice, the same Jacobian is often used for several time steps,
and is only updated when the speed of convergence of the Newton scheme
is significantly reduced.
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Linear algebra

Eq. (2.25) is of the form Ax = b and can be solved using a suitable linear
algebra method. For the efficiency of the solution, it is crucial to consider
the structure of the Jacobian matrix, which basically reflects the interaction
structure of the original system. Three different structures are frequent:

1. Dense matrices contain a large number of non-zero elements dis-
tributed over the whole matrix;

2. Sparse matrices contain a small number of non-zero elements dis-
tributed over the whole matrix, while most of the matrix elements
are zero;

3. Banded matrices contain elements only on a diagonal band of a certain
width around the main diagonal.

For each structure, specialized algorithms can be used to efficiently solve
the system. Sparse matrices are usually solved with iterative solvers, while
dense and banded matrices are usually solved with direct solvers. Sophisti-
cated DAE solvers like DASPK (Li and Petzold, 2000) offer the opportunity
to choose between several types of linear algebra solver, or to use an exter-
nally provided solver. Because the model reduction method described in
this work can be applied to systems with a banded Jacobian structure, the
solution of banded linear equation systems is discussed here in more detail.
A good reference is Strang (1986).

Direct solution by lower-upper decomposition

The linear equation system

Ax = b (2.26)

arising from equation (2.25) can be solved using the lower-upper (LU)
decomposition of the matrix a, A = LU, where L and U are lower and
upper triangular matrices, respectively. The system can then be written as

LUx = b, (2.27)
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and can be solved sequentially using the LU-solution

Lc = b, (2.28)

Ux = c. (2.29)

These triangular systems can be solved by simple line-by-line substitution.
The LU-decomposition is usually done using the Gauss elimination algo-
rithm which involves the elimination of the elements below the main di-
agonal by subtracting the corresponding lines from each other. The LU-
decomposition is independent of the right-hand side of eq. (2.26), and
has therefore to be done only once for the matrix A. Using the LU-
decomposition, changing right-hand sides can be handled efficiently. This
is of advantage when applied to the Newton iterations (2.25), where the
Jacobian matrix is constant, but the right-hand side changes at each iter-
ation step.
The number of operations of both LU-decomposition and LU-solution is
proportional to n2 for dense matrices A, where A is an n ·n matrix. If A is
a banded matrix, the number of operations is proportional to n · w, where
w is the width of the band of non-zero elements of the matrix. The solu-
tion of banded systems with a width that is significantly less than that of
the original system is therefore computationally significantly cheaper (with
factor n/w) than the solution of dense systems.

Main sources of computational complexity

The main sources of the computational complexity of the numerical inte-
gration of a differential equation system using the implicit Euler scheme
and LU-decomposition are therefore

1. the evaluation of the right-hand sides γ(xj) of equation (2.23) at each
iteration step of (2.25), which consists mainly of the evaluation of the
right-hand sides of the original differential equations (2.16) and (2.17);

2. the evaluation of the Jacobian of the right-hand side of equations
(2.21) and (2.22), which is done once for several time steps; this is



2.3. MODEL PREDICTIVE CONTROL AND REAL-TIME OPTIMIZATION 21

mainly the evaluation of the Jacobian of the right-hand side of the
original differential equations (2.16) and (2.17);

3. the LU-decomposition of the Jacobian, which is done once for every
Jacobian update;

4. the LU-solution of equations (2.25) at each iteration step.

Their relative contribution depends on the system that is integrated. The
right-hand side calculations can be computationally very intensive if com-
plex calculations such as thermodynamic properties have to be done. The
same will affect the calculation of the Jacobian. On the other hand, the
system size and the structure of the Jacobian influences the computational
complexity of the linear algebra algorithms.
Generally, the computational complexity of the integration of the system
can only be significantly reduced if the complexities of the computationally
most intensive contributors are significantly reduced.

2.3 Model predictive control and real-time opti-

mization

One important industrial application for reduced models as investigated
in this thesis are real-time optimizing control applications such as nonlin-
ear model predictive control (NMPC) (Allgöwer and Zheng, 2000, Qin and
Badgwell, 2003) and dynamic real-time optimization (D-RTO) (Schlegel,
2005). In these applications, the manipulated variables of the process are
determined such that a certain objective function is minimized:

min
u(t)

J(u(t)), (2.30)

where u(t) is the vector of the manipulated variables of the process (in-
puts), and J is the objective function. In NMPC, the objective function
usually contains terms to penalize the deviation of the important output
trajectories from corresponding reference trajectories, and terms that as-
sign a cost to the manipulated variables of the process. In D-RTO, the
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objective function often contains economic terms that relate the trajecto-
ries of the process to the revenues that can be gained from the product
of the process, and the costs of operation. Often, with D-RTO reference
trajectories that allow an economically efficient operation of the process are
generated, whereas NMPC is used to keep the process close to the reference
trajectories in the present of disturbances. D-RTO therefore often operates
on longer time horizons than NMPC.
NMPC and D-RTO work by using a model of the process to predict the
future behavior of the process given a certain choice of input variable tra-
jectories. In order to obtain a solvable minimization problem, the time
span the future inputs for the process are computed for is limited to a
certain control horizon. On this control horizon, the input signal is dis-
cretized on intervals, such that the input trajectory of each input on each
interval is parametrized by one variable. This yields the discrete inputs
ui, i = 1, ..., N , where N is the number of intervals on the control horizon.
The length of an interval is referred to as the sampling time. The trajec-
tories of the model are considered in the objective function (2.30). This
means that the model equations are evaluated repeatedly during the itera-
tion to find the minimum of the objective function.
The advantage of NMPC and D-RTO over classical control schemes is the
ability to handle constraints in the inputs and the process trajectories,
and in the ability to handle processes with strong nonlinearities. However,
the application to large-scale systems is limited, since the algorithms are
computationally very intensive. Therefore, reduced models that can be
simulated faster than the original process models are of high interest.
The reduced models derived with the method described in this thesis ap-
proach the steady-state asymptotically with time. This means that the
approximation quality is best when the inputs of the system are changing
slowly and the system is close to steady-state, or when the inputs are con-
stant. The dynamic order of the reduced model can be varied. The higher
the dynamic order of the reduced model, the better is the approximation
quality after or during fast input changes. This means that the choice of the
reduced model should be adapted to the requirements of the application.
In this respect, the reduced model has most likely to be of higher dynamic
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order when applied in a fast MPC with short sampling times than in a slow
D-RTO on a long time horizon. Similarly, the reduced models are likely to
perform better with slow smooth input signals than with fast step signals.
If possible, this should be considered when designing the MPC or D-RTO
application.
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Chapter 3

Computational performance
of aggregated distillation
models

published in Computers & Chemical Engineering 33, pages 296-308 (2009).

Abstract

Compartmental and aggregated modeling is used to derive low-order (re-
duced) dynamic models from detailed models of staged processes. In this
study, the aggregated modeling method of Lévine and Rouchon (1991) is
revised with the objective of deriving computationally efficient models for
real-time control and optimization applications. A simple implementation
of the original method not requiring the specification of compartments is
presented. The resulting DAE models are converted into ODE models by
pre-solving and substituting the algebraic equations resulting from the re-
duction procedure, which is the key step to increase simulation speed. To
study this, the performances of several full and reduced distillation mod-
els, with and without base-layer controllers, are compared using different
numerical integrators. It is found that while the reduced DAE models are

29
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computationally not advantageous, the reduced ODE models decrease the
simulation time by a factor of 5 to 10.

Keywords:

Model reduction; Distillation; Aggregated modeling; Computational per-
formance; Real-time optimization; Singular perturbation

3.1 Introduction

With the establishment of dynamic real-time optimization and model pre-
dictive control as state-of-the-art methods to efficiently operate industrial
processes, reduced models with low computational complexity are in the
focus of current research (Allgöwer and Zheng, 2000, Marquardt, 2001, van
den Berg, 2005). In particular, reduced nonlinear physically-based models
are of high interest for the prediction of the system behavior over a wide
range of operating conditions. Many model reduction techniques have been
developed for nonlinear systems (Marquardt, 2001, van den Berg, 2005),
most of which produce models of lower order. This, however, does not
guarantee that the reduced models show a computationally better perfor-
mance than the original models they were derived from (van den Berg,
2005). This is because a reduced model is most likely less accurate than
the original full model, and that the numerical complexity of the full model
is often retained in the equations of the reduced model.
For nonlinear model reduction of distillation columns, several model reduc-
tion and simplification methods have been developed in the past (Benallou
et al., 1986, Cho and Joseph, 1983, Khowinij et al., 2004, 2005, Kienle, 2000,
Kumar and Daoutidis, 2003, Lévine and Rouchon, 1991, Marquardt 1990,
Skogestad, 1997). Among these are the method of compartmental modeling
(Benallou et al., 1986) and later the improved variant of aggregated model-
ing by Lévine and Rouchon (1991). The latter method is used for deriving
the reduced models investigated in this study. It is based on partitioning a
distillation column into “compartments” consisting of “steady-state” trays
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and dynamic ”aggregation” trays, and using a singular perturbation argu-
ment (Kokotovic et al., 1986) to derive a reduced-order model. Among its
advantages is the perfect steady-state agreement with the original model,
a simple derivation, and the good control of the reduced model complexity.
Originally, these methods were intended for nonlinear controller design, for
which a low-order model is necessary. More recently, they have been used
to reduce the simulation time in real-time applications (Bian et al., 2005,
Khowinij et al., 2004, 2005). However, it is shown in this study that while
only transforming the original system into a reduced system in differential-
algebraic equation (DAE) form does not improve the simulation speed of
the reduced model, a subsequent elimination of the algebraic equations
is necessary to obtain a reduced model in ordinary differential equation
(ODE) form, which shows a significantly improved computational perfor-
mance compared to the original model. On a more fundamental level, it is
shown that the notion of compartments is not necessary in the derivation
of the reduction method. This greatly simplifies the derivation and makes
the extension of the method to more complex systems straightforward.
The paper is organized as follows: In section 3.2, the full model for a binary
distillation column, and the derivation of reduced models from this using
aggregated modeling is described. Important implementation details and
properties of the models are given. In section 3.3, the framework for test-
ing the computational performance of the models is explained, discussing
the input signal, the model parameters and the numerical solvers used for
simulating the models. The results of the simulations are given in section
3.4. Section 3.5 discusses the results of the simulations, and details and
possible extensions of the reduction method. A summary and conclusions
are given in section 3.6.

3.2 Models

3.2.1 System and modeling assumptions

The system investigated is a binary distillation column with 72 trays plus
reboiler and condenser. Two variants of this system are studied:
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1. An ”uncontrolled” column with level controllers for condenser and re-
boiler, but with no temperature or composition control. The reflux L
and the boil-up V remain as degrees of freedom (“LV-configuration”).

2. A ”controlled” column with an additional composition controller in
the lower column part that manipulates the boil-up rate V .

The controlled column is shown schematically in figure 3.1. In the follow-
ing, the uncontrolled system is used to explain the system equations and
the reduction procedure. Later, in section 3.2.4, the inclusion of the com-
position controller is explained.
All assumptions made in this simplified distillation model are discussed in
detail by Skogestad (1997). The major modeling assumptions are: Ideal
trays, which means that liquid and vapor are in equilibrium at each tray;
ideal mixture, which means that the vapor composition y can be expressed
as a function of the liquid composition x assuming the constant relative
volatility

y = k(x) =
αx

1 + (α− 1)x
, (3.1)

where α is the relative volatility; constant molar flows, which means that
the energy balance is simplified; constant molar holdup on each tray and
negligible mass in the vapor phase.
The assumption of constant molar flows may not be good if the model is
to be used for control purposes (Skogestad, 1997), but the focus here is on
longer time scales.
The column has one feed flow F at tray number nF . zF denotes the con-
centration of the first (light) component in the feed. A liquid flow L (or
L + F for trays below the feed tray) and a vapor flow V enter and leave
each tray. The condenser and reboiler levels are assumed to be controlled
using the distillate flow D and bottom flow B, respectively. For simplicity,
perfect level control is assumed, such that D = V −L and B = L+F −V .
Note that the assumption of perfect level control is not important with the
LV-configuration. The concentrations in these flows determine the purity of
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the distillation products and are therefore the most important output vari-
ables in the process. The feed flow rate F and the feed concentration zF can
be seen as disturbance variables, and the flows L and V are manipulated
variables for control.

3.2.2 Full uncontrolled model

The full model consists of one component material balance for each tray
and the condenser and reboiler. For ease of notation, the condenser and
reboiler are written as tray 1 and N:

H1ẋ1 = V y2 − V x1, (3.2)

Hiẋi = Lxi−1 + V yi+1 − Lxi − V yi, (3.3)

i = 2, ..., nF − 1,

HnF
ẋnF

= Lxi−1 + V yi+1 − (L+ F )xi − V yi + FzF , (3.4)

Hiẋi = (L+ F )xi−1 + V yi+1 − (L+ F )xi − V yi, (3.5)

i = nF + 1, ..., N − 1,

HN ẋN = (L+ F )xN−1 − (L+ F − V )xN − V yN , (3.6)

where Hi is the total liquid molar holdup, xi and yi = k(xi) are the concen-
trations of the first component in the liquid and vapor phase, respectively,
of tray i, N is the number of trays including the condenser and reboiler,
nF is the index of the feed tray, and V , L, F , zF are as described above.
The parameters for the system used in this study are given in table 3.2.2.
For the input variables, nominal values are given. The parameters are
scaled average values of a real industrial distillation column, such that the
dynamic behavior and the time constants are similar. SI units (mol, mol/s,
s, etc.) are used for all variables.

3.2.3 Reduced models

The reduced models investigated in this study are derived via the aggre-
gated modeling method of Lévine and Rouchon (1991). The method is
based on partitioning the column into Nc “compartments”, where each
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Figure 3.1: Schematic diagram of a binary distillation column with a com-
position controller in the lower column section.
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Parameter Value

N 74
nF 36
H1 20 mol
HN 20 mol
Hi, i = 2, ..., N − 1 1 mol
F 0.04 mol/s
α 1.33

Input Nominal value

zF 0.45
L 0.12 mol/s
V 0.14 mol/s

Table 3.1: Parameters of the full model.

compartment comprises a number of consecutive trays. By assigning the
total holdup of all trays of a compartment to a single ”aggregation” tray
within the compartment, a time-scale separation caused by the difference
between the large compartment holdup and the small tray holdups is made
explicit in the model. This time-scale separation can be used for reducing
the dynamic order of the model by applying quasi-steady-state assumptions
to the trays within each compartment.
In their derivation of the method, Lévine and Rouchon (1991) perform one
uncommented simplification step, which results from a mathematically in-
accurate treatment of a term when applying the quasi-steady-state assump-
tion. In remark 3 in their paper, they note that the reduction procedure
can be described much simpler. This simplification step has the major
consequence for the resulting reduced model that only the compartment
holdups, but not their boundaries appear in the model equations. Due
to this simplification, the reduction procedure is not a true singular per-
turbation method (Kokotovic et al., 1986). However, the structure of the
reduced model, which retains the tridiagonal Jacobian structure of the origi-
nal model, is numerically favorable. Extensions to more complex models, as
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will be discussed in section 3.5, are also much more straightforward. In the
following, the derivation of the method is therefore described in some detail.
First, the original derivation of Lévine and Rouchon is explained for one
compartment. Then, the alternative, much simpler derivation is explained,
and the relationship to the original derivation is shown. A “true” singular
perturbation model, resulting from the derivation without the simplification
step, is then compared to the reduced model of Lévine and Rouchon.

Original derivation of reduced compartment model by Lévine and
Rouchon

The following derivation considers a certain compartment j, which is formed
from a number m of consecutive trays (in this case not including a feed).
For simplicity of notation, the numbering of the trays starts with 1 and
ends with m. It is assumed here for simplicity that the holdups H of
all individual trays are equal. Then, H = 1

mH̄, where H̄ is the total
compartment holdup. The original model is

1

m
H̄ẋ1 = Lx0 + V k(x2) − Lx1 − V k(x1), (3.7)

1

m
H̄ẋ2 = Lx1 + V k(x3) − Lx2 − V k(x2), (3.8)

...
1

m
H̄ẋm = Lxm−1 + V k(xm+1) − Lxm − V k(xm), (3.9)

with the same notation as in equations (3.1)-(3.6).

A coordinate transformation is applied by introducing the average con-
centration of the compartment x̄s, where s is the index of the ”aggregation
tray” of the compartment, and leaving the remaining m − 1 variables un-
changed:

x̄s =
1

m

m
∑

i=1

xi, (3.10)

x̄i = xi, i = 1, ...,m, i 6= s. (3.11)
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The transformed system now reads

1

m
H̄ ˙̄x1 = Lx0 + V k(x̄2) − Lx̄1 − V k(x̄1), (3.12)

1

m
H̄ ˙̄x2 = Lx̄1 + V k(x̄3) − Lx̄2 − V k(x̄2), (3.13)

...
1

m
H̄ ˙̄xs−1 = Lx̄s−2 + V k

(

mx̄s −
∑

i6=s

x̄i

)

− Lx̄s−1

−V k(x̄s−1), (3.14)

H̄ ˙̄xs = Lx0 + V k(xm+1) − Lx̄m − V k(x̄1), (3.15)

1

m
H̄ ˙̄xs+1 = L

(

mx̄s −
∑

i6=s

x̄i

)

+ V k(x̄s+2) − Lx̄s+1

−V k(x̄s+1), (3.16)

...
1

m
H̄ ˙̄xm = Lx̄m−1 + V k(xm+1) − Lx̄m − V k(x̄m). (3.17)

This system is now in the standard form of singular perturbation (Koko-
tovic et al., 1986) with ε := 1

m as a small parameter, and a reduced model
can be derived by applying the quasi-steady-state assumption ε→ 0. In this
way, all trays except for the aggregation tray are converted into ”steady-
state” trays, and are described by algebraic equations.
The term mx̄s −

∑

i6=s x̄i that appears in equation (3.14) and (3.16) is re-
placed by x̄s as a result of the quasi-steady-state assumption ε→ 0. Lévine
and Rouchon (1991) use a slightly more complex formulation that admits
nonuniform tray holdups. The derived reduced system then reads

0 = Lx0 + V k(x̄2) − Lx̄1 − V k(x̄1), (3.18)

...

0 = Lx̄s−2 + V k(x̄s) − Lx̄s−1 − V k(x̄s−1), (3.19)

H̄ ˙̄xs = Lx0 + V k(xm+1) − Lx̄m − V k(x̄1), (3.20)

0 = Lx̄s + V k(x̄s+2) − Lx̄s+1 − V k(x̄s+1), (3.21)

...
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0 = Lx̄m−1 + V k(xm+1) − Lx̄m − V k(x̄m). (3.22)

Simplified derivation

Lévine and Rouchon observe that the derivation of a reduced compartment
model can be done much simpler in less mathematical form: The trays i 6= s
have no holdup (Hi → 0), and the aggregation tray s has the compartment
holdup (Hs =

∑m
i=1Hi).

This can be seen from equations (3.18) to (3.22) by subtracting all
remaining equations from equation (3.20). Then, equation (3.20) can be
replaced by equation

H̄ ˙̄xs = Lx̄s−1 + V k(x̄s+1) − Lx̄s − V k(x̄s). (3.23)

This is the same as shifting the compartment boundaries to the aggregation
trays, as illustrated in figure 3.2.

The whole model reduction procedure can therefore be simplified to
multiplying the left-hand sides of the aggregation tray equations with a
constant ≫ 1, and setting the remaining left-hand sides to 0. As it will be
explained later, the scalar multiplying the left-hand side of the aggregation
tray equation can be chosen arbitrarily without changing the steady-state
of the model. Because of this and the fact that the compartment bound-
aries do not appear in the model anymore, the notion of “compartments”
is not needed in the derivation of the method. It is sufficient to select some
aggregation trays and assign them a large holdup.
This is somewhat surprising, since the original derivation starts with the
transformation (3.10)-(3.11), where the compartment boundaries are clearly
specified (here trays 1 and m). The reason that these compartment bound-
aries dissappear during the derivation is the treatment of the term mx̄s −
∑

i6=s x̄i in equation (3.14) and (3.16) while performing the quasi-steady-
state approximation ε→ 0. Mathematically, since mx̄s−

∑

i6=s x̄i = xs, this
term is invariant under the operation ε→ 0. If this term is left unchanged,
the resulting model differs from the above model in equations (3.19) and



3.2. MODELS 39

V

L

yS2xS2

Y2    = f(xs2, xs3, L/V)

xs3 ys3

Y3    = f(xs3, xs4, L/V)

c
o
m

p
a
rt

m
e
n
t 
2

c
o
m

p
a
rt

m
e
n
t 
3

s
te

a
d
y
-s

ta
te

 t
ra

y
s

aggr.

tray 2

aggr.

tray 3

Figure 3.2: Schematic diagram of two compartments. Since the trays be-
tween two aggregation trays are in steady-state, balance boundaries can
be moved arbitrarily between the aggregation trays without changing the
balances.
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(3.21), which then read

0 = Lx̄s−2 + V k
(

mx̄s −
∑

i6=s

x̄i

)

− Lx̄s−1 − V k(x̄s−1) (3.24)

and

0 = L
(

mx̄s −
∑

i6=s

x̄i

)

+ V k(x̄s+2) − Lx̄s+1 − V k(x̄s+1). (3.25)

In this model, the compartment boundaries appear explicitly in the sum-
mation terms. This model variant is a “true” singular perturbation model
in a sense that first the model is transformed into the standard form of sin-
gular perturbations, and then the quasi-steady-state assumption is applied.
In the derivation of Lévine and Rouchon, an additional step simplifying the
transformed model is taken. This, however, has major advantages: first, the
derivation of the reduced model is greatly simplified, as described above.
Secondly, the resulting reduced model retains the tridiagonal structure of
the Jacobian of the original model. This is advantageous from a numerical
point of view, and allows for the elimination of the algebraic equations from
the model as will be described in section 3.2.3.
Figure 3.3 shows the response of both models to a step change in the feed
concentration zF . The “true” singular perturbation model shows an inverse
response which is not present in the response of the full model. Except for
this, the approximation quality of the “true” singular perturbation model
is better than that of the model of Lévine and Rouchon. Both models yield
the same steady-state values of the output variables. This is obvious from
the facts that the right-hand side of the model of Lévine and Rouchon coin-
cides with the right-hand side of the full model, and that the “true” singular
perturbation model results from a variable transformation that leaves the
top and bottom variables unchanged.
Because of the favorable structure of the model of Lévine and Rouchon,

and the wrong inverse response of the “true” singular perturbation model,
only the reduced model as derived by Lévine and Rouchon will be investi-
gated in the rest of this paper. Instead of the term “compartment”, the term
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“aggregation tray” is used, since the method is basically “compartment-
free”, as explained above. Although the term “stage” is more general than
“tray”, the term “aggregation tray” is used throughout the paper to stay
consistent with the terminology used by Lévine and Rouchon (1991).

Reduced model in DAE form

In this study, reduced models with between three and seven aggregation
trays are used. The reboiler and condenser are always chosen as aggregation
trays due to their large holdups. Applying the reduction method described
above, the resulting DAE system for a reduced model with five aggregation
trays reads

H̄1 ˙̄x1 = V k(x̄2) − V x̄1, (3.26)

0 = Lx̄i−1 + V k(x̄i+1) − Lx̄i − V k(x̄i), (3.27)

i = 2, ..., s2 − 1,

H̄2 ˙̄xs2 = Lx̄s2−1 + V k(x̄s2+1) − Lx̄s2 − V k(x̄s2), (3.28)

0 = Lx̄i−1 + V k(x̄i+1) − Lx̄i − V k(x̄i), (3.29)

i = s2 + 1, ..., s3 − 1,

H̄3 ˙̄xs3 = Lx̄s3−1 + V k(x̄s3+1) − (L+ F )x̄s3 − V k(x̄s3)

+FzF , (3.30)

0 = (L+ F )x̄i−1 + V k(x̄i+1) − (L+ F )x̄i − V k(x̄i), (3.31)

i = s3 + 1, ..., s4 − 1,

H̄4 ˙̄xs4 = (L+ F )x̄s4−1 + V k(x̄s4+1) − (L+ F )x̄s4 − V k(x̄s4),(3.32)

0 = (L+ F )x̄i−1 + V k(x̄i+1) − (L+ F )x̄i − V k(x̄i), (3.33)

i = s4 + 1, ..., N − 1,

H̄5 ˙̄xN = (L+ F )x̄N−1 − (L+ F − V )x̄N − V k(x̄N ), (3.34)

where H̄j and sj are the aggregated holdup and the index of aggregation
tray j, respectively. The x̄ notation is used to distinguish the variables in
equations (3.26)-(3.34), which are partially algebraic and partially dynamic,
from the purely dynamic variables in the full model (3.2)-(3.6).
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Reduced model in ODE form

The equations of the steady-state trays between two aggregation trays con-
tain only the algebraic variables of the steady-state trays, the state variables
of the two aggregation trays, and either the ratio L/V or (L + F )/V . By
writing the mass balance around each aggregation tray and all “steady-
state” trays above it, the reduced model can be formulated such that the
only algebraic variables appearing in the dynamic equations are the va-
por concentrations of the trays directly below each aggregation tray, i.e.
ysj+1, j = 1, ..., Nc (figure 3.2). By pre-solving the systems of algebraic
equations for these variables as a function of the dynamic variables and
the ratio V/L, ysj+1 = Yj(xsj

, xsj+1 , V/L), and by substituting them into
equations (3.26)-(3.34), the DAE system can be cast in ODE form as

H̄1
˙̃x1 = V Y1(x̃1, x̃2, V/L) − V x̃1, (3.35)

H̄2
˙̃x2 = Lx̃1 + V Y2(x̃2, x̃3, V/L)

−Lx̃2 − V Y1(x̃1, x̃2, V/L), (3.36)

H̄3
˙̃x3 = Lx̃2 + V Y3(x̃3, x̃4, V/(L+ F ))

−(L+ F )x̃3 − V Y2(x̃2, x̃3, V/L) + FzF , (3.37)

H̄4
˙̃x4 = (L+ F )x̃3 + V Y4(x̃4, x̃5, V/(L + F ))

−(L+ F )x̃4 − V Y3(x̃3, x̃4, V/(L + F )), (3.38)

H̄5
˙̃x5 = (L+ F )x̃4 − (L+ F − V )x̃5

−V Y4(x̃4, x̃5, V/(L+ F )). (3.39)

This system is now an ODE system. The x̃ notation is used to distin-
guish the variables in equations (3.35)-(3.39) from the variables in the full
model (3.2)-(3.6). The functions Yj , j = 1, ..., Nc can be calculated off-line
and stored and later retrieved in a suitable way. In this study, look-up
tables as described in section 3.2.7 are used for this purpose.

3.2.4 Model with composition controller

To stabilize the composition profile, it is common in distillation control to
use the boil-up or reflux rate to control the temperature at a certain loca-
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tion inside the column. The setpoint can serve as a manipulated variable
for a higher control or optimization layer. In this study, composition is
controlled instead of temperature, which is equivalent for a binary mixture.
If the boil-up rate is used, a proportional-integral control law for the con-
centration at the controlled tray c reads

V (t) = Kc(xc(t) − xs
c(t) + xI(t)/TI), (3.40)

xI(t) =

∫ t

−∞
(xc(τ) − xs

c(τ))dτ, (3.41)

where Kc is the gain of the controller, xs
c is the composition setpoint, xI is

the state of the integral part of the controller, and TI is the integral time.
This control law can be used directly in the full model equations (3.2)-(3.6)
and the reduced models equations (3.26)-(3.34) and (3.35)-(3.39).
In this study, Kc = 0.5 and TI = 400s were chosen using the Skogestad
IMC tuning rules for PI-controllers (Skogestad, 2003) to achieve a closed-
loop response of the controlled concentration with a time-constant of 100s,
assuming an effective delay of 0s for the boil-up.

The reduced model can be further simplified when perfect composition
control, that is

xc = xs
c, (3.42)

where the setpoint is (piecewise) constant, ẋc = ẋs
c = 0, is assumed. Then,

the equilibrium relation

0 = (L+ F )xc−1 + V k(xc+1) − (L+ F )xs
c − V k(xs

c), (3.43)

⇔ V/(L+ F ) =
(xs

c − xc−1)

k(xc+1) − k(xs
c)

(3.44)

can be derived. Here, the liquid flow is (L+F ), because the controlled tray
(c) is assumed to be in in the lower column section (below the feed).
Equations (3.42) and (3.44) can be used in the reduced DAE model (3.26)-
(3.34) to eliminate one concentration and either the reflux rate L or boil-up
rate V . If the controlled tray is chosen as an aggregation tray, its concentra-
tion variable will change from dynamic to algebraic, thereby reducing the
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dynamic model order by one. Compared to the corresponding PI-controlled
reduced model, the dynamic order is reduced by two, since the dynamic I-
part of the controller is not needed.
The model can be converted again into ODE form as described in section
3.2.3 by solving the algebraic equations of the model off-line. For the part
of the model containing the perfectly-controlled tray, a separate table con-
taining

Yc = Yc(xk, xN , x
s
c) (3.45)

and

V/(L+ F ) = f(xk, xN , x
s
c), (3.46)

where k is the index of the aggregation tray above the controlled aggrega-
tion tray, is needed.
Figure 3.4 shows the responses of the PI-controlled model and the perfectly-
controlled model, both with seven equally-sized compartments, to step
changes in zF and in xs

c. While the PI-controlled model is closer to the
full model response for the step change in zF , it shows a fast response
with large overshoot and succeeding oscillations for the setpoint change in
xs

c. Note that the PI-controller was not retuned, leading to a much faster
response of the reduced system because of the neglected dynamics.

3.2.5 Stiffness analysis

An approximate stiffness analysis is done by linearising the uncontrolled full
and a five-aggregation tray model around a steady-state for a constant zF ,
and by comparing the largest and smallest eigenvalue λ of the linearised
systems. Figure 3.5 shows the largest and smallest eigenvalues (plot a),
and their ratio (plot b), of the full and the reduced model for the full range
0 ≤ zF ≤ 1.
It can be seen that the full model is quite stiff with a maximal eigenvalue
ratio (condition number) at zF = 0.5 of 7.7 · 104. The reduced system does
not contain the fast modes of the full system, which is indicated by the fact
that the absolute values of the smallest eigenvalues of the full system are
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Figure 3.4: Responses of the reboiler concentration of the full PI-controlled
model (full line), a reduced PI-controlled model (dashed line) and a
perfectly-controlled model (dashed-dotted line), with seven and six aggre-
gation trays, respectively, to a step change in zF from 0.35 to 0.3 and back
(left part of the plot), and in xs

c from 0.105 to 0.1125 and back (right part
of the plot). While the PI-controlled model shows a more accurate response
to the change in zF than the perfectly-controlled model, it displays a too
large overshoot as response to the change in xs

c.
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about 300 times larger than of the reduced system. The maximal eigenvalue
ratio of the reduced system is therefore reduced to 198, which indicates that
there is still some stiffness present in the system. This remaining stiffness
is created by a sharp minimum for the smallest eigenvalue at zF = 0.5,
which is present in both full and reduced system. This phenomenon is
described by Skogestad (1987). However, this slowest time-scale is actually
not interesting for control, because a temperature or composition controller
will cause the system to move to steady-state much faster. Therefore, for
the numerical performance only the fastest eigenvalue, which dictates the
step size of the integration, is of interest.

3.2.6 Choice of reduced model parameters

To the knowledge of the authors, no systematic procedure to determine
compartment parameters that are optimal for a certain application is avail-
able. Khowinij et al. (2005) report that the accuracy of the compartmental
models is not strongly affected by the location of the aggregation trays.
They place the aggregation trays at the middle of the respective compart-
ments. In order to investigate the influence of the reduced model parameter
choice on the accuracy of the reduced model, a straightforward choice and
an optimized choice of parameters are compared in this study.
It is worth noticing that although requiring that the sum of the aggre-
gation tray holdups is equal to the sum of the tray plus condenser and
reboiler holdups is physically meaningful, it is not necessary for obtaining
dynamically functional models. Any choice of the aggregation tray holdups
(that leads to a stable model) will yield a model that approaches the same
steady-state as the full model. Thus the holdups can be used as degrees of
freedom to optimize the dynamic behavior of the reduced model. In this
study, however, models are restricted to the ”physical” choice of aggrega-
tion tray holdups such that the reduced column model has the same holdup
as the full column model.
For the study of the uncontrolled model, two versions of models with five
and seven aggregation trays are compared: a straightforward version with
equally-sized and spaced aggregation trays, and an optimized version, where
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the parameters are determined by an optimization procedure to minimize
the reduced model error.
In all models, the feed tray was chosen to be an aggregation tray. In this
way, the input appears only in the dynamic part of the model, but not in
the algebraic equations.
With this choice, the three-aggregation tray model is given, because there
is no freedom of choice for the aggregation tray parameters: condenser,
reboiler, and the feed tray are the aggregation trays. For the study of the
controlled model, the location of the controlled tray was fixed to be 62, and
the last aggregation tray before the reboiler was positioned there as well,
allowing a straightforward implementation of the controller. The parame-
ter values for the five- and seven-aggregation tray models used in this study
are given in table 3.2.6.

3.2.7 Implementation details of reduced models

The steady-state functions Yj(xsj
, xsj+1 , V/L) were calculated off-line and

stored in a look-up table with 30x40x200 entries, and the functions
Yc(xsl

, xreboiler, x
s
ic) and V/(L + F ) = f(xsl

, xreboiler, x
s
ic) in tables with

60x20x200 entries. From the tables, function values are obtained by apply-
ing three-dimensional interpolation. In this study, multi-linear and multi-
cubic interpolation was used (Press et al., 2007). Investigations on the
table interpolation accuracy showed deviations in the 4th digit (less than
1%) for linear interpolation and in the 6th digit (less than 0.01%) for cu-
bic interpolation. The table formats are the outcome of an optimization
procedure, where the minimum average interpolation error was identified
among possible entry number combinations all yielding the same table
size. The obtained optimal combinations reflect the fact that the func-
tion shows stronger curvature in some dimensions than in others. The
function Yj(xsj

, xsj+1 , V/L) is almost linear in the first variable, because
of the dominant influence of the liquid concentration from above on the
function value.
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aggregation tray index j 1 2 3 4 5 6 7

uncontrolled models:

3 aggregation trays
sj 1 36 74
H̄ 20 72 20

optimized
sj 1 14 36 60 74
H̄ 20 21 28 23 20

sj 1 8 20 36 53 67 74
H̄ 20 10 15 19 18 10 20

equally-sized
sj 1 13 36 62 74
H̄ 20 24 24 24 20

sj 1 8 22 36 53 67 74
H̄ 20 14 14 16 14 14 20

controlled models:

optimized
sj 1 13 36 62 74
H̄ 20 21 45 10 20

equally-sized
sj 1 13 36 62 74
H̄ 20 24 24 24 20

sj 1 8 22 36 53 62 74
H̄ 20 14 14 16 14 14 20

Table 3.2: Positions and holdups of the aggregation trays of the reduced
models.
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3.3 Framework for evaluation of reduced model
performance

In order to assess the computational performance of the different models,
simulation runs were performed, where the models were simulated with dif-
ferent solvers at varying simulation tolerances. The simulation time for a
given model and solver depends on the simulation tolerance, which also in-
fluences the simulation error compared to the exact solution (section 3.3.3).
The performance of the models can therefore only be compared by consid-
ering both simulation time and simulation accuracy.
In this study, only the open-loop performance of the various models was
assessed. This means that the input signals (zF , L and V ; or zF , L and
xs

c for the controlled column) to the system were fixed at predetermined
profiles during the simulations.
The input profile was selected with the aim of exposing the system to step
changes in the disturbance and control variables over a wide range of oper-
ating conditions. The simulation accuracy was measured using the average
two-norm of the output deviations from the exact solution.

3.3.1 Selection of input profile

The input profiles for zF , L and V to test the performance of the un-
controlled models are shown in figure 3.6. They include changes of two
different magnitudes in the feed concentration zF and the reflux rate L and
vapor flow V . The two latter are changed simultaneously, such that their
difference is constantly half of the feed flow F . This kind of simultaneous
change is likely to appear in closed-loop optimal control of a high-purity
column, because then the split is approximately constant (Shinskey, 1984).
Nevertheless, we see from the simulations that the variations in product
compositions (xD, xB) are large, because there is no compensation for
changes in the feed composition (zF ). In the case of the controlled model,
the same input signal was used, but the boil-up rate V was determined by
the composition controller. The variation in product composition is here
much less (figure 3.7). The time interval between changes in each variable
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was chosen to 105s (about 3 hours).
To take into account fast and slowly varying input signals, both a step-
wise changes and slowly changing cubic B-spline signals have been used
(Schlegel, 2005). The cubic B-splines yield a continuously differentiable
input signal, where the rate of change form one stationary value ut to the
next ut+1 is determined by a time constant δ. The total transition time is
2δ with a maximum slope of (ut+1 −ut)/δ. A value of 3000s was chosen for
δ.
The input profiles for zF , L and xs

c for the controlled column are shown in
figure 3.7. Since the setpoint of the composition controller can be used as
an additional manipulated variable for control, two sets of input profiles,
one with step changes in zF and L (plot a), and one with step changes in
zF and xs

c were used (plot b).

3.3.2 Selection of accuracy measure

As a measure for model accuracy, the condenser and reboiler concentrations,
which are the most important variables for control, are evaluated by taking
the average of the 2-norm of the deviations from the exact solution (see
3.3.3) over the whole simulation period:

ε =
1

tend

tend
∫

0

√

(

xexact
condenser − xcondenser

)2
+
(

xexact
reboiler − xreboiler

)2
dt,(3.47)

where xcondenser and xreboiler are the condenser and reboiler concentrations,
respectively, of either the full or the reduced model, and of the exact solu-
tion.

3.3.3 Simulation details

Solvers

In this study, the following four solvers have been used to simulate the full
model and the different versions of the reduced models:
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Figure 3.6: Step input signals used for simulating the uncontrolled models
and output trajectories of the full model to this input. The stepwise chang-
ing lines are the feed concentration zF , the reflux L and the boil-up range
V . V is always 0.02 higher that L. The curves on top and bottom are the
concentrations of condenser and reboiler, respectively.
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Figure 3.7: Step input signals used for simulating the controlled models and
output trajectories of the full model to this input. Plot a) shows the input
signal where zF and V is varied, and plot b) shows the input signal where
zF and xs

c is varied. The curves on top and bottom of both plots are the
concentrations of condenser and reboiler, respectively. In both cases, V is
manipulated by the composition controller.
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• LIMEX: This solver is an extrapolation scheme for the solution of
linearly-implicit differential-algebraic systems (Hairer and Wanner,
2002, Ehrig and Nowak, 2000). In this study, version 4.2A by Ehrig
and Nowak (2000) for systems with dense or banded Jacobian was
used. With this solver, all full and reduced model versions have been
simulated. This solver is attractive for the use in real-time optimiza-
tion, because of its good restarting qualities for problems involving
frequent discontinuities (Brenan et al., 1996). It is used, for example,
in the real-time optimization software DyOS (Schlegel et al., 2005,
Würth et al., 2007).

• RADAU: This solver is an implicit Runge-Kutta scheme with coef-
ficients based on Radau IIA quadrature formulas (Hairer and Wan-
ner, 2002). The code used in this study is the classic 5th-order code
RADAU5 by Hairer and Wanner (1996). It is suitable to solve stiff
equations and was used to integrate the full model and the reduced
models in ODE form.

• DOPRI: This solver is an embedded explicit Runge-Kutta scheme
based on the Dormand-Prince pair for step control (Hairer et al.,
2000). The code used in this study is the classic 5th-order code DO-
PRI5 by Hairer and Wanner (1996). It is a solver for non-stiff equa-
tions and was used to integrate the reduced models in ODE form.
This is possible because of the reduced stiffness of the reduced mod-
els. The same integration scheme is used in the MATLAB solver
ode45 (Shampine and Reichelt, 1997). The higher-order code DO-
PRI853 has also been tested, but showed comparable performance to
the 5th-order solver and was therefore not included into the detailed
study.

• DASPK: This solver is an implicit multistep integrator based on the
backward differentiation formula (Ascher and Petzold, 1998). Version
3.0 by Li and Petzold (2000) was used in this study. It was used to
integrate the full and the reduced controlled models in this study.
A similar integration scheme is used in the MATLAB solver ode15s
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(Shampine and Reichelt, 1997).

All solvers provide dense output, that is, interpolated solution values can
be obtained at any desired point within the simulation period (Hairer at al.,
2000). The LIMEX and DASPK codes were restarted after every change
in the input signal. The RADAU and DOPRI codes were only started once
at the beginning of a simulation, because restarting did not have any effect
on their execution time.
The numerical properties of the controlled and the uncontrolled models are
significantly different. The reason for this is a change of the Jacobian struc-
ture, which is caused by the composition controller. Figure 3.8 shows the
Jacobian structure of the full controlled model. The two vertical columns
of entries on the right side of the plot reflect the influence of the state of
the controlled tray (left column) and the I-state of the PI-controller (right
column) on the equations of each tray via the vapor flow V . In contrast to
this, the Jacobian of the uncontrolled model is purely tridiagonal because
of the absence of the composition controller. This has important numerical
consequences. The Jacobian of the uncontrolled models and the solution
of the linear equations arising from the implicit integration schemes using
this Jacobian can be done numerically efficient by exploiting the tridiag-
onally banded structure of the Jacobian. The Jacobian of the controlled
models is, however, no longer banded. This implies that the calculation
of a numerical Jacobian and the linear algebra is much slower. To avoid
this loss in performance, the Jacobian for the controlled models was cal-
culated analytically, and a specialized solver for the linear algebra which
takes into account both banded structure and vertical lines in the Jacobian
was used. To simulate the controlled systems, the solver DASPK (Li and
Petzold, 2000) was used, since this solver allows for the straightforward use
of external linear algebra routines. For all solvers, integration tolerances
AbsTol = RelTol in the range 10−1 to 10−5 were used.

Calculation of ”exact” solution

As “exact” solutions, simulations with very tight simulation tolerances
(10−13) were performed, using the RADAU code for the uncontrolled mod-
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Figure 3.8: Plot of the Jacobian structure of the full controlled model.

els and the DASPK code for the controlled models.

3.4 Results

3.4.1 Accuracy vs. simulation time

Uncontrolled models and general observations

Figures 3.9 and 3.10 show the performance of the uncontrolled full and dif-
ferent optimized reduced models with linear table interpolation in combina-
tion with different solvers, simulated at varying tolerances, for the ”slow”
and the ”fast” input signals, respectively. For better readability, the plots
were split into three subplots, each of which shows the results for one solver.
For the ”fast” input signal, the following observations can be made:

• The reduction error limits the best achievable accuracy of the re-
duced models. As expected, these accuracies increase with increasing
reduced model order. For crude simulation tolerances (low accuracy
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simulations), the accuracy of the reduced models is dominated by
the simulation error. For tight simulation tolerances, the reduction
error dominates and no further gain in accuracy can be achieved by
increasing the simulation accuracy. Typically, for the LIMEX solver,
tighter tolerances than 10−3 will mostly increase the simulation time,
but not the accuracy.

• While the reduced models in DAE form do not show any improve-
ment in computational speed, the reduced models in ODE form can
be simulated much faster. This is explainable with the fact that
a general-purpose DAE solver works basically like a stiff ODE solver
(Hairer and Wanner, 2002), where the algebraic equations are treated
similar to fast dynamic equations. This means that there is no com-
putational gain to be expected from converting dynamic equations
into algebraic equations, although the use of specialized sparse DAE
solvers and control algorithms might change this picture (Bian et al.,
2005, Khowinij et al., 2005).

• For every model and solver, the accuracy curve intersects at a certain
accuracy with the curve of the model of the next lower order. From
this accuracy on downwards, it is computationally favorable to use the
model of lower order. However, the seven-aggregation tray model is
still performing well at low accuracies in some cases (LIMEX solver),
such that it could be a more robust choice when there is doubt about
the proper choice of simulation accuracy.

• Compared to the full model at the same accuracy, the highest achiev-
able gain in simulation speed is between eight and ten.

For the ”slow” input signal, similar observations can be made, but the
performance of the individual solvers is different and the maximum gain in
simulation speed is not as significant as in the stepwise case.
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Figure 3.9: Comparison of the performance of the uncontrolled models,
simulated with various solvers and at various simulation tolerances, and
with a stepwise input signal (figure 3.6). Part a) shows simulations with
the LIMEX solver, b) with the RADAU solver and c) with the DOPRI
solver. Simulations of the same model with different simulation tolerances
are connected with a line. Full lines are used for ODE models, and dashed
lines for DAE models. In all simulations, linear table interpolation was
used. Due to its high stiffness, the full model could not be simulated with
the DOPRI-solver.
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simulated with various solvers and at various simulation tolerances, and
with the “slow” input signal.
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Controlled models

Figure 3.11 shows the performances of four reduced models for stepwise in-
put changes in zF and L (part a), and in zF and xs

c (part b). The reduced
models are models with five and seven equally-sized aggregation trays,
respectively, an optimized five-aggregation tray model, and a perfectly-
controlled model with six aggregation trays, where the reboiler and the
controlled aggregation tray are merged together.

The following observations can be made:

• The general trends of the performance of the controlled model are the
same as for the uncontrolled models.

• The optimal five-aggregation tray model has a lower reduction error
than the equally-sized model, but shows slightly worse performance
at lower accuracies for changes in zF and L.

• The perfectly-controlled model shows slightly better performance than
the seven-aggregation tray model at higher accuracies. The situation
reverses at lower accuracies.

• At intermediate accuracies, the gain in computational speed is roughly
of factor six.

Figure 3.12 shows numerical statistics of the simulation runs for the
full, the PI-controlled seven-aggregation tray model, and the perfectly-
controlled model with six aggregation trays. The numerical behavior of the
PI-controlled model is very similar to that of the full model. The perfectly-
controlled model shows significantly lower numbers of steps for intermediate
and tight tolerances, and accordingly low numbers for the other values as
well. The number of residuum calculations is increased, since the Jacobian
is calculated numerically. A possible explanation for this behavior is that
the perfect model does not include the comparably fast dynamics of the
composition controller in the bottom, allowing the integrator to take larger
integration steps.
Figure 3.13 shows the percentage of simulation time that is spent in the
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Figure 3.12: Comparison of the numerical behavior of the full, the seven-
aggregation tray PI-controlled reduced model, and the six-aggregation tray
perfectly-controlled model.
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computationally most intensive parts of the integration for the full, the
seven-aggregation tray model and the perfectly-controlled model with six
aggregation trays. For the full model, the functions for the solution of the
linear equations dominate the simulation time. For the reduced model,
residual and Jacobian evaluation time dominate. This is because of the
computationally expensive look-up table interpolation that is used in the
reduced models, and the reduction of the number of dynamic variables
of the models. The perfectly-controlled model is simulated with numeri-
cally calculated Jacobians, therefore the time of the Jacobian calculation
is included in the residual calculation time. The remaining 40-50% of the
simulation time is spent in other parts of the solver. In the reduced models,
the time spent for the linear look-up table interpolation amounts to about
half of the time spent for the residual and Jacobian computations, which is
about 20% of the total simulation time.

3.4.2 Choice of compartments

In table 3.3, the reduction error of the reduced model variants are shown.
The error of the optimized models is roughly between 50% and 80% of
the models with equally-sized aggregation trays. For higher-order reduced
models, the ratio gets better in favor of the optimized variants, reflecting
the increased number of degrees of freedom for optimization.

3.4.3 Solver performances

It has been observed before that the LIMEX solver performs well in simu-
lations with low accuracy, while it is usually outperformed by other solvers
at high accuracies (Schlegel, 2005). The same tendency can be observed
in this study when comparing the full model being simulated with LIMEX
and RADAU codes, respectively.
For the uncontrolled reduced models at low accuracies, in case of a stepwise
input signal, the LIMEX solver shows a performance that is far superior
to that of the RADAU solver. The DOPRI code shows comparable perfor-
mance to the LIMEX code for high accuracies. While the LIMEX solver
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Figure 3.13: Comparison of the percentage of simulation time of the com-
putationally most intensive parts of the integration for the full, the seven-
aggregation tray model and the perfectly-controlled model with six aggre-
gation trays.
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Table 3.3: Reduction errors of the reduced models for input signals with
step changes in zF and L. Column A gives the number of aggregation
trays, column B gives the choice of position and size of the aggregation
trays (equally-sized or optimal), column C gives the type of interpolation
used (linear or cubic), and column D gives the type of concentration control
(PI or perfect control).

A B C D reduction error

uncontrolled models

3 lin. 9.55 1e-3
3 cub. 9.33 1e-3

5 eqs. lin. 2.57 1e-3
5 opt. lin. 2.00 1e-3

5 eqs. cub. 2.45 1e-3
5 opt. cub. 1.91 1e-3

7 eqs. lin. 1.35 1e-3
7 opt. lin. 8.13 1e-4

7 eqs. cub. 1.26 1e-3
7 opt. cub. 7.08 1e-4

controlled models

4 eqs. lin. pc 6.07 1e-3
4 eqs. cub. pc 5.34 1e-3

5 eqs. lin. PI 9.54 1e-3
5 opt. lin. PI 6.09 1e-3

5 eqs. cub. PI 8.09 1e-3
5 opt. cub. PI 5.23 1e-3

6 eqs. lin. pc 3.29 1e-3
6 eqs. cub. pc 2.44 1e-3

7 eqs. lin. PI 3.72 1e-3
7 eqs. cub. PI 2.64 1e-3
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shows a gradual trade-off between accuracy and simulation time, the DO-
PRI solver rather abruptly looses performance when the simulation accu-
racy is not close to the maximal achievable accuracy. During simulations
with crude tolerances, the DOPRI solver usually finds the problem to be
stiff. This is probably the cause for the loss in performance.
In the ”slow” input case, the performance of the RADAU solver is superior
to the other solvers. A possible explanation is that the advantage of the
LIMEX code when applied to discontinuous input signals is not visible in
this case. The DOPRI code again looses performance abruptly because of
the problem becoming stiff for crude simulation tolerances.
The performance of the DASPK solver as the only solver used for inte-
grating the controlled models cannot be compared to the other solvers.
However, the same gradual trade-off between accuracy and simulation time
as with the LIMEX solver for the uncontrolled models can be observed.

3.5 Discussion

3.5.1 Reduction method

It was shown in section 3.2.3 that due to a simplification step in the original
derivation of Lévine and Rouchon (1991), the reduction method is a very
simple procedure that can be applied without specifying any compartments,
but only aggregation trays. Furthermore, it was shown that the algebraic
equations resulting from the quasi-steady-state approximation can be elim-
inated from the model, resulting in significantly more compact reduced
models that can be simulated several times faster than the original model.
The main bottleneck of the method lies in the second step to convert the
DAE system into an ODE system. The off-line computed solutions of the
algebraic equations have to be stored and retrieved as functions of the state
variables of the aggregation trays encompassing the steady-state trays in a
suitable way. In this study, this was done in a rather straightforward way
by tabulating the relevant solutions and retrieve them by multi-dimensional
interpolation of the table values. Since both table size and interpolation
intensiveness increases exponentially with the number of independent vari-
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ables, a high number of independent variables will lead to computationally
expensive right-hand sides of the reduced models. In this study, the time
spent for the linear look-up table interpolation is about 20% of the total
simulation time. With every additional independent variable, this number
will double, in case of linear interpolation, and increase four times, in case
of cubic interpolation. The gain in computational performance will there-
fore depend on how computationally intensive the table interpolation is
compared to the computational intensiveness of the residual and Jacobian
calculation of the full model.

3.5.2 Relationship to singular perturbation methods

As described in section 3.2.3, the model reduction method was originally
derived as a singular perturbation method. However, since an additional
modification of the equations is performed, the derivation is different from a
standard singular perturbation approach, where the model is taken into the
standard form of singular perturbation by some state transformation, and
then a quasi-steady-state approximation is performed (Kokotovic, 1986). In
section 3.2.3, these “true” singular perturbation systems have been com-
pared the reduced models by Lévine and Rouchon (1991). Their reduced
models still show a typical “slow model” behavior. This means that the
model is getting the more accurate, the closer it is to steady-state. The
initial response to a fast input change is typically faster than the response
of the original model, because the fast dynamics of the original model are
replaced by “instantaneous dynamics” by the quasi-steady-state approxi-
mations in the reduced model. The method of Lévine and Rouchon can
therefore be described as a “singular perturbation-related” method. The
physical interpretation of the method is also slightly different: Instead of
exploiting the time-scale separation between slow compartments and fast
trays, the method works by making the signal transport between the ag-
gregation trays infinitely fast, and slowing the dynamics down again by
increasing the time-constants of the aggregation trays.
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3.5.3 Validity of investigated system

The distillation model used in this study is very simple. The constant
molar holdup assumption is generally not a good assumption for the initial
response to a change in reflux and for control purposes (Skogestad, 1997),
but is acceptable in this study where only one control loop in the bottom is
closed. The model is, however, well suited to demonstrate the application
and performance of the model reduction method. It can be expected that
the obtained results possess some predictive quality for more complex cases,
since the dynamics and time-constants are similar.

3.5.4 Extension and generalization of reduction method

The simple derivation of reduced models presented in this paper makes it
straightforward to extend the reduction method to more complex distilla-
tion models, and to generalize it to general one-dimensionally distributed
systems.
In more realistic distillation models, each tray comprises a total mass bal-
ance (tray hydraulics), an energy balance, and possibly several component
balances. These can be treated in the same way as the single component
mass balance equations used in this study. The resulting algebraic equa-
tions are treated in the same way as well. However, the number of inde-
pendent variables, which determine the solution of the algebraic equations,
is larger than in the models in this study, yielding more complex functions
that have to be approximated. Indeed, the reduction method has been
successfully applied to a binary distillation column with energy balances,
complex thermodynamic and hydraulic relationships. These results will be
published separately.
Furthermore, it is possible to generalize the reduction method to general
one-dimensionally spatially distributed systems, such as plug-flow reactors
or heat exchangers. If the system consists of discrete units, such as the trays
in a distillation column, or a model resulting from the discretization of a
partial differential equation, the reduction method can be applied in exactly
the same way. A detailed description of this method is in preparation.
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3.5.5 Computational performance of reduced models

It has been found that for a given accuracy a gain in simulation speed of a
factor five to ten can be achieved using the reduced models proposed in this
study. The accuracy measure is the integrated deviation from a reference
trajectory, when the model is exposed to step changes in the inputs, where
the interval between two step changes is long enough to allow the system to
come close to steady-state again. However, the performance of a reduced
model will strongly depend on the application. In model predictive control,
for example, the model will be exposed to step changes in the inputs at
intervals of a few hundred seconds. Since the reduced models presented
here are relatively slow models, their response in the initial period after an
input change is possibly rather inaccurate (compare figure 3.3). However,
the reduced models might be well suited for an application that emphasizes
the long-term behavior of the system, such as in optimal trajectory plan-
ning. This is confirmed by a study by Würth et al., 2007, who found that
reduced aggregated models yield significant savings in computation time
for dynamic real-time optimization.

3.5.6 Tabulation of steady-state tray solutions

Multi-linear and multi-cubic interpolation has been used in this study to ob-
tain continuous function values from the look-up tables of the steady-state
tray solutions. Multi-linear interpolation is recommended because multi-
cubic interpolation will be computationally expensive for a high number
of independent variables as can be expected for models with more compo-
nents. For a low number of independent variables, an increased accuracy
(see table 3.3) can instead be achieved by multi-linear interpolation with a
higher table resolution.

3.5.7 Comparison with other model reduction methods for
distillation columns

Besides tray aggregation, wave propagation theory (Hankins, 2007, Kienle,
2000, Marquardt, 1990) and orthogonal collocation methods (Cho and
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Joseph, 1983, Dalouti and Seferlis, 2006) have been proposed as alternative
methods for deriving reduced distillation models. Wave propagation ap-
proximates the system dynamics by traveling wave profiles in response to
input changes. Kienle (2000) reports very good dynamic and steady-state
approximation qualities of the wave models, assuming constant molar flow
rates, holdups and pressure in the system. Hankins (2007) presents exten-
sions of the method to systems with energy balances and hydraulic effects.
Khowinij et al. (2004) compare the performance of a wave model to that of
a compartment model. They report that the approximation quality of the
wave model is rather poor compared to that of the compartment model,
which, however, might be due to the different assumptions incorporated in
the two models.
Orthogonal collocation approximates the state variable profile as sums of or-
thogonal polynomials. For this, a discrete column model is first transformed
into continuous partial differential equations. By enforcing the approximat-
ing profile to satisfy the differential equations at a number of collocation
points, discrete dynamic equations are obtained. The approximation qual-
ity of collocation methods depend on the choice and number of collocation
points. Dalaouti and Seferlis (2006) apply the approach to complex staged
reactive separation processes. Their reduced models show good approxima-
tion quality, while a gain in simulation speed of several times is reported.
Of the three methods, tray aggregation is conceptually probably the sim-
plest. However, the implementation requires some effort, as is described
in this study. In terms of accuracy, each method has its strengths and
weaknesses. The advantage of tray aggregation compared to the other
methods is the perfect match of steady-states, making it interesting for ap-
plications where the long-term behavior is important. Wave propagation,
on the other hand, seems to yield a good approximation of initial system
responses to fast changing inputs. Collocation methods are probably the
most widely used methods to obtain reduced distillation models. Since
the method can be applied to complex systems without many restrictive
assumptions, the accuracy is suitable for most applications. Of the three
methods, wave propagation is computationally probably the least intensive.
However, a detailed comparison of the three methods with careful imple-
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mentations taking the application of the models into account has yet to be
done in order to assess their strengths and weaknesses for that particular
application.

3.6 Summary and conclusions

In this study, the tray aggregation method of Lévine and Rouchon (1991)
has been used to derive reduced models of a binary distillation column
model. It has been shown that the original derivation, which partitions
the column into “compartments” of consecutive trays, can be simplified to
a procedure which needs only the specification of aggregation trays and is
independent of the choice of compartment boundaries. This gives the re-
sulting reduced model a favorable numerical structure and makes the exten-
sion to more complex models straightforward. The original method yields
a DAE model with the same number of variables as the original model. Be-
cause of the banded Jacobian structure of the reduced model, the algebraic
equations of the DAE models can be eliminated from the model by off-line
solution and substitution of the tabulated solution values as functions of
the dynamic variables into the dynamic equations, yielding low-order ODE
models. The numerical performance of these models has been assessed by
simulations using four different numerical integrators. While simulation of
the DAE models showed no gain in simulation speed, the reduced models
yielded an improvement of up to factor ten. Due to the reduced stiffness of
the models, a non-stiff integrator can be used for integration. The inclusion
of a controller in the bottom section of the column has been investigated.
While the application of a PI-controller to the reduced model is easily possi-
ble, the controller can also be directly incorporated into the reduced model
assuming perfect control. Both variants show good performance, decreas-
ing simulation time about six times.
The computational gains that can be achieved by the reduced models form
make these kind of models attractive for use in real-time optimization ap-
plications. In more complex models, the performance of the reduced models
will depend on the complexity of the right hand sides as well as the number
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of independent variables for the tabulation of the steady-state tray solu-
tions.
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Chapter 4

Reduced distillation models
via stage aggregation

submitted to Chemical Engineering Science.

Abstract

A method for deriving computationally efficient reduced nonlinear distilla-
tion models is proposed, which extends the aggregated modeling method
of Lévine and Rouchon (1991) to complex models. The column dynam-
ics are approximated by a low number of slow dynamic aggregation stages
connected by blocks of steady-state stages. This is achieved by simple ma-
nipulation of the left-hand sides of the differential equations. In order to
reduce the computational complexity of the resulting DAE system, the al-
gebraic equations resulting from the reduction procedure are replaced by
interpolation in tables or polynomial approximations. The resulting re-
duced model approximates the original dynamic model very accurately,
and increases the simulation speed several times. This makes the reduced
models interesting for real-time applications. The numerical properties of
the models and possible improvements are discussed.

79
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4.1 Introduction

This study describes and analyzes a model reduction method for staged
distillation column models. Reduced models are used for system analysis
and controller design, and for speeding up simulations. The latter is much
desired for model predictive control (Allgöwer and Zheng 2000, Qin and
Badgwell, 2003) and dynamic real-time optimization (Schlegel, 2005) ap-
plications. Numerous model reduction methods for linear (Antoulas, 2005)
and nonlinear systems (Marquardt, 2001, van den Berg, 2005) have been
described in literature.
The model reduction method presented in this work extends the aggregated
modeling method of Lévine and Rouchon (1991). The original method was
developed as an improvement of the compartmental modeling method of Be-
nallou et al. (1986), and used a very simple distillation model assuming con-
stant stage holdups, constant molar flows and constant relative volatility.
When applying the method, the column is partitioned into compartments,
each of which comprises a number of consecutive stages. The dynamics of a
compartment is approximated by one dynamic stage, which is assigned the
total compartment holdup, while the remaining stages of the compartment
are treated as in steady-state. This is achieved by a state transformation for
the compartment variables, and a subsequent quasi-steady-state approxi-
mation of the fast equations of the transformed system. This approach
has been used recently by Khowinij et al. (2004, 2005), and Bian et al.
(2005) to derive reduced models of a distillation column with variable stage
holdups, with the objective of obtaining reduced models that increase the
simulation speed. They conclude that a tailor-made DAE solver is neces-
sary to significantly speed up the simulations.
However, it was shown by Linhart and Skogestad (2009) that applying
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the original method in combination with an ordinary DAE solver does not
increase the simulation speed. The reason for this is that the method con-
verts the majority of the dynamic equations of the full model into algebraic
equations, which does not change the overall size of the system. Since in
a DAE solver, dynamic and algebraic equations are treated very similarly
(Ascher and Petzold, 1998, Hairer and Wanner, 2002), no gain in compu-
tation speed can be expected. Alternatively, Linhart and Skogestad (2009)
show that the algebraic equations resulting from the reduction procedure
can be eliminated from the model due to the banded Jacobian structure of
the reduced model, which yields a much smaller ODE or DAE system. This
model now yields a significant improvement in computational performance.
In addition, it was shown that the method of Lévine and Rouchon can be
interpreted to be basically compartment-free. This means that only the
dynamic aggregation stages have to be specified, but no partition of the
column into compartments is necessary.

The model reduction method presented in this study extends the origi-
nal method of Lévine and Rouchon (1991) and the extension of Khowinij
et al. (2005) and Bian et al. (2005) in the following aspects:

1. The notion of “compartments” is abandoned; only the specification
of “aggregation stages” is necessary. Their ”holdup” is a free tuning
parameter of the reduced model.

2. The method can be applied to all kinds of staged processes with mass
and energy balances, and complex hydraulic and thermodynamic rela-
tionships. No simplification of the original system prior to the model
reduction procedure is needed.

3. The algebraic equations resulting from the reduction procedure are
eliminated from the reduced model and replaced by functions, which
are substituted in the dynamic aggregation stage equations. This is
the crucial step to obtain computationally superior reduced models.

4. The physical interpretation of the reduction principle is different. In-
stead of comparing the different time-scales of the slow compartment
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dynamics and fast stage dynamics as in the original method of Lévine
and Rouchon (1991), the method works by making signal transport
through the steady-state stages infinitely fast, and slowing down the
column dynamics by assigning large “aggregated holdup factors ”
to the aggregation stages. Although related, the method is no true
singular perturbation method (Kokotovic et al., 1986, Linhart and
Skogestad, 2009).

This paper is organized as follows. In section 4.2, a full distillation model
that is used to demonstrate the reduction method is introduced. Important
structural and implementation issues of the model are discussed. Section
4.3 describes the derivation of the reduced model from the full model. In
a first step, by a simple manipulation of the left-hand sides of the differ-
ential equations of the full column, a reduced model of the same size as
the original model is obtained. In a second step, the resulting algebraic
equations are eliminated from the model and replaced by more efficient
approximations such as table interpolations. As the second step is crucial
for the performance of the reduced model, this part is described in more
detail. In section 4.4, the approximation quality and computational perfor-
mance of the reduced model is investigated. For this purpose, simulations
with fast changes in the input variables of the models over a range of sim-
ulation tolerances are performed. The accuracy of the reduced models is
compared with the original model, and is set into relation with the simu-
lation speed. An analysis of the numerical behavior and of the distribution
of computational complexity in the models and the solver is given. Finally,
the advantages and disadvantages of the stage aggregation method, possi-
ble improvements and applications, and a brief comparison to other model
reduction methods for distillation models are discussed in section 4.5.
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4.2 Full model

4.2.1 System and modeling assumptions

The distillation column used in this study to demonstrate the reduction
method is a high-purity distillation column with 92 stages, a reflux drum
with a total condenser, and a reboiler. The case-study model in this study
uses a binary mixture, but the model description and the model reduc-
tion procedure is for a multi-component mixture. Ideal stages with perfect
mixing and vapor-liquid equilibrium on each stage are assumed.

4.2.2 Mathematical description

For notational convenience, the reflux drum and reboiler are written as
stages 1 and N , respectively.
For a mixture with Nc components, the state of each stage is described
by Nc + 1 dynamic variables: M tot

i (total mole number on stage i), Mi

(vector of Nc − 1 component moles on stage i), and U tot
i (total internal

energy on stage i). Since the sum of the Nc components gives the total
holdup M tot

i , this formulation is equivalent to including all Nc components
in the Mi vector. The dynamic evolution of each state is governed by
a differential balance equation. In addition, there is a large number of
algebraic equations, including thermodynamic relationships for the vapor-
liquid equilibrium.

Dynamic balance equations

On each stage, Nc + 1 balance equations can be formulated. The balance
equations for the stages except the reboiler, condenser and feed stage (2 ≤
i ≤ N − 1, i 6= iF ) read

Ṁ tot
i = Li−1 + Vi+1 − Li − Vi, (4.1)

Ṁi = Li−1xi−1 + Vi+1yi+1 − Lixi − Viyi, (4.2)

U̇ tot
i = Li−1h

L
i−1 + Vi+1h

V
i+1 − Lih

L
i − Vih

V
i −Qhl

i . (4.3)



84 CHAPTER 4. REDUCED DISTILLATION MODELS VIA STAGE AGGREGATION

The balance equations for the feed stage iF read

Ṁ tot
iF

= LiF−1 + ViF +1 − LiF − ViF + F, (4.4)

ṀiF = LiF−1xiF−1 + ViF +1yiF +1 − LiF xiF − ViF yiF + FzF , (4.5)

U̇ tot
iF = LiF−1h

L
iF−1 + ViF +1h

V
iF +1 − LiF h

L
iF − ViF h

V
iF −Qhl

iF (4.6)

+FhF .

The balance equations for the reflux drum with total condenser (i = 1)
read

Ṁ tot
1 = Vtop − (R+D), (4.7)

Ṁ1 = Vtopy2 − (R+D)x1, (4.8)

U̇ tot
1 = Vtoph

V
2 − (R +D)hL

1 +Qc. (4.9)

The balance equations for the reboiler (i = N) read

Ṁ tot
N = LN−1 −B − VN , (4.10)

ṀN = LN−1xN−1 −BxN − VNyN , (4.11)

U̇ tot
N = LN−1h

L
N−1 −BhL

N − VNh
V
N +Qr. (4.12)

The variables used in the above equations are explained in tables 4.1 and
4.2. Note that Mi, xi, yi and zF are vectors of length Nc − 1, except in
the binary case, where they are scalars.

Algebraic relations for sum of phases

The intensive variables for the individual phases xi, yi, h
L
i , hV

i must satisfy
some algebraic relations, since the sum of the phases makes up the total
holdup. The sum of the total mass, component masses, energy and volume
of the phases on stage i can be written as

M tot
i = ML

i +MV
i , (4.13)

Mi = ML
i xi +MV

i yi, (4.14)

U tot
i = ML

i h
L
i +MV

i h
V
i − piVi, (4.15)

Vi = ML
i v

L
i +MV

i v
V
i , (4.16)
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Table 4.1: Full model variable description.

Variable Description

i stage index
iF index of feed stage
M tot

i total mole number
Mi total mole number of component 1
U tot

i total internal energy
xi liquid concentration of component 1
yi vapor concentration of component 1
hL

i liquid enthalpy
hV

i vapor enthalpy
Li liquid outflow
Vi vapor outflow
Vtop vapor flow from top stage into reflux drum
D liquid distillate outflow of reflux drum
B liquid bottom product outflow of reboiler
R reflux flow out of reflux drum
F feed flow into feed stage
zF concentration of component 1 in feed
hF feed enthalpy
Qc heat flow into condenser
Qr heat flow into reboiler
Qhl

i stage heat loss from to environment
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Table 4.2: Full model variable values.

Variable SI-Unit typical values

stage reflux drum reboiler
i
iF
M tot

i mol 3500 49000 100000
Mi mol 3300 45500 1500
U tot

i kJ -5.7·104 -1.0·106 -1.7·106

xi 0.34 0.94 0.015
yi 0.40 0.96 0.019
hL

i kJ/mol -18 -22 -18
hV

i kJ/mol 1.2 1.6 1.8
Li mol/s 500
Vi mol/s 500 500
Vtop mol/s 425
D mol/s 55
B mol/s 100
R mol/s 370
F mol/s 155
zF 0.34
hF kJ/mol -22
Qc kW -9500
Qr kW 10000
Qhl

i kW 2.4
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where Vi is the total volume of stage i (which is assumed constant), and ML
i

and MV
i are the stage liquid and vapor masses, respectively. To reduce the

number of algebraic equations that need to be solved by the DAE solver,
equations (4.13) and one of equations (4.14)-(4.16) can be solved to obtain
explicit expressions for ML

i and MV
i . The simplest choice is to combine

equations (4.13) and (4.16) to get

ML
i = (Vi −M tot

i vV
i )/(vL

i − vV
i ), (4.17)

MV
i = M tot

i −ML
i , (4.18)

where vL
i and vV

i are the specific volumes of liquid and vapor phase, re-
spectively. The remaining Nc algebraic equations that need to be solved
are then (4.14) and (4.15).

Algebraic thermodynamic relationships

The vapor-liquid equilibrium on stage i gives Nc algebraic relations (one
for each component):

fL
i (xi, pi, Ti) = fV

i (yi, pi, Ti). (4.19)

In this study, the thermodynamic quantities fL
i , fV

i , xi, yi, h
L
i , hV

i , vL
i , vV

i ,
ρL

i and ρV
i are obtained by means of the Soave-Redlich-Kwong equations

of state (Reid et al., 1997).

Algebraic hydraulic relationships

The liquid flows Li are calculated by means of a modified Francis weir
equation (Green and Perry, 2007)

Li = γρL
i |li/β − hW,i|

1.5, (4.20)

where β and γ are geometry-dependent factors, li the liquid level, and hW,i

is the weir height of stage i, respectively.
The vapor flows Vi are calculated by

Vi = γ
√

|pi − pi−1 − ρL
i−1gli−1|ρ

V
i , (4.21)

where g is the standard gravity.
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Table 4.3: Base-layer PI-controllers.

Controller CV MV

Level controller reflux drum l1 D
Pressure controller top stage p2 Vtop

Temperature controller stage 76 T76 Qr

Level controller reboiler lN B

Algebraic equations for heat loss

The heat loss of a tray to the environment is modeled by a linear heat
transfer equation

Qhl
i = αi(Ti − Tenvironment), (4.22)

where αi is the heat transduction coefficient through the outer wall of stage
i. The heat loss is frequently neglected (αi = 0) in distillation modeling.

Algebraic equations for condenser cooling

The cooling of the condenser is modeled as

Qc = −Vtop(h
V
2 + β), (4.23)

where β an adjustable parameter.

Dynamic equations for controllers

The column is stabilized by four base-layer PI-controllers. The controllers
with their controlled variables (CV) and manipulated variables (MV) are
listed in table 4.3.
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4.2.3 Alternative strategies for solution of the algebraic equa-
tions

As mentioned, there are (Nc + 1) ·N dynamic balance equations, where Nc

is the number of components and N is the number of stages in the column.
The associated dynamic state variables on stage i are M tot

i , Mi (vector of
length Nc − 1) and U tot

i . In addition, there is a large number of algebraic
equations which are generally not explicit in the dynamic state variables
(M tot

i , Mi, U
tot
i ), and therefore need to be solved. Several approaches for

solving the algebraic equations are possible:

• Approach 1. The algebraic equations are solved separately at each
evaluation of the derivatives of the dynamic state variables (right hand
side of dynamic balance equations). This is in general not numerically
efficient.

• Approach 2. The differential and algebraic equations (DAEs) are
solved simultaneously using a DAE solver. Here, one generally tries to
minimize the number of algebraic equations and associated algebraic
state variables used in the DAE solver by finding the lowest number of
algebraic equations that must be solved to make the rest of algebraic
equation set explicit. In most cases, the algebraic vapor-liquid equi-
librium (VLE) relations (4.19) are explicit in the variables pressure p,
temperature T , liquid composition x (vector with Nc−1 independent
variables) and vapor composition y (vector with Nc − 1 independent
variables). In total, this gives 2Nc algebraic state variables. Thus,
on each stage the 2Nc algebraic equations given in (4.14), (4.15) and
(4.19) (for p, T , x, y) need to be included in addition to the Nc + 1
differential equations (for M tot

i , Mi, U
tot
i ).

• Approach 3. Solve the algebraic equations off-line and represent the
solution in terms of functions of suitable independent variables. Note
that one can use the same functions for all stages in the column.
There are many possibilities for the choice of the independent vari-
ables:
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– 3.1 Use the dynamic state variables also for functions:
A straightforward choice are the Nc + 1 dynamic state vari-
ables (M tot

i , Mi, U
tot
i ). Then, the algebraic equations can be

solved offline to generate the required functions in terms of these
Nc + 1 variables. However, this set of variables may not be the
best, since high-dimensional functions with independent vari-
ables which can assume values on a large domain are difficult to
implement.

– 3.2 Introduce special algebraic variables for functions:
It is desirable to minimize the number of variables to reduce the
dimension of the functions. From the Gibbs phase rule, it is
actually sufficient to specify Nc (rather than Nc + 1) intensive
variables for a system in vapor-liquid equilibrium. For the binary
mixture in this study (Nc = 2), pressure p and temperature T
are chosen as independent variables.

4.2.4 Final DAE equation set for full model

In this study, a binary mixture is considered and approach 3.2 with T
and p (on each stage) as algebraic state variables is used. On each of the
N stages, the DAE set includes three differential equations (see equations
(4.1)-(4.12)), plus one algebraic equation for the sum of phases holdup
of component 1 (4.14) and one algebraic equation for the sum of phases
internal energy (4.15). The 5 associated state variables Xi on each stage
are

Xi = {M tot
i ,Mi, U

tot
i , pi, Ti}. (4.24)

Note that for a binary mixture, Mi is the scalar holdup of component 1. In
addition to these 3N dynamic and 2N algebraic equations, the full DAE
model has one dynamic equation for each controller with integral action.
The resulting full set of equations solved by the DAE solver can be written
in the form

M
dX

dt
= F(X,u), (4.25)
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a) b)

Figure 4.1: Jacobian structures of the full (plot a) and reduced (plot b)
models. Shown are the dependencies of the right-hand sides F on the states
X. The solid lines mark the width of the non-zero Jacobian elements, when
the elements corresponding to the temperature controller are excluded. The
dashed lines mark the width when these elements are included.

where X are the 5N + 4 state variables used by the DAE solver, u is an
input vector, and M is the diagonal mass matrix with a 1 on the diagonal
for a differential equation and a 0 for an algebraic equation.
The remaining algebraic equations, including equations (4.17) and (4.18),
and also the flash equations which are represented by tables, are explicit in
X and are solved at each evaluation of the right hand side F(X,u).

4.2.5 Jacobian structure

The DAE set for the full model described by (4.25) in section 4.2.4 is highly
structured as can be seen from figure 4.1a, which shows the Jacobian struc-
ture (dF/dX) of the full model. The Jacobian is basically a banded matrix.
However, the temperature controller in the bottom section, which has in-
fluence on the temperature of stage 76 in the bottom section, introduces
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elements into the Jacobian, which correspond to the proportional and in-
tegral action of the controller and which lie outside the narrow band. By
this, the width of the Jacobian band is increased several times. The level
and pressure controllers at the top of the column also increase the width of
the Jacobian band, but to a much less extent, as the manipulated and con-
trolled variables are positioned spatially close to each other. The system
including all controllers except the temperature controller in the bottom
section has a Jacobian non-zero entry band of width 19. If the temperature
controller is included in the system with the temperature measurement lo-
cated at stage 76 (19 stages from the bottom), the width is increased to
94. The special structure of the Jacobian has to be taken into account for
efficiently solving the linear equations arising during the integration of the
model. This is described in section 4.2.6.

4.2.6 Implementation of full model

System size

In the present case, with N = 94 stages in the column, the full differential-
algebraic model contains 94 ·3 dynamic and 94 ·2 algebraic variables for the
stages, and 4 dynamic variables for the states of the PI-controllers, adding
up to a total of 474 variables in the state vector X.

Numerical solution

For simulation, the DAE solver DASPK 3.0 (Li and Petzold, 2000) was
used. This solver is implemented in FORTRAN 77. The residual F and the
analytic Jacobian dF/dX of the model were programmed in C-code. This
ensures a fast implementation for a realistic evaluation of the computational
performance.

Tabulation of thermodynamic properties

The thermodynamic VLE relations and property relations were programmed
as two-dimensional lookup tables. From these 8 tables, the thermodynamic
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quantities x, y, hV , hL, vV , vL, ρV and ρL are obtained as functions of
T and p by cubic spline interpolation (Press et al., 2007) of the table en-
tries. Each table has 1 000 x 1 000 entries, where 273 K < T < 350 K and
1 bar < P < 8 bar.

LU-decomposition of Jacobian

The Jacobian is evaluated analytically. Each time the Jacobian is recom-
puted, it is decomposed into a lower and an upper triangular matrix.
For this, a modified banded Gaussian LU-decomposition is used. The
LINPACK (LINPACK, 1978) routine DGBFA as used in DASPK to LU-
decompose a banded matrix was modified to work with the narrow banded
Jacobian matrix as described in section 4.2.5. An efficient special treat-
ment of the off-band elements was introduced, where the rows containing
the off-band elements are included in the elimination steps of the in-band
rows above them. Correspondingly, the LINPACK routine DGBSL was
modified to solve the linear equation system arising at each integration
step using the previously generated LU-decomposition.

4.3 Reduced model

4.3.1 Summary of reduction method

The model reduction method used in this study is based on the stage aggre-
gation method of Lévine and Rouchon (1991). Their original method was
developed for a simple column model with only one mass balance per stage.
The column is partitioned into a number of “compartments” of consecutive
stages. In each compartment, an “aggregation stage” is selected. By a
state variable transformation, the concentration of each aggregation stage
is replaced by the average concentration of the corresponding compart-
ment stages. By this, the holdups of the aggregation stages are increased
significantly compared to the remaining stages. Using this difference in
magnitudes, the model can be written as a singular perturbation model.
Then, a quasi-steady-state approximation can be applied, rendering all but
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the aggregation stages as steady-state stages. The resulting model is there-
fore of the same size as the original model, but the majority of the dynamic
stage equations are converted into algebraic equations. It assumes the same
steady-state as the original model.
It was shown in a previous study by Linhart and Skogestad (2009) that
the method can actually be derived without the notion of compartments.
This is due to an undocumented simplification step in the original deriva-
tion of the method. Although this simplification step deviates from the
standard procedure for deriving singular perturbation models (Kokotovic
et al., 1986), it greatly simplifies the derivation of the reduced model and
its structure. For the application of the method to a given full model,
it is sufficient to select some stages as aggregation stages and multiply
the left-hand sides of their dynamic equations with some factors, while all
remaining stages are modeled as “steady-state stages” by setting their left-
hand sides to zero. This way, the original method can easily be generalized
to more complex models including mass and energy balances; see Linhart
and Skogestad (2009) for details.
It was found previously by Linhart and Skogestad (2009) that only applying
the reduction procedure as described above does not necessarily improve the
computational performance of the reduced model compared to the original
model, since the number of equations in the reduced model is the same as
in the original model. Therefore, in a second step, the algebraic equations
resulting from the reduction procedure are eliminated from the reduced
model. For this, the block-wise structure of the reduced model is exploited.
The complete reduction method can therefore be described as a two-step
procedure:

Step 1. Select a number of aggregation stages and multiply their left hand
sides by certain factors, which will be called “aggregated holdup fac-
tor” in the following. Convert all remaining stages to steady-state
stages by setting their left-hand sides to zero. The resulting model is
a DAE model of the same size as the original model. It has, however,
reduced dynamics.

Step 2. Eliminate the algebraic equations of each block of steady-state stages
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by replacing them with precomputed functions. This yields a model
with a reduced number of variables and equations, which can be sim-
ulated faster than the original model. This step can be divided into
two sub-steps:

a) Replace all variables of the steady-state stages that appear in
the aggregation stage equations by functions obtained from the
solutions of the steady-state equations in dependence of the vari-
ables of the aggregation stages;

b) Eliminate some of the functions and independent variables to
obtain a final reduced model that is as compact as possible.

Step 1 can be applied immediately to the full model by simple manipulation
of the left-hand sides of the differential equations. This procedure will be
described in section 4.3.2. Step 2a is necessary to produce a reduced-order
model that increases the simulation speed. The basic procedure is described
in section 4.3.3. The key idea is to replace the algebraic equations resulting
from the reduction procedure by precomputed functions. Due to the com-
plexity of the model, these functions can become very complex themselves.
To obtain efficient reduced models, in step 2b the number of functions and
the number of independent variables is reduced to a minimum. This is
described in section 4.3.3.
Note on notation: In order to stay consistent with the notation used in
Linhart and Skogestad (2009), the variables in the reduced model after
step 1, where the states are partially dynamic and partially algebraic, are
marked by the bar notation M̄ tot

i , M̄i and Ū tot
i . This is to distinguish them

from the variables in the full model (4.1)-(4.12), where the states M tot
i , Mi

and U tot
i are purely dynamic. In order to simplify notation, the variables

of the reduced model after step 2 are not marked in a special way. The
numbering of the variables is now different from the full model, since the
final form of the reduced model consists only of aggregation stages. The
functions that replace the algebraic equations of the steady-state stages are
marked by (). The final form of the reduced model is shown in table 4.4.
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Table 4.4: Final form of reduced model.

reflux drum (aggregation stage 1):

H1Ṁ
tot
1 = Vtop − (R +D)

H1Ṁ1 = Vtopy2 − (R+D)x1

H1U̇
tot
1 = Vtoph

V
2 − (R+D)hL

1 +Qc

aggregation stage 2 (below reflux drum):

H2Ṁ
tot
2 = R− L2 + V

()
3 − Vtop

H2Ṁ2 = Rx1 − L2x2 + V
()
3 y

()
3 − Vtopy2

H2U̇
tot
2 = RhL

1 − L2h
L
2 + V

()
3 h

V ()
3 − Vtoph

V
2 −Qhl

2

aggregation stage j:

HjṀ
tot
j = Lj−1 − Lj + V

()
j+1 − V

()
j

HjṀj = Lj−1xj−1 − Ljxj + V
()
j+1y

()
j+1 − V

()
j y

()
j

HjU̇
tot
j = Lj−1h

L
j−1 − Ljh

L
j + V

()
j+1h

V ()
j+1 − V

()
j h

V ()
j −Q

hl()
j −Qhl

j

feed stage jF :

HjF
Ṁ tot

jF
= LjF −1 − LjF

+ V
()
jF +1 − V

()
jF

+ F

HjF
ṀjF

= LjF −1xjF −1 − LjF
xjF

+ V
()
jF +1y

()
jF +1 − V

()
jF

y
()
jF

+ FzF

HjF
U̇ tot

jF
= LjF −1h

L
jF −1 − LjF

hL
jF

+ V
()
jF +1h

V ()
jF +1 − V

()
jF
h

V ()
jF

−Q
hl()
jF

−Qhl
jF

+ FhF

aggregation stage n− 1 (before reboiler):

Hn−1Ṁ
tot
n−1 = Ln−2 − Ln−1 + Vn − V

()
n−1

Hn−1Ṁn−1 = Ln−2xn−2 − Ln−1xn−1 + Vnyn − V
()
n−1y

()
n−1

Hn−1U̇
tot
n−1 = Ln−2h

L
n−2 − Ln−1h

L
n−1 + Vnh

V
n − V

()
n−1h

V ()
n−1 −Q

hl()
n−1

−Qhl
n−1

reboiler (aggregation stage n):

HnṀ
tot
n = Ln−1 −B − Vn

HnṀn = Ln−1xn−1 −Bxn − Vnyn

HnU̇
tot
n = Ln−1h

L
n−1 −BhL

n − Vnh
V
n +Qr
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4.3.2 Reduction step 1: Introducing aggregation stages and
steady-state stages

Figure 4.2 illustrates the reduction method: A number n stages on positions
with the indices sj, j = 1...n, in the column are selected dynamic aggre-
gation stages. sj is the stage index of aggregation stage j in the reduced
model containing both aggregation and steady-state stages; see figure 4.3a.
For example, s3 = 10 means that aggregation stage 3 corresponds to stage
10 in the original model.
The dynamics of the aggregation stages are slowed down by multiplying the
left-hand sides of the corresponding dynamic equations of each aggregation
stage j by the aggregated holdup factor Hj >> 1:

Hj
˙̄M

tot

sj
= L̄sj−1 + V̄sj+1 − L̄sj

− V̄sj
, (4.26)

Hj
˙̄Msj

= L̄sj−1x̄sj−1 + V̄sj+1ȳsj+1 − L̄sj
x̄sj

− V̄sj
ȳsj

, (4.27)

Hj
˙̄U

tot

sj
= L̄sj−1h̄

L
sj−1 + V̄sj+1h̄

V
sj+1 − L̄sj

h̄L
sj
− V̄sj

h̄V
sj
− Q̄hl

sj
.(4.28)

The equations for the feed stage , the reflux drum and the reboiler are
treated correspondingly.
The remaining stages i = 1...N, i 6= sj (j = 1...n), are converted into
steady-state stages by setting the left hand sides of the respective dynamic
equations to 0:

0 = L̄i−1 + V̄i+1 − L̄i − V̄i, (4.29)

0 = L̄i−1x̄i−1 + V̄i+1ȳi+1 − L̄ix̄i − V̄iȳi, (4.30)

0 = L̄i−1h̄
L
i−1 + V̄i+1h̄

V
i+1 − L̄ih̄

L
i − V̄ih̄

V
i − Q̄hl

i . (4.31)

4.3.3 Reduction step 2: Elimination of steady-state stages

In the second step of the reduction procedure, the algebraic equations of
the steady-state stages are eliminated from the model. Despite the large
number of algebraic equations, this is possible because of the structure of
the reduced model, where the steady-state stages are grouped in blocks
between the dynamic aggregation stages.
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Figure 4.2: Schematic diagram of reduced column model.
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Step 2a: Replacement of steady-state equations by functions

Figure 4.3 illustrates the principle. To avoid complicated notation, aggre-
gation stages 2 and 3 are used for demonstration. Table 4.4 can be used as
a reference for the general form of the equations. A block of steady-state
stages is located between aggregation stages 2 and 3 (figure 4.3a). It is
referred to in the following as steady-state block 3. It constitutes a system
of algebraic equations, consisting of a set of equations (4.29)-(4.31) for each
of the steady-state stages with the indices i = s2 +1 to i = s3−1. It can be
solved in dependence on a certain set z3 of variables of aggregation stages
2 and 3.
In order to eliminate the equations of steady state block 3, the variables
ȳs2+1, h̄

V
s2+1 and V̄s2+1 in the dynamic equations of aggregation stage 2 are

replaced by the functions

ȳs2+1 = y
()
3 (z3), (4.32)

h̄V
s2+1 = h

V ()
3 (z3), (4.33)

V̄s2+1 = V
()
3 (z3), (4.34)

and the variables x̄s3−1, h̄
L
s3−1, L̄s3−1 and V̄s3 in the dynamic equations of

aggregation stage 3 are replaced by the functions

x̄s3−1 = x
()
3 (z3), (4.35)

h̄L
s3−1 = h

L()
3 (z3), (4.36)

L̄s3−1 = L
()
3 (z3), (4.37)

V̄s3 = V
b()
3 (z3). (4.38)

The y
()
3 notation signifies that the respective variable is a function of the

variables of the neighboring aggregation stages 2 and 3; see figure 4.3b.
These functions will be called steady-state functions in the following.
The variables above correspond to the flow rates and intensive properties
of the flows from the steady-state block into the aggregation stages. In
addition, the vapor flow rate V̄s3 from aggregation stage 3 depends on the



100 CHAPTER 4. REDUCED DISTILLATION MODELS VIA STAGE AGGREGATION

aggregation stage 2

(original stage            )

aggregation stage 3

(original stage           )

stage

stage

a)  after Step 1 b)  after Step 2a c) after Step 2b

aggregation stage 2 aggregation stage 2

s
te

a
d
y
-s

ta
te

 b
lo

c
k
 3

aggregation stage 3 aggregation stage 3

i=s2

i=s2+1

i=s3-1

i=s3

L̄s2 V̄s2+1

L̄s3−1 V̄s3

L2 V
()
3

L
()
3 V

b()
3

L2 V
()
3

Figure 4.3: Schematic illustration of a block of consecutive steady-state
stages between aggregation stages 2 and 3. Part a) shows the structure
after reduction step 1. Part b) shows the structure after elimination of the
steady-state stages by substitution of functions (4.32)-(4.34) and (4.35)-
(4.38). Part c) shows the structure after elimination of the flows on the
bottom of the steady-state block by mass conservation.
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variables of the bottom stage of the steady-state block. As a consequence,

it is replaced by the function V
b()
3 . The b indicates that this vapor flow is

located at the bottom of the steady-state block 3, in contrast to the vapor

flow V
()
3 , which is located at the top.

It is assumed here that the liquid flows only depend on the variables of the
departing stage, otherwise the liquid flow L̄s2 departing from aggregation
stage 2 would have to be replaced by a function as well.
Aggregation stage 3 is used for illustration of the the dynamic equations of
the reduced model after the substitution:

H3Ṁ
tot
3 = L

()
3 − V

b()
3 + V

()
4 − L3, (4.39)

H3Ṁ3 = L
()
3 x

()
3 − V

b()
3 y3 + V

()
4 y

()
4 − L3x3, (4.40)

H3U̇
tot
3 = L

()
3 h

L()
3 − V

b()
3 hV

3 + V
()
4 h

V ()
4 − L3h

L
3 −Qhl

3 . (4.41)

Here, the notation is simplified, and M3, L3 etc. signify that the reduced
model after step 2 consists only of equations and variables corresponding
to aggregation stages.
A possible set of independent variables for the functions (4.32)-(4.34) and
(4.35)-(4.38) is the set

z3 = {M tot
2 ,M2, U

tot
2 ,M tot

3 ,M3, U
tot
3 }, (4.42)

consisting of 2Nc + 2 variables. However, the complexity of the steady-
state functions depends strongly on the number and selection of the inde-
pendent variables. A suitable minimal selection of functions and indepen-
dent variables is therefore discussed in the next section.

Step 2b: Minimal selection of steady-state functions and inde-
pendent variables

The functions (4.32)-(4.34) and (4.35)-(4.38) are 2Nc + 3 functions, while
the variable set (4.42) contains 2Nc + 2 variables. However, the functions
are not completely independent of each other. Furthermore, not all state
variables of both aggregation stages are needed as independent variables.
In the following, it will therefore be shown that
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1. The number of independent variables needed is 2Nc + 1 (instead of
2Nc + 2),

2. The number of functions needed is Nc + 1 (instead of 2Nc + 3).

Minimal number of independent variables:
The following variables that are present in the system of algebraic equations
of steady-state block 3, consisting of the set of equations (4.29)-(4.31) for
each of the steady-state stages, depend on the variables of the aggregation
stages 2 and 3:

L̄s2, x̄s2 , h̄
L
s2

and V̄s2+1 (4.43)

depend on variables of aggregation stage 2, and

V̄s3, ȳs3 and h̄V
s3

(4.44)

depend on variables of aggregation stage 3 (compare figure 3a). The vapor
flow V̄s2+1 is a variable of steady-state stage s2 + 1, but appears here be-
cause of its dependence on the variables of aggregation stage 2. Except for
the liquid flow L̄s2 , all variables depend only on Nc intensive variables on
the respective aggregation stage. L̄s2 depends on an additional extensive
variable due to its dependence on the liquid level on aggregation stage 2.
A suitable set of 2Nc + 1 independent variables is therefore, for example,

z3 = {x2, T2, L2,y3, T3}. (4.45)

Here, the liquid flow from aggregation stage 2, L2, is directly used as an
independent variable for the functions of steady-state block 3.
For the case-study model with a binary mixture in the present work, it is
convenient to use set of independent variables

z3 = {T2, p2, L2, T3, p3}. (4.46)

Minimal number of steady-state functions:
In the steady-state blocks, mass is conserved. Considering the total and
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Nc − 1 component mass balances around steady-state block 3 (compare
figure 4.3b),

0 = L2 − V
()
3 − L

()
3 + V

b()
3 , (4.47)

0 = L2x2 − V
()
3 y

()
3 − L

()
3 x

()
3 + V

b()
3 y3, (4.48)

Nc additional equations are obtained. They can be used to reduce the
number of functions that need to be substituted in the dynamic equations
of the aggregation stages (4.39)-(4.41). Energy is, however, only conserved
if the heat loss occurring at each stage is neglected:

0 = L2h
L
2 − V

()
3 h

V ()
3 − L

()
3 h

L()
3 + V

b()
3 hV

3 −Q
hl()
3 . (4.49)

Here, Q
hl()
3 is the accumulated heat loss of steady-state block 3.

Equations (4.47)-(4.49) can be rearranged to

L
()
3 − V

b()
3 = L2 − V

()
3 , (4.50)

L
()
3 x

()
3 − V

b()
3 y3 = L2x2 − V

()
3 y

()
3 , (4.51)

L
()
3 h

L()
3 − V

b()
3 hV

3 = L2h
L
2 − V

()
3 h

V ()
3 −Q

hl()
3 , (4.52)

and can then be used to eliminate the corresponding terms in the dynamic
equations of aggregation stages. The equations for aggregation stage 3
(4.39)-(4.41) then read

H3Ṁ
tot
3 = L2 − L3 + V

()
4 − V

()
3 , (4.53)

H3Ṁ3 = L2x2 − L3x3 + V
()
4 y

()
4 − V

()
3 y

()
3 , (4.54)

H3U̇
tot
3 = L2h

L
2 − L3h

L
3 + V

()
4 h

V ()
4 − V

()
3 h

V ()
3 −Q

hl()
3 −Qhl

3 , (4.55)

where only the vapor flow variables y
()
3 , h

V ()
3 , V

()
3 , and the accumulated

heat loss Q
hl()
3 remain as functions of steady-state block 3 (compare figure

4.3c). Note that equation (4.55) also includes the heat loss term Qhl
3 for

aggregation stage 3.

A further reduction of the number of steady-state functions can be achieved
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by using the fact that the vapor flow rate V
()
3 depends only on intensive

variables of the topmost steady-state stage s2 + 1 (compare figure 4.3a and
b). It is therefore sufficient to know Nc intensive variables on this stage,

for example y
()
3 (z3) and p

()
3 (z3), to calculate all other intensive variables of

the vapor flow (i.e. h
V ()
3 ), and the vapor flow rate V

()
3 .

If the heat loss on each tray is not neglected, an additional function

Q
hl()
3 = Q

hl()
3 (z3) (4.56)

has to be included in the set of functions.
In the case of a binary mixture, it is practical to use the set of functions

T
()
3 (z3), p

()
3 (z3), Q

hl()
3 (z3), (4.57)

because then y
()
3 (which is scalar in this case) and h

V ()
3 can be conveniently

calculated from the tabulated thermodynamics as described in section 4.2.6.

4.3.4 Jacobian structure

The Jacobian of the reduced model as given in table 4.4 has exactly the
same structure as the Jacobian of the full model, but the reduced model
has fewer stages (see figure 4.1a and b). Since the temperature controller
in the bottom now only spans over two stages, the width of the Jacobian
of the model including the controller does not differ much from that of the
reduced model without temperature controller.

4.3.5 Reduced model structure and parameters

The reduced model in this study consists of nine dynamic aggregation stages
and 94−9 = 85 steady-state stages. The locations and aggregated holdup
factors of the aggregation stages are free tuning parameters. However, the
following recommendations can be given (compare figure 4.2):

• The sum of all aggregated holdup factors should approximately amount
to the number of stages in the system to obtain similar time constants
of the reduced model.
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• Reboiler and reflux drum should be chosen as aggregation stages be-
cause of their large capacities. Their aggregated holdup factors H1

and Hn should be close to 1.

• The feed stage should be chosen as aggregation stage for an easy
inclusion the feed variables in the reduced model equations.

• The stages where a controller is applied, i.e. the pressure-controlled
topmost stage and the temperature-controlled stage in the bottom
section, should be chosen as aggregation stages. This way, the con-
trollers can be included in the reduced model exactly as in the full
model.

• In the full model, the temperature control loop in the bottom section
spans over a relatively large number of stages. To achieve a good
approximation of the control loop behavior in the reduced model, it
is therefore advisable to increase the dynamic order by including one
additional aggregation stage inside the control loop.

In this study, two sets of parameters for the reduced model with nine ag-
gregation stages are used for evaluating the performance of the reduced
models:

1. An “equally-distributed” choice of parameters, where the free aggre-
gation stages are distributed between the fixed aggregation stages at
equal distances. The aggregated holdup factor of each aggregation
stage corresponds to half of the number of steady-state stages be-
tween the aggregation stage and the adjacent aggregation stages on
both sides plus one for the aggregation stage.

2. An “optimized” choice of parameters, where the free parameters were
determined by a least-squares fit of the top concentration trajectory
of the reduced model on the full model trajectory using the input
signal described in section 4.4.1. The parameter optimization can
be performed conveniently using the reduced model in DAE form
that is obtained after reduction step 1 as described in section 4.3.2.
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Table 4.5: Positions and aggregated holdup factors of the aggregation stages
of the reduced models. A model with equally-distributed aggregation stages
and holdups, and a model with optimized aggregation stage positions and
holdups is shown.

Equally-distributed: Optimized:
aggregation stage sj Hj sj Hj

1 (Reflux drum) 1 1 1 1
2 2 8 2 8.42
3 17 14.5 13 10.93
4 31 14.5 26 16.22
5 (Feed) 46 15 46 19.51
6 61 15 65 12.34
7 (Temp. controlled) 76 16 76 14.46
8 93 9 93 6.99
9 (Reboiler) 94 1 94 1

To find the (locally) optimal parameter set, discrete and continuous
optimizations were performed iteratively.

The equally-distributed parameter set is used to demonstrate the approxi-
mation quality of a reduced model, where no particular effort is undertaken
to determine favorable reduced model parameters. This can be considered
the least accurate approximation quality that can be expected from a re-
duced model. On the other hand, the optimized parameter set gives an
indication of the best possible approximation quality, which is, however,
specific for the given case the parameters were optimized for. The equally-
distributed and optimized parameter sets are given in table 4.5.
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4.3.6 Implementation of steady-state functions by table in-
terpolation

In the reduced model, the steady-state functions (4.57) are used to calculate
the vapor flow variables in the dynamic equations of the aggregation stages
(4.53)-(4.55). These functions are the solutions of the steady-state blocks
described by equations (4.29)-(4.31) between the aggregation stages that
depend on the set of independent variables (4.46) as described in section
4.3.3. The solutions can only be obtained numerically due to the nonlinear
nature of the equations. The continuous functions (4.57) have therefore
to be generated from discrete numerical solutions on the domain of the
independent variables.
In this study, a five-dimensional lookup table is used for this purpose. The
function values are calculated numerically on a grid of a certain resolution
spanning the input domain. Function values at arbitrary points on the
input domain can then be retrieved by interpolating between neighboring
table entries.
The following issues are important when generating and using the table:

1. The simplest way to obtain continuous function values is multi-dimensional
linear interpolation (Press et al., 2007) between the discrete table
entries. For a five-dimensional interpolation, 25 = 32 table lookup
operations and proportionally many calculations are needed. This is
computationally relatively expensive, compared to other calculations
in the column model. Possible simplifications are discussed later in
section 4.5.

2. The table needs a certain resolution to achieve a sufficient approxi-
mation accuracy using linear interpolation. It is therefore advisable
to restrict the domain of the independent variables. This can be done
by determining the maximal and minimal values of these variables
during a suitable simulation.

3. Some safety margin should be added to the domain of the indepen-
dent variables to take situations into account, when the independent
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variables leave their previously calculated operating domain due to
unexpected dynamic behavior of the system.

4. There are many possibilities for choosing the set of independent vari-
ables. A good choice may yield a significant decrease in table size
for a given accuracy. This is illustrated in figure 4.4. Depicted are
trajectories of the temperatures T and pressures p of two neighboring
aggregation stages. While the temperatures assume values on large
parts of the domain, the pressures are tighter correlated and move
only on a narrow band of the whole domain. This can be explained
by the fast nature of the pressure dynamics, which is due to the imme-
diate dependence of the vapor flow on the pressure difference between
two stages. It is therefore advisable to choose the pressure pj of one
dynamic stage j, and the pressure difference ∆p = pj+1 − pj as in-
dependent variables, instead of the two pressures pj and pj+1. This
reduces the domain of the independent variables and thereby the size
of the table several times.

5. In order to make optimal use of the available memory, the table res-
olution along each dimension and thereby the total table size can be
adapted to the accuracy requirements. This can be done in two steps:

(a) The interpolation error for a given table resolution is estimated.
For this, the function value at a test point is calculated numer-
ically. Symmetrically around this point, 25 grid points with a
distance in each dimension corresponding to the table resolution
are calculated numerically, and the interpolated function value
at the test point is determined. This can be repeated for a num-
ber of test points to scan the domain of independent variables
systematically, because the degree of curvature of the functions
might vary over the domain. Either the average or the maxi-
mum of the absolute differences between exact and interpolated
function values can be taken as a measure for the interpolation
error.
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Table 4.6: Dimensions of lookup tables for approximation of the steady-
state stage functions.

Steady-state block j Tj pj Lj Tj+1 ∆pj

2 10 11 14 20 55
3 15 14 17 15 44
4 23 17 25 15 92
5 22 15 29 15 70
6 12 13 16 12 78
7 12 13 17 10 200

(b) The effect of the interpolation error on the outputs of interest in
steady-state is estimated. The two outputs of primary interest
of the model are the top and bottom product concentrations of
component 1. The sensitivity of these concentrations to the error
in one function can be calculated by perturbing the correspond-
ing function value and calculating the finite-difference quotient.
It was found that the sensitivities do not change significantly
when different steady-states (corresponding to different constant
inputs) are used to calculate the difference quotient.

The interpolation error of a function multiplied by the corresponding
sensitivity gives an estimate for the effect of the interpolation error
on the outputs. Appropriate table dimensions can now be found by
minimizing a certain norm of the vector of the interpolation error
effects for a given total storage space. The resulting dimensions of
the tables used in this study are shown in table 4.6.

4.4 Reduced model performance

In this section, the performance of the reduced model is compared with
the performance of the original model. The performance of a model always
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Figure 4.5: Input trajectories used for model performance assessment.

depends on the application the model is intended for. The objective of
the performance assessment in this study is to give general insight into
the approximation quality and the numerical performance of the reduced
model in comparison with the original model. For this, simulations with
fast continuous changes in the different inputs are performed.

4.4.1 Test input trajectories

Figure 4.5 shows the input trajectories used for the performance assessment.
The inputs F , zF and hF describe the feed into the column, and can be seen
from a control perspective as disturbance variables. The inputs ps, T s and
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Figure 4.6: Top and bottom concentration trajectories of the full and the
reduced models. The feed flow rate F is changed from 155 to 140 (left part)
and back (right part).

R are the pressure controller setpoint, the temperature controller setpoint,
and the reflux rate, respectively. They can be used as manipulated variables
for higher-level control of the column. The input changes are implemented
as continuous cubic-spline functions with a transition time of 10s. After
each change, the inputs are kept constant for 15 000s, allowing the system
to approach steady state again.
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Figure 4.9: Top and bottom concentration trajectories of the full and the
reduced models. The pressure setpoint psp is changed from 4.8 to 4.75 (left
part) and back (right part).



116 CHAPTER 4. REDUCED DISTILLATION MODELS VIA STAGE AGGREGATION

0.94

0.95

0.96

0.97

0.98
xtop         changes in Tsp

  

 

 

2.85 2.9 2.95 3 3.05 3.1 3.15

x 10
5

0.015

0.02

0.025

0.03

t

xbottom

  

original model
optimized reduced model
equally−distributed reduced model

Figure 4.10: Top and bottom concentration trajectories of the full and the
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4.4.2 Accuracy of reduced model

Figures 4.6-4.11 show sections of the responses of the top and bottom con-
centrations of the full and the reduced models to changes in the different
inputs. In relative terms, the deviations of the bottom concentrations of
the reduced models are larger than the deviations of the top concentrations
from the original model. In absolute terms, however, the bottom concen-
tration deviations are small compared to the top concentration deviations,
due to the action of the temperature controller in the bottom section. The
parameters of the optimized reduced model have been determined by fit-
ting the top concentration trajectories only. This explains the fact that
the approximation of the bottom concentration is not more accurate for the
optimized reduced model than for the equally-distributed model.
Generally, in terms of top concentration approximation accuracy, the opti-
mized reduced model is superior to the equally-distributed reduced model.
This is not the case for input changes in the feed concentration (figure
4.7), where both models are approximating the original dynamics very ac-
curately, but the equally-distributed model is slightly more accurate. This
is because the optimized reduced model has been optimized to approximate
the original model over the whole simulation domain, which lowers the ap-
proximation quality at some points to gain a larger improvement at others.
It can be observed that the equally-distributed reduced model is generally
faster than the full model. This suggests that the infinite fast signal trans-
port through the steady-state blocks in the reduced model is not fully com-
pensated by the large aggregated holdup factors of the aggregation stages,
such that the reduced model can possibly be improved by slightly increasing
the aggregated holdup factors. Interestingly, the aggregated holdup factors
of the optimized reduced model are even smaller (compare table 4.5), in-
dicating that the locations of the aggregation stages have a considerable
influence on the approximation accuracy.
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4.4.3 Computational performance of reduced model

In order to compare the original and the reduced model, both were simu-
lated at the simulation tolerances

θabs = θrel = 10i/2, i = 2, ..., 8, (4.58)

where θabs and θrel are the absolute and relative simulation tolerances,
respectively. For simplicity, the same value was used for both during one
simulation.

Simulation time versus tolerance

Figure 4.12 shows a logarithmic plot of the simulation (CPU) times for
simulations of 370 000s (real time) using the input trajectory described
in section 4.4.1 of the full and the reduced model in dependence of the
simulation tolerance θ. At the same simulation tolerance, the reduced
model can be simulated about 5 times faster at crude tolerances (θ = 10−1),
and about 8 times faster at tight tolerances (θ ≤ 10−2). At the average
tolerance of θ = 10−2.5, the simulation time is about 0.056s for the reduced
model, and 0.43s for the full model.

Simulation time versus error

To obtain a measure for the accuracy of a certain model, the trajectories
of the model can be compared with trajectories of the original model sim-
ulated at very tight tolerances (θ = 10−8). The latter can be seen as the
“exact” trajectories of the model. In this study, the average deviation of
the top concentrations from the exact trajectory is used as a measure for
the different models:

ε =
1

tend

tend
∫

0

∣

∣

∣xexact
1 (t) − xmodel

1 (t)
∣

∣

∣ dt, (4.59)

where xexact
1 (t) is the top concentration trajectory of the full model simu-

lated at very tight tolerances, and xmodel
1 (t) is the top concentration trajec-

tory of the model the error of which is to be quantified. This error is called
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the overall error in the following. In practice, the integral is replaced by the
average of sample points at intervals of 50s. Since the bottom concentration
is varying little compared to the top concentration due to the temperature
controller action, it is not included in the accuracy measure.
The accuracy of the full model is only determined by the simulation error,
which is caused by the trade-off between simulation time and simulation
accuracy governed by the simulation tolerance. The accuracy of a reduced
model is in addition to the simulation error affected by the reduction error,
which results from the difference between the full and the reduced dynam-
ics. For a given reduced model and error measure, the reduction error is
constant. A third error affecting the overall error of a reduced model is the
implementation error, which results from the inexact implementation of the
mathematically derived reduced model equations. For the reduced models
in this study, an implementation error is caused by the implementation of
the steady-state functions by interpolated tables. However, this error is
small compared to the reduction error. This can be seen in figures 4.6-4.11,
where practically no deviation between full and reduced model is visible
when close to steady-state. In the following, the implementation error is
therefore neglected.
Figure 4.13 shows the simulation time of the full and the optimized re-

duced model versus the overall error. It can be seen that the simulation
times of both the full and reduced model increase with increasing simu-
lation accuracy (decreasing simulation error). The reduction error of the
reduced model is limiting the maximal achievable accuracy for the simula-
tion with tight tolerances, where increasing the simulation accuracy does
not lead to an increase of the overall accuracy. The reduction error starts
to dominate the overall error from tolerances of around θ = 10−2.5 and on.
At the maximal achievable accuracy, the overall error is around 4.7 · 10−4.
Below this tolerance, the simulation time of the reduced model is consider-
ably lower than that of the full model, with a factor of approximately 6.5
at θ = 10−2.5.
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Table 4.7: Percentage of simulation time spent in the main solver functions
and the most important subfunctions.

full model reduced model
main functions (A) subfunctions (B) A B A B
residual thermodynamics 16.3% 11.4% 24.0 % 8.1%

hydraulics 3.1% 1.1%
lookup table 10.9%

Jacobian thermodynamics 18.9% 5.4% 16.6% 5.5%
hydraulics 10.4% 1.8%
lookup table 5.9%

LU-decomposition row scaling/addition 28.4% 12.6% 22.00% 9.8%
LU-solution row scaling/addition 13.9% 6.7% 12.7% 6.6%

Computational complexity of model and solver

Table 4.7 shows the contributions of the main model and solver functions
and of their most important subfunctions to the total simulation times of
the full and the reduced model. The numbers were obtained from simu-
lations with the simulation tolerance θ = 10−2.5. At this tolerance, the
reduced model shows the best performance (see figure 4.13).
It can be seen that for the full model, residual and Jacobian evaluation are
computationally less intensive than the LU-decomposition and LU-solution
functions. The execution time of the residual evaluations is dominated by
the thermodynamic calculations on every stage, whereas in the Jacobian
calculations, the execution times of the functions for computing the hy-
draulic quantities and their derivatives are higher than the thermodynamic
calculations.
No function uses much more of the execution time than the other func-
tions. This means that no significant increase in simulation speed can be
achieved by reducing the execution time of a single function. The most ex-
pensive functions are the linear algebra functions (LU-decomposition and
LU-solution). A doubling of execution speed here would only lead to a 22%
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decrease in total simulation time.
For the reduced model, the percentage of the execution time of the residual
evaluations is significantly higher than for the full model. This is due to
the computationally expensive steady-state function lookup tables and in-
terpolations. They require with ∼ 11% almost half of the execution time of
the function. The situation is similar for the Jacobian evaluations, where
the derivative calculation of the tabulated functions account for ∼ 6% of
∼ 17%. The hydraulic calculation execution times are not significant in
residual and Jacobian calculations anymore, because the vapor flow is ob-
tained from the steady-state functions. This is especially the case for the
Jacobian, where the computationally intensive calculations of the vapor
flow derivatives are not necessary anymore.

4.5 Discussion

4.5.1 Model reduction method

The main theoretical aspects of the model reduction method used in this
study compared to the original method of Lévine and Rouchon (1991) have
been discussed previously by Linhart and Skogestad (2009). As shown in
section 4.4, the reduced model is capable of reproducing the dynamic behav-
ior with good accuracy, and almost perfectly reproduces the steady-states,
except for some negligible implementation error. The computational com-
plexity is several times lower than that of the original full model.
The simplified derivation using aggregation stages instead of compartments
makes the method applicable in a straightforward fashion to all kinds of
staged processes. Since in step 1 of the reduction procedure only simple
manipulations of the left-hand sides of the dynamic equations of the orig-
inal model are needed, it is easy to quickly derive a model with reduced
dynamics to test the suitability for a given application, and to determine
a suitable parametrization and perform a dynamic analysis of the reduced
model.
Step 2 of the reduction procedure is conceptually straightforward, but re-
quires more implementation effort. Due to the high dimensionality of the



4.5. DISCUSSION 125

steady-state functions that are substituted into the dynamic equations, the
method is restricted to systems with a low number of state variables on each
stage. This is the main bottleneck of the method. However, the lookup
table with linear interpolation used in this study is a relatively simple and
straightforward approach, which works very well for the example system.
Possible improvements are discussed in the next section.
In the original method of Lévine and Rouchon (1991), a fast time-scale of
the stage dynamics and a slow time-scale of the compartment dynamics is
identified. Such a time-scale separation is typical in singular perturbation
systems. However, in this case the time-scales are somewhat constructed,
since the compartments are not present in the real system, but are artifi-
cially introduced into the model. It was shown in Linhart and Skogestad
(2009) that only by some undocumented simplification step that deviates
from the normal singular perturbation procedure, a reduced model of the
same form as the models in this paper is obtained. The compartment
boundaries do not appear in the model anymore, which makes the notion
of compartments useless. It is therefore misleading to use compartments
and time-scale separations to explain the principle of the method.
To understand and classify the model reduction method of the present work,
it is therefore important to emphasize that the method does not rely on
any time-scale separation in the column, and is therefore no real singu-
lar perturbation method. Instead, a different physical interpretation can
be given: The transport of ”signals“ (changes of mass and energy and in-
tensive quantities) through the steady-state stages is made infinitely fast,
which is compensated by the slow dynamics of the dynamic aggregation
stages which are distributed over the column. The method described in
the present work is therefore a specialized model reduction method for one-
dimensionally distributed staged systems.

4.5.2 Implementation of steady-state functions

The implementation of the steady-state functions as described in section
4.3.3 is difficult because of the large number of independent variables. In
the example distillation column in this study, the number of independent
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variables is five. This is one less than the total number of dynamic states
of the aggregation stages on both sides of each block of steady-state stages.
This is due to the unsymmetrical flows in the column, where the vapor flow
only depends on the intensive quantities on each stage.

Extension to systems with more components

In this study, the steady-state functions were implemented using five-
dimensional lookup tables with multi-linear interpolation. The interpo-
lation is computationally expensive, because each interpolation dimension
increases the computational complexity by factor two. Thus, 25 = 32 opera-
tions are needed to obtain one interpolated value from a table. However, as
shown in section 4.4.3, the table lookup and interpolation takes only about
17% of the total simulation time. This means that the reduced model
is only insignificantly slowed down by the additional complexity resulting
from the elimination of the algebraic equations. From a computational
performance point of view, it is therefore possible to apply the method to
more complex systems. If, for example, the reduction method is applied to
a system with three components, one dynamic and one algebraic state per
stage is added, increasing the number of states from 5 to 7. In addition,
two more independent variables corresponding to one additional state on
each side of each steady-state block have to be included in the table and the
interpolation. This means that about 17% of the simulation time which is
spent in the table lookup and interpolation will increase by factor 4, while
the remaining about 83% of the simulation time will increase proportionally
to increase in the number of states by factor 7/5. Then, the table lookup
and interpolation will take about 37% of the overall time. Since the com-
putation time of the full model will also increase by factor 7/5, the reduced
model will still be several times faster. For example, if the reduced model
was 8 times faster at the same simulation tolerance, the extended model
with three components will still be 6 times faster.
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Reduction of table complexity

To reduce the complexity of the tables, the following ideas can be consid-
ered:

• The function to be approximated can be partially linearized in the
following way:

f(x1, x2, x3) ≈ f1(x1, x2) + f2(x1, x2)x3. (4.60)

This can be done when, for example, the function depends on the
concentration of a component that has a very low concentration com-
pared to the other components. Then, the nonlinear function that
has to be tabulated is of lower dimension.

• Cubic spline interpolation can be used instead of linear interpolation
along dimensions which require a high resolution. For example, table
4.6 shows that the table dimension corresponding to the independent
variable δP requires a high resolution. This is due to a more nonlin-
ear dependence of the function values on this variable. Cubic spline
interpolation is easy to implement, but requires four lookup opera-
tions per dimension. If one table dimension is interpolated with cubic
splines, the computational complexity of the interpolation will there-
fore double. However, since the interpolation error is of higher order,
the complexity of the tables can be reduced several times.

• The table resolution can be adapted locally to the curvature of the
tabulated function. A simple way to do this is to use non-uniform
table grids. A more sophisticated method is the use of sparse grids,
where the table resolution is adapted locally (Barthelmann et al.,
2000).

Polynomial functional approximation

As an alternative to tables, functional approximation using polynomials or
other suitable basis functions can be used. Their coefficients can be deter-
mined by, for example, least-square fits to sample data on a certain domain
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of the independent variables. However, also here the resulting expressions
can be rather complex due to the high number of independent variables,
and the approximation accuracy can be unsatisfactory due to the global na-
ture of the approximation. If, for example, polynomials up to third order
are used, the resulting expression will consist of 56 terms.

Model robustness considerations

For all implementations of the steady-state functions, it is advisable to
choose the domain of the independent variables as small as possible to
achieve a high function accuracy. However, the independent variable do-
main has to be large enough to cover the operating domain the reduced
model is intended for. Approximate domain boundaries can be determined
by simulation, where maximal and minimal values of the different inputs are
used. To increase the model robustness, the independent variable domain
should be increased by a certain safety margin to account for situations
where the model states leave the expected operating domain. In case the
safety margin of a certain steady-state function is not sufficient, the func-
tion could be temporarily replaced by a less accurate steady-state function
that has a larger independent variable domain. Since the functions affect
only the flows between the aggregation stages, continuity of the state evo-
lutions is guaranteed. If even this is not enough, a reduced model after step
1 of the reduction method, that means a model which still explicitly con-
tains the steady-state stages, can be used. Since there is no computational
advantage of such a reduced model over a full model, it should be used only
as backup.

4.5.3 Application of reduced model in real-time optimizing
control

It was shown in section 4.4.3 that the reduced models can increase the sim-
ulation speed by a factor of about 7.5 when the same tolerance θ = 10−2.5 is
used. This makes the models interesting for model predictive control and
dynamic real-time optimization applications. However, the performance of
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the reduced models was assessed only in open-loop simulations with long
intervals between changes in the inputs. In real-time optimizing control ap-
plications, input changes occur at much higher frequencies. Due to their
structure, the reduced models approximate the long-term dynamics, which
asymptotically approach the correct steady-state, with good accuracy. The
short-term dynamics are not necessarily approximated equally well. The
suitability of a reduced model of this kind for MPC and other real-time
optimization applications will largely depend on how well the time-scales
of the application and the model are matched, that means if the reduced
model is capable to follow the changes in control and disturbance inputs at
the frequency and speed they occur in the closed loop application. This
issue has to be addressed in a separate study, where the reduced model is
applied in a closed-loop optimizing control application.

4.5.4 Alternative model reduction methods for distillation
models

There exist a number of alternative model reduction methods for distillation
models. A short discussion has been provided in Linhart and Skogestad
(2009). The conclusions basically also hold for the extension of the method
to more complex distillation models as described in this study. However,
to obtain solid criteria to decide which reduction method is best suited for
a given application, a rigorous comparison of the most promising methods
with the method in the present work has to be made.
Collocation methods (Cho and Joseph, 1983, Dalaouti and Seferlis, 2006)
are probably the most similar methods in terms of approximation accuracy
and gain in simulation speed. While they are not restricted to a low number
of components as the method described in the present study, they possibly
lose some approximation accuracy by approximating staged columns by
continuous equations and applying collocation methods to the resulting
partial differential equations.
Wave propagation methods (Hankins, 2007, Kienle, 2000, Marquardt, 1990)
are so far restricted to distillation models with rather strict assumptions
such as constant molar flows, since they make use of analytic solution of
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wave profile equations. The resulting models can therefore be expected
to have limited approximation accuracy when used as reduced models for
complex distillation models. However, they result in models of very low
order, which promise very fast simulations.
Other methods are more suitable for nonlinear controller design than for
fast simulations (Kumar and Daoutidis, 2003). An overview of further
reduction and simplification methods for distillation column is given by
Skogestad (1997).

4.6 Conclusions

A simplification of the aggregated modeling method of Lévine and Rouchon
(1991) and an extension to complex distillation models is presented. The
method is applicable in a straightforward fashion by manipulating the left-
hand sides of the differential equations. It was shown that if the resulting
algebraic equations are eliminated from the reduced model, the reduced
model yields a gain in computational speed of a factor of around 7.5. The
elimination of the algebraic equations is conceptually straightforward, but
requires the approximation of functions of five independent variables. In
this study, lookup tables combined with multi-linear interpolation were
used for this purpose. The approximation quality of the reduced models
was shown by simulations to be very accurate. In this study, a binary dis-
tillation model was investigated. The extension of the method to systems
with a larger number of components is possible, but is limited by the in-
creasing complexity of the function approximations. For systems with a
low number of components, the resulting fast and accurate reduced models
are promising for real-time optimizing control applications.
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4.7 Appendix (not in journal paper)

4.7.1 Functional approximation of steady-state functions

As mentioned in the paper, the main difficulty of applying the reduction
method is to express the numerical solutions of the steady-state stage sys-
tems as functions of the variables of the aggregation stages. The main
problem with look-up tables is the high dimensionality of the tables. It is
therefore interesting to search for alternatives to lookup tables.
One possible approach is to approximate the functions by polynomials.
Here, polynomials of the form

v(x1, x2, x3, x4, x5) =
∑

a+b+c+d+e<4

αabcdex
a
1x

b
2x

c
3x

d
4x

e
5 (4.61)

are used. x1, ..., x5 are the independent variables, v is the approximated
function, a, b, c, d and e are the integer exponents ≥ 0 of the variable
x1, ..., x5 in the monomials xa

1x
b
2x

c
3x

d
4x

e
5, and αabcde are the coefficients of

the monomials with the exponents a, ..., e. The sum of the exponents is less
than four, which means that the polynomial is of order three.
The coefficients of the polynomial can be determined by a least-squares fit
to n precomputed values vi

min
αabcde

∑

i=1,n





∑

a+b+c+d+e<4

αabcdex
a
1ix

b
2ix

c
3ix

d
4ix

e
5i − vi





2

(4.62)

using singular value decomposition or another suitable method. To test
this approach, three sets of precomputed values vi have been used:

1. Values computed on a uniform grid spanning the domain of the lookup
tables. In order to avoid to fit the functions to extreme values located
in the corners of the rectangular table domain, only values in an
ellipsoid inside the domain touching the domain boundaries have been
used;

2. Values computed from a simulation using the input signals as used in
the paper;
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3. A combination of 1 and 2.

The functions computed with set 2 did not yield stable models. The reason
for this is probably the poor extrapolation quality of the functions if fit only
to data of a single trajectory. Therefore, in order to obtain more globally
valid functions, in set 3 the trajectory values are combined with set 1.
The sets 1 and 3 produced stable models. The top concentration responses
to the inputs used in the paper are shown in figure 4.14. The figure shows
trajectories of a reduced DAE model, where the algebraic equations are
solved during integration of the model (green curve), and of reduced mod-
els, where the algebraic equations were solved and replaced by look-up
tables (blue curve) and polynomial approximations (red and green curves).
It can be seen that the trajectory of the reduced model with tables is virtu-
ally indistinguishable from the trajectory of the DAE model, which means
that using the tables yields a very high accuracy. The trajectory of the
reduced model with polynomials determined with value set 1 shows some
relatively large deviations from the DAE model, which are around 0.006
(0.6%) at maximum. The trajectory of the reduced model with polynomi-
als determined with value set 2 shows much smaller deviations, with around
0.002 (0.2%) at maximum. To validate the polynomial approximations ob-
tained with value set 3 on a trajectory that has not been used to determine
the polynomial coefficients, the inputs as shown in figure 4.15 were used.
They contain simultaneous changes in the disturbance variables F , zF and
hF , and the control variables psp, T sp and R. Figure 4.16 shows the top
concentration responses to these inputs. It can be seen that the deviations
of the reduced model with polynomial approximations using set 3 are still
relatively small, and those obtained using set 1 are comparatively larger.
The polynomial approximations can certainly be improved by

• optimizing the choice of monomials or basis functions of the polyno-
mials;

• optimizing the set of precomputed values used to determine the poly-
nomial coefficients. In case of set 1, the values domain is possible
too large, forcing the polynomials to approximate the functions for
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Figure 4.14: Top concentration responses of the reduced DAE model, the
reduced model using tables, and the reduced models using polynomial ap-
proximations generated using set 1 and 3 of precomputed values.
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Figure 4.16: Top concentration responses of the reduced DAE model, the
reduced model using tables, and the reduced models using polynomial ap-
proximations generated using set 1 and 3 of precomputed values. The input
signal shown in figure 4.15 were used in the simulations.
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independent variable combinations that possibly never occur during
simulation of the model or even are unphysical.

If by the above measures, the polynomial can be made sufficiently accu-
rate over a sufficiently large operating domain, a compact and fast reduced
model can be obtained.
To get an impression of the complexity of one polynomial, the C-code of
one function is shown below. The formula has been formulated such that
the number of multiplications is minimal.

values[0]=(8302.871581)+ x[0]*((-51.34962423) + x[0]*((0.1183129784)

+x[0]*(-6.744018695e-05)+x[1]*(-0.003538347307)+x[2]*(-8.844796191e-06)

+x[3]*(-0.0001131827166)+x[4]*(0.0121784099))+ x[1]*((3.640607428)

+x[1]*(-0.3074722478)+x[2]*(0.0001563842787)+x[3]*(0.005378120171)

+x[4]*(-4.291683087))+ x[2]*((0.00701254359)

+x[2]*(3.290599513e-07)+x[3]*(-6.911572432e-06)+x[4]*(-0.008678613214))

+x[3]*((0.02796344744) +x[3]*(2.603275094e-05)+x[4]*(0.04903132101))

+x[4]*((-0.01716118103)+x[4]*(20.39740589)))+ x[1]*((-820.1842509)

+x[1]*((92.23974184)+x[1]*(1.80946475)+x[2]*(0.001841225865)

+x[3]*(-0.08293531431)+x[4]*(39.41124615))+x[2]*((-0.02960154583)

+x[2]*(-1.468357656e-06)+x[3]*(-0.000115030174)+x[4]*(0.009630403784))

+x[3]*((-1.288562865) +x[3]*(0.0006923232074)+x[4]*(0.7779871165))

+x[4]*((685.0774355) +x[4]*(202.5959761)))+ x[2]*((-0.6282230372)

+x[2]*((7.663513239e-05) +x[2]*(-3.682851028e-09)+x[3]*(-5.487549325e-07)

+x[4]*(6.714960292e-05))+x[3]*((-0.002819335659) +x[3]*(9.125629655e-06)

+x[4]*(0.00713109264))+x[4]*((0.5388774869) +x[4]*(-1.503768968)))

+x[3]*((-13.98609228) + x[3]*((0.03987401527)+x[3]*(-5.367430208e-05)

+x[4]*(-0.1022428853))+ x[4]*((42.35943349) +x[4]*(-13.83671765)))

+x[4]*((-8139.743094) + x[4]*((-3613.383398) +x[4]*(7621.053285)));

4.7.2 Simulation call graphs

Figures 4.17 and 4.18 show the call graphs of the simulations of the full and
the reduced model, respectively. They visualize how the different numerical
functions of the solver and the model code call each other, and show the
percentage of the total execution time that is spent in each function. In the
call graphs, each block represents a function, with the following information:

• name of the function (see below for details);

• percentage of total execution time spent in this function including
execution times of subfunctions;
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Figure 4.17: Call graph of a simulation of the full model with simulation
tolerance θ = 10−2.5.
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Figure 4.18: Call graph of a simulation of the reduced model with simula-
tion tolerance θ = 10−2.5.
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• (in brackets) percentage of total execution time spent only in this
function (excluding execution times of subfunctions);

• total number of function executions. To obtain better statistics, each
simulation was run 100 times.

Each arrow represents calls of a subfunction, with the following information:

• percentage of total execution time spent in the called function when
called from the calling function, including execution times of subfunc-
tions;

• total number of function calls from the calling function.

Only functions and calls that account for more than 1% of the total ex-
ecution time are shown in the graphs. Both graphs were generated from
simulations with the simulation tolerance θ = 10−2.5. At this tolerance, the
reduced model shows the best performance (see figure 4.13).
The following are the main functions of the full and reduced model imple-
mentations:

• Model functions:

– rhs : computes the right-hand side (residual) of the DAE sys-
tems. It calls subfunctions for calculating the thermodynamic
and hydraulic quantities in the column.

– jacobian : computes the analytic Jacobian of the DAE systems.

– stageThermodynamics: computes the thermodynamic quan-
tities on each stage.

– srktlu: obtains the thermodynamic properties from tabulated
SRK correlations using cubic spline interpolation.

– liquidFlow: computes the liquid flow between two stages.

– vaporFlow: computes the vapor flow between two stages.

– SSB tableLU: computes the tabulated variables of the steady-
state blocks by multi-linear interpolation.
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– d ...: derivatives of the above functions.

• Solver functions:

– ddaspk : is the main function of the DASPK solver [18]. It is
called iteratively by the main function to integrate the system
starting from a certain start time for a certain interval.

– res : provides the residual of the DAE systems by directly call-
ing the function rhs .

– jac : provides the Jacobian of the DAE systems by calling the
function jacobian . In addition, it calls the function dgbfamod
to decompose the Jacobian into lower and upper triangular ma-
trices.

– psol : solves the nonlinear system of equations arising from the
integration algorithm.

– ddwnrm: computes the weighted root-mean-square norm of a
vector.

– ddatrp: performs interpolation to get an output solution.

• Linear algebra functions:

– dgbfamod : is a modified version of the LINPACK [20] LU-
decomposition routine dgbfa for banded matrices. The modifi-
cation allows for the inclusion of off-band elements arising from
decentralized control loops, as described in section 4.2.6.

– dgbslmod : is a modified version of the LINPACK LU-solution
routine dgbsl for banded matrices.

– daxpy : is a LINPACK routine for adding scaled matrix rows.
It is the most intensively used subroutine of dgbfamod and
dgbslmod .

The remaining functions are mostly internal functions of the DASPK solver.
They are, for example, used for step size control of the integration time step,
and are documented in the DASPK code (Li and Petzold, 2000).
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Chapter 5

An aggregation model
reduction method for
one-dimensional distributed
parameter systems

submitted to Chemical Engineering Science.

Abstract

A new method for deriving reduced dynamic models of one-dimensional
distributed parameter systems is presented. It inherits the concepts of
the aggregated modeling method of Lévine and Rouchon (1991) for simple
staged distillation models, and can be applied to both spatially discrete and
continuous systems. It is based on partitioning the system into intervals
of steady-state systems, which are connected by dynamic aggregation ele-
ments. By pre-solving and substituting the steady-state systems, a discrete
low-order dynamic model is obtained, which asymptotically approaches the
true steady-state of the original model. The method is an alternative to
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discretization methods like finite-difference and finite-element methods for
spatially continuous systems, and collocation and wave propagation meth-
ods for spatially discrete systems. Implementation details of the method
are discussed, and the principle is illustrated on three example systems,
namely a distillation column, a heat exchanger and a fixed-bed reactor.

Keywords

Model reduction; Dynamic simulation; Mathematical modeling;
Distributed systems; Aggregated modeling; Distillation

5.1 Introduction

This paper presents a new approach for deriving reduced dynamic models
of spatially discrete or continuous one-dimensional distributed parameter
systems. The reduced models are low-order systems of ordinary differen-
tial equations or differential-algebraic equations. For continuous systems,
the method can be seen as an alternative to common spatial discretization
methods such as finite-difference, finite-volume and finite-element methods
(Hundsdorfer and Verwer, 2007).
The method is based on the concept of aggregation, which was used by
Lévine and Rouchon (1991) for deriving reduced distillation models. Lin-
hart and Skogestad (2009a) showed that this method can be used to in-
crease the simulation speed several times, and extended the method to
complex distillation models (Linhart and Skogestad, 2009b). In this case,
the method is an alternative to other model reduction methods for this
kind of one-dimensional separation processes, namely orthogonal colloca-
tion methods (Cho and Joseph, 1983, Stewart et al., 1984) and wave prop-
agation methods (Marquardt, 1990, Kienle, 2000).
The method presented here is a generalization from distillation columns to
one-dimensional spatially distributed parameter systems. These systems
can be discrete in space, like stage-wise processes such as staged distil-
lation columns, or continuous, like packed distillation columns, fixed-bed
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reactors, heat exchangers etc. A special class of discrete systems are spa-
tial discretizations, for example using finite-differences, of continuously dis-
tributed systems. The reduction method can be applied to these systems in
the same way as it is applied to spatially discrete systems. The reduction
procedure for continuous systems can be derived as the limit case of these
systems, where the reduction method is first applied to the discretized sys-
tem, and then the limit case when the discretization interval goes to zero
is considered. For continuous systems, the method is limited to spatially
second-order systems.
The method is based on choosing several “aggregation points” on the spa-
tial domain of the distributed system. To each of these aggregation points,
dynamic “aggregation elements” are assigned. The partial differential equa-
tion or the discretely distributed system on the intervals between the aggre-
gation points is treated as in steady-state. The values on the boundaries
of the steady-state systems, which appear in the dynamic equations of the
adjacent aggregation elements, are computed as functions of the states of
the aggregation elements on both sides of each steady-state system. The
thus obtained system is discrete and low-order in nature.
The main principle of the method is to replace the signal transport through
the system by instantaneous transport through the steady-state intervals
from aggregation element to aggregation element, where the transport is
slowed down by the large capacities of the aggregation elements.

5.2 Method

In the following, the mathematical structure of the classes of spatially dis-
tributed systems that the method can be applied to is described. Sub-
sequently, the reduction procedure, the conceptual steps of which are the
same for all systems, is described. These are basically one-dimensional
systems, which are spatially either discrete or continuous.
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aggregation aggregation aggregation

aggregationaggregationaggregation
element 1 element j element n

point 1 point j point N

1 sj N

1 j n

Figure 5.1: Schematic illustration of the reduction method for discrete
distributed systems.

5.2.1 Discrete distributed parameter systems

The first class of systems the reduction method can be applied to are dis-
crete one-dimensional distributed systems. Figure 5.1 shows the principal
structure of these systems.

The main characteristic of these systems is that they consist of a number
of consecutive similar units that communicate with the respective neighbor-
ing units along one dimension. For a mathematically convenient notation,
the dynamic and algebraic equations of each unit are expressed in vector
notation:

M1ẋ1(t) = f1(x1(t),x2(t),p, t), (5.1)

Miẋi(t) = fi(xi−1(t),xi(t),xi+1(t),p, t), (5.2)

2 ≤ i ≤ N − 1,

MN ẋN (t) = fN (xN−1(t),xN (t),p, t), (5.3)

where i is the index of the unit, N is the total number of units, t is the time
variable, xi is the vector consisting of the dynamic and algebraic variables
of unit i, Mi is a diagonal “mass” matrix that can be used to render
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Figure 5.2: Schematic illustration of the reduction method for continuous
distributed systems.

some of the equations algebraic by setting the corresponding value to 0, fi
is a vector-valued function of the variable vectors of the current and the
neighboring units, and p is a parameter vector. External inputs to the
system are included in the notation above by the time-dependency of the
fi.

5.2.2 Continuous distributed parameter systems

The second class of systems are one-dimensional continuous distributed
parameter systems, where the spatial order is restricted to a maximum
of two. These systems can be written as vector-valued partial differential
equations:

∂x(z, t)

∂t
= Dzx(z, t) + R(x(z, t), z, t), 0 ≤ z ≤ 1, (5.4)

where x(z, t) is the vector of the distributed state variables, z is the spatial
variable, t is the time, Dz is a spatial differential operator acting on the
state vector x(z, t), and R(x(z, t), z, t) is a local source term. A certain
set of boundary conditions is needed to complete the description, which
can also be time-dependent and thus contain external inputs to the system.
For simplicity, the spatial domain of the partial differential equation is here
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chosen to be [0; 1]. This is not a restriction, since any other spatial domain
can be transformed to this by simple scaling of the spatial variable z.

5.2.3 General reduction procedure

Figures 5.1 and 5.2 illustrates the principle of the method. The procedure
can be divided into the following steps, which are the same for both the
discrete and continuous case:

1. Selection of aggregation points

On the spatial domain of the system, n “aggregation points” are
chosen. For discrete systems, these are n distinct indices of units
sj, j = 1, ..., n. For continuous systems, these are n points zj with
0 ≤ zj ≤ 1, j = 1, ..., n.

The number and position of the aggregation points will affect the
dynamic approximation quality of the reduced system, but not the
steady-states, and all choices will lead to a functional system.

2. Introduction of aggregation elements

At every aggregation point, an “aggregation element” is positioned.
In the discrete case, these elements are just the units at the aggrega-
tion points with a modified “capacity” H. In the continuous case, at
every aggregation point, an aggregation element is positioned. Their
dynamics are governed by simple differential equations that are de-
rived from the original partial differential equation. The “capacity“
H of an aggregation element refers to a factor that multiplies the
left-hand sides of the dynamic equations of the element.

3. Steady-state approximation of systems between aggregation
elements

The equations on the intervals between the aggregation points are
treated as in steady-state. In the discrete case, the left hand sides
of all equations of the units that are not aggregation elements are
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set to 0. This results in systems of algebraic equations that depend
on certain variables of the aggregation elements on both sides. In
the continuous case, the partial differential equation on the intervals
between the aggregation elements is treated as steady-state boundary
value problems, where certain variables of the aggregation elements
serve as boundary conditions.

4. Precomputed solution of steady-state systems

The steady-state systems are solved either numerically or analytically
for a range of possible values of the states of the aggregation elements
on both sides of each system. For the integration of the aggregation
element equations, the solutions on the boundaries of the steady-state
systems have to be known. They are therefore expressed as functions
of the state variables of the neighboring aggregation elements, and
substituted into the aggregation element equations.

5. Substitution of steady-state solutions

The functions computed in step 4 are substituted into the equations
of the capacity elements. The resulting system is a set of ODEs (or
DAEs, if algebraic equations are present).

Steps 1 to 3 yield a model with reduced dynamics. It is, however, of the
same complexity as the original model. In the discrete case, a large number
of dynamic equations have been converted into algebraic equations. In the
continuous case, the continuous system has been partitioned into dynamic
aggregation elements and boundary value problems, which have to be solved
simultaneously. A real reduction in model complexity and computational
effort is therefore obtained only after steps 4 and 5.
In the following, details specific for either discrete or continuous systems
are described.

5.2.4 Discrete systems

After step 3, the equations of the reduced system read

H1M1ẋ1(t) = f1(x1(t),x2(t),p, t), (5.5)
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HjMsj
ẋsj

(t) = fsj
(xsj−1(t),xsj

(t),xsj+1(t),p, t), (5.6)

j = 2, ..., n − 1,

0 = fi(xi−1(t),xi(t),xi+1(t),p, t), (5.7)

i = 2, ..., N − 1, i 6= sj, j = 1, ..., n,

HnMN ẋN (t) = fN (xN−1(t),xN (t),p, t). (5.8)

Here, to simplify notation, a case is written where unit 1 and N are aggre-
gation elements. Either of these could be steady-state systems as well.

Step 4 involves solving the systems (5.7) for the variables xsj−1 and xsj+1,
j = 2, ..., n − 1. These are needed in the equations of the aggregation el-
ements (5.5), (5.6) and (5.8). The variables are expressed as functions of
the variables of the aggregation elements on both sides. This means that,
for example, for aggregation element j, the functions

xsj+1 = φj(xsj
,xs(j+1)

,p) = φj(x̄j , x̄j+1,p), (5.9)

and

xsj−1 = ψj(xs(j−1)
,xsj

,p) = ψj(x̄j−1, x̄j ,p) (5.10)

are required. Here, the variable xsj+1 is a function of the variables xsj

and xs(j+1)
of aggregation elements sj and s(j+1). Note the difference be-

tween the variables xsj+1 and xs(j+1)
. The first denotes the first unit after

the aggregation element unit j, whereas the latter denotes the aggrega-
tion element unit j + 1. To make this difference clear, the notation x̄j is
introduced, where the bar denotes the state variables of the aggregation
elements.
Generally, these functions contain numerical solutions and have to be im-
plemented in a suitable way. A straightforward way is the tabulation of
the solution values over a certain domain of the independent variables, and
the retrieval of the function values by interpolation of the table values.
Whether the functions are implemented as lookup tables or in another way,
they will be complex if the dimensionality of the xi variables is high. It
is therefore advisable to choose the independent variables carefully, since
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not all variables necessarily are needed to compute the function values. In
addition, often not all variables in the vectors xsj−1 and xsj+1 are needed
in the aggregation element equations.

Step 5 implies the substitution of the functions (5.9) and (5.10) into the
aggregation element equations (5.5), (5.6) and (5.8). The resulting system
then reads

H1M̄1 ˙̄x1(t) = f̄1(x̄1(t), φ1(x̄1(t), x̄2(t),p),p, t), (5.11)

HjM̄j ˙̄xj(t) = f̄j(ψj(x̄j−1, x̄j ,p), x̄j(t), φj(x̄j , x̄j+1,p),p, t), (5.12)

j = 2, ..., n − 1,

HnM̄n ˙̄xn(t) = f̄n(ψn(x̄n−1, x̄n,p), x̄n(t),p, t). (5.13)

Here, the notation M̄, x̄ and f̄ is used to indicate a change of index of the
variables and functions due to the elimination of the steady-state variables
and equations. For every j, x̄j = xsj

etc. holds.

5.2.5 Continuous systems: second order systems

The differential equations of the aggregation elements for continuous
systems can be derived by applying the reduction procedure to a finite-
difference discretization of the partial differential equation, and considering
the limit case of ∆z → 0, where ∆z is the length of the finite-difference
intervals. The result of this operation depends on the nature of the contin-
uous distributed system, more specifically, on the order of the spatial dif-
ferential operator. The main derivation is demonstrated here for a system
with second-order spatial derivatives, which represents a typical convection-
diffusion-reaction system. The differences in the procedure for systems with
first-order spatial derivatives are discussed in the next section.
The system discussed in this section reads

∂x

∂t
= −α

∂x

∂z
+ β

∂2x

∂z2
+R(x), (5.14)

with a certain set of boundary conditions, and α and β being dimensionless
numbers. For simplicity of notation, a scalar system is used for the deriva-
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tion of the reduced model equations.
A finite-difference discretization of the spatial derivatives yields

dxi

dt
= −α

xi − xi−1

∆z
+ β

xi−1 − 2xi + xi+1

∆z2
+R(xi), (5.15)

where xi are the states of the discretized system at theN distinct discretiza-
tion points zi, i = 1, ..., N , which span the spatial domain over intervals of
length ∆z = 1/(N − 1).
According to step 1 and 2, a number n of aggregation points zsj

, j = 1, ..., n,
is chosen among all discretization points, and the differential equations of
the corresponding states are modified by multiplying the left hand side with
a “capacity” Hj :

Hj
dxsj

dt
= −α

xsj
− xsj−1

∆z
+ β

xsj−1 − 2xsj
+ xsj+1

∆z2
+R(xsj

),(5.16)

j = 1, ..., n.

Step 3 implies that the remaining equations are treated as in steady-state:

0 = −α
xi − xi−1

∆z
+ β

xi−1 − 2xi + xi+1

∆z2
+R(xi), (5.17)

i = 1, ..., N, i 6= sj, j = 1, ..., n.

The resulting model has the same steady-state as the original discretized
model. The capacities Hj can be chosen freely, but should compensate
for the missing capacities of the steady-state elements. A straightforward
choice for a reduced model with equidistant aggregation points is therefore
Hj = N/n, which distributes the capacities of the discretized states of
the original discretized model equally among the aggregation points of the
reduced model. N is expressed in terms of ∆z as N = 1/∆z+ 1, such that
the equations of the aggregation elements read

1
∆z + 1

n

dxsj

dt
= −α

xsj
− xsj−1

∆z
+ β

xsj+1−xsj

∆z −
xsj

−xsj−1

∆z

∆z
(5.18)

+R(xsj
),
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The second-order finite-difference approximation is here written as the
finite-difference of two first-order finite-differences. Multiplying with ∆z
yields

1 + ∆z

n

dxsj

dt
= −α(xsj

− xsj−1) (5.19)

+β

(

xsj+1 − xsj

∆z
−
xsj

− xsj−1

∆z

)

+R(xsj
)∆z.

∆z → 0 yields the continuous equations. Since the system discussed here
is a continuous second-order system, xsj−1 → xsj

for ∆z → 0. This is not
the case if the system is first-order. This case will be discussed separately
below. Thus, ∆z → 0 results in

1

n

dx̄j

dt
:=

1

n

dxsj

dt
= β

(

∂x

∂z

∣

∣

∣

∣

+

zj

−
∂x

∂z

∣

∣

∣

∣

−

zj

)

. (5.20)

The notation x̄j is introduced here to express that the only remaining state
variables are the states at the aggregation points, and x̄j = xsj

.

In step 4, the right derivative ∂x
∂z

∣

∣

∣

∣

+

zj

is calculated from the boundary value

systems between the aggregation points zj and zj+1,

0 = −α
∂x

∂z
+ β

∂2x

∂z2
+R(x), zj ≤ z ≤ zj+1, (5.21)

with the boundary conditions

x(zj) = x̄j , (5.22)

x(zj+1) = x̄j+1, (5.23)

and the left derivative ∂x
∂z

∣

∣

∣

∣

−

zj

is calculated from the boundary value systems

between the aggregation points zj−1 and zj correspondingly. The solution
can be obtained, for example, by using a finite-difference approximation
as in equations (5.17). From the solution of a steady-state system (5.21)
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between the aggregation points zj and zj+1 with the boundary conditions

(5.22) and (5.23), the derivatives ∂x
∂z

∣

∣

∣

∣

+

zj

and ∂x
∂z

∣

∣

∣

∣

−

zj+1

can be calculated as

functions of the states of the aggregation elements:

∂x

∂z

∣

∣

∣

∣

+

zj

= φj(x̄j , x̄j+1), (5.24)

∂x

∂z

∣

∣

∣

∣

−

zj+1

= ψj+1(x̄j, x̄j+1), (5.25)

j = 2, ..., n − 1.

For j = 1 or j = n, the boundary conditions of the original system can
be used to solve equation (5.21). The resulting left and right derivatives
depend then either only on one aggregation element variable, for example

∂x

∂z

∣

∣

∣

∣

+

1
= φN (x̄n) (5.26)

for independent boundary conditions on the right side, or, when the bound-
ary conditions are cyclic, on the states of the aggregation elements on both
ends of the system:

∂x

∂z

∣

∣

∣

∣

−

0
= ψ1(x̄1, x̄n). (5.27)

Step 5 implies the substitution of these functions into equations (5.20) to
yield the final reduced model

1

n

dx̄j

dt
= β (φj(x̄j , x̄j+1) − ψj(x̄j−1, x̄j)) . (5.28)

5.2.6 Continuous systems: first order systems

A partial differential equation with first-order spatial derivatives reads

∂x

∂t
= −α

∂x

∂z
+R(x), (5.29)
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with a certain set of boundary conditions, and α being a dimensionless
number. The same procedure for steps 1, 2 and 3 as in section 5.2.5 is
applied. The equations for the steady-state systems (5.17) now read

0 = −α
xi − xi−1

∆z
+R(xi), (5.30)

i = 1, ..., N, i 6= sj, j = 1, ..., n.

These are the discretizations of the continuous steady-state systems

0 = −α
∂x(z)

∂z
+R(x(z)), zj ≤ z ≤ zj+1, (5.31)

with the single boundary condition on the left side

x(zj) = x̄j , (5.32)

where x(z) denotes the spatially distributed states of the steady-state sys-
tem j between the aggregation points zj and zj+1, and x̄j is the state of
aggregation element j on the left side of the system. This implies that
the values of the variables on the right side of the steady-state systems are
generally not the same as the variable values of the adjacent aggregation
element, but depend on the left boundary condition:

x(zj+1) = ψj+1(x̄j). (5.33)

The limit case of equation (5.19) of section 5.2.5, which now reads

1 + ∆z

n

dxsj

dt
= −α(xsj

− xsj−1) +R(xsj
)∆z,

is therefore

1

n

dx̄j

dt
= −α(x̄j − ψj(x̄j−1)). (5.34)
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5.2.7 Steady-state preservation property

The characteristic property of the aggregation model reduction method is
that both the original and the reduced models assume identical steady-
states. This means that

1. if the states of the reduced model assume the values of the steady-
state profile of original system at the corresponding positions of the
aggregation points, the reduced model is in steady-state, and

2. if the reduced model is in steady-state, the profile of the aggregation
elements with the interconnecting steady-state systems coincides with
the unique steady-state profile of the original system.

To show this, it is assumed that there exists a unique steady-state for the
original system. For continuous systems, the argument is restricted to
systems with spatial derivatives of order up to two, and the steady-state
profile of the original system is assumed to be differentiable.
The discrete case is trivial to show, since at steady-state, the equations
of the original system (5.1)-(5.3) and the equations of the reduced system
(5.5)-(5.8) are identical. Since uniqueness of the solution is assumed, the
solutions are identical as well.
In the continuous case, the two parts can be shown separately. The ar-
gument is given for a second-order system; first-order systems follow as a
special case.

1. Since the states of the aggregation elements lie on the unique steady-
state profile of the original system (5.14), the profiles of the steady-
state systems between the aggregation elements coincide with the the
corresponding parts of the steady-state profile of the original model.
Differentiability of the profile of the original system implies that the
left and right derivatives at each aggregation element as in equation
(5.20) coincide, and the equations are at steady-state.

2. On the steady-state systems between the aggregation points of the
reduced model (5.21), the equations of the original system (5.14) are
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satisfied at steady-state. Since the boundary conditions of the steady-
state systems are the states of the aggregation elements, the profile of
the connected steady-state systems is continuous. Since the reduced
model is in steady-state, equation (5.20) implies that the first-order
spatial derivatives of the steady-state systems on both sides of each
aggregation points assume the same values. Then, by equation (5.21),
the second-order derivatives of the steady-state systems assume the
same values on both sides of each aggregation point. This means that
the profile resulting from connecting all steady-state profiles satisfies
the original system (5.14) at steady-state on the complete domain
and is therefore the unique solution of the original system (5.14) at
steady-state.

5.3 Examples

Three simple examples are discussed to illustrate the method.

5.3.1 Distillation column

Model

As an example for a discrete system, a staged distillation column is consid-
ered. This example has been discussed in detail in Linhart and Skogestad
(2009a). Therefore, the derivation of the model is described here only very
briefly.
The original model reads

H1ẋ1 = V y2 − V x1, (5.35)

Hiẋi = Lxi−1 + V yi+1 − Lxi − V yi, (5.36)

i = 2, ..., iF − 1,

HiF ẋiF = Lxi−1 + V yi+1 − (L+ F )xi − V yi

+FzF , (5.37)

Hiẋi = (L+ F )xi−1 + V yi+1 − (L+ F )xi − V yi, (5.38)
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i = iF + 1, ..., N − 1,

HN ẋN = (L+ F )xN−1 − (L+ F − V )xN − V yN , (5.39)

where Hi is the total liquid molar holdup, xi and yi = k(xi) are the concen-
trations of the first component in the liquid and vapor phase, respectively,
of stage i, N is the number of stages including the condenser and reboiler,
iF is the index of the feed stage, V and L are the liquid and vapor flows
in the column, respectively, and F and zF are the feed flow rate and the
feed concentration, respectively. The molar holdups, liquid and vapor flows
are assumed to be constant. The energy balance is simplified using the
constant relative volatility assumption

yi = k(xi) =
αxi

1 + (α− 1)xi
. (5.40)

After applying steps 1 to 3 of the model reduction method, the reduced
model equations read

H̄1 ˙̄x1 = V k(x̄2) − V x̄1, (5.41)

H̄j ˙̄xsj
= Lx̄sj−1 + V k(x̄sj+1) − Lx̄sj

− V k(x̄sj
), (5.42)

j = 2, ..., n − 1, j 6= jF

H̄jF
˙̄xiF = Lx̄iF−1 + V k(x̄iF +1) − (L+ F )x̄iF − V k(x̄iF )

+FzF , (5.43)

0 = Lx̄i−1 + V k(x̄i+1) − Lx̄i − V k(x̄i), (5.44)

i = 2, ..., N − 1, i 6= sj, j = 1, ..., n

H̄n ˙̄xN = (L+ F )x̄N−1 − (L+ F − V )x̄N − V k(x̄N ), (5.45)

where n is the number of aggregation stages, H̄j and sj are the aggre-
gated holdup and the index of aggregation stage j, respectively, and jF is
the index of the aggregation stage where the feed is entering. The terms
“aggregation stage” and “aggregated holdup” are used here for the more
general terms “aggregation element” and “capacity” as used in section 5.2.
Steps 4 and 5 imply the solution of the algebraic equations and the substi-
tution of the required solutions Yj into the dynamic equations.

H̄1
˙̃x1 = V Y1(x̃1, x̃2, V/L) − V x̃1, (5.46)
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parameter value

N 74
nF 36
H1 20 mol
HN 20 mol
Hi, i = 2, ..., N − 1 1 mol
α 1.33

input nominal value

zF 0.45
F 0.04 mol/s
L 0.12 mol/s
V 0.14 mol/s

Table 5.1: Parameters of the distillation column model.

H̄j
˙̃xj = Lx̃j−1 + V Yj(x̃j, x̃j+1, V/L) − Lx̃j

−V Yj−1(x̃j−1, x̃j , V/L), (5.47)

j = 2, ..., n − 1, j 6= jF

H̄jF
˙̃xjF

= Lx̃jF−1 + V YjF
(x̃jF

, x̃jF +1, V/L) − Lx̃jF

−V YjF−1(x̃jF−1, x̃jF
, V/L) + FzF , (5.48)

H̄n
˙̃xn = (L+ F )x̃n−1 − (L+ F − V )x̃n

−V Yn−1(x̃n−1, x̃n, V/(L+ F )). (5.49)

The functions Yj correspond to the functions φj in equation (5.9). Due to
mass conservation of the steady-state systems (5.44), only the functions φ,
but not the functions ψ are needed. The model parameters are given in table
5.1. Reduced models of a more complex distillation model with complex
hydrodynamic and thermodynamic relationships have been described in
Linhart and Skogestad (2009b).
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aggregation stage index j 1 2 3 4 5 6 7

sj 1 36 74
H̄j 20 72 20

sj 1 14 36 60 74
H̄j 20 21 28 23 20

sj 1 8 20 36 53 67 74
H̄j 20 10 15 19 18 10 20

Table 5.2: Positions and holdups of the aggregation stages of the reduced
models.

Simulation study

Figure 5.3 shows the responses of the top and bottom concentrations of the
full distillation model with 74 stages, and reduced distillation models with
3, 5 and 7 aggregation stages, to a step change in the feed concentration
zF from 0.45 to 0.55. The reduced model parameters, i.e. the position of
the aggregation stages and their aggregated holdups, are given in table 5.2.
They are taken from Linhart and Skogestad (2009a). The parameter sets
for the models with 5 and 7 aggregation stages are “optimized” to minimize
the deviation from the original model over a broad range of changes in the
feed concentration zF and liquid and vapor flows L and V as described in
Linhart and Skogestad (2009a). However, the optimization is restricted to
the position and the aggregated holdups of the aggregation stages except
reflux drum and reboiler, and constrained to the requirement that the sum
of the aggregation stage capacities equals to the number of stages in the
system. Therefore, there is no degree of freedom for the model with 3
aggregation stages. If these restrictions are lifted, better approximation
quality, especially for the model with 3 aggregation stages, can be expected.
It can be seen that especially the approximation quality of the reduced
model with 7 aggregation stages is very good. This model has less than
10% of the states of the full model. The gain in computation time of the
models has been shown in Linhart and Skogestad (2009a) to be in the same
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Figure 5.3: Distillation model top and bottom concentration responses to
step change in feed concentration zF from 0.45 to 0.55.
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Figure 5.4: Schematic diagram of a tubular heat exchanger.

order of magnitude as the reduction in the number of states.

5.3.2 Heat exchanger

Model

As an example of a first-order continuous system, a tubular counter-current
heat exchanger is considered (see figure 5.4). A description of these types of
heat exchangers can be found in Skogestad (2008). The partial differential
equations for this system are in the form of equation (5.29) and read

∂T h

∂t
= −vh∂T

h

∂z
−

Up

Ahρhchp
(T h − T c), (5.50)

∂T c

∂t
= vc∂T

c

∂z
+

Up

Acρcccp
(T h − T c), 0 < z < l, (5.51)

T h(t, 0) = T h
in, (5.52)

T c(t, l) = T c
in, (5.53)

where T h, T c, vh, vc, Ah, Ac, ρh, ρc, chp , and ccp are the temperatures, flow
velocities, tube cross-sectional areas, densities and heat capacities of the
hot and the cold streams, respectively, U and p are the heat transmission
coefficient and the perimeter of the surface between the hot and cold stream,
respectively, l is the tube length, and T h

in and T h
in are the inlet temperatures

of the hot and the cold stream, respectively. The main assumptions in this
model are incompressible fluids, temperature-independent fluid properties,
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parameter value

ρc 1000 kg/m3

ρh 1000 kg/m3

Ac 0.0314 m2

Ah 0.0393 mol
ccp 0.0314 kJ/(kgK)

chp 0.0393 kJ/(kgK)

U 0.5 kW/m2

p 0.6283 m

input nominal value

mc 2 kg/s
mh 1 kg/s
T c

in 320 K
T h

in 360 K

Table 5.3: Parameters of the heat exchanger model.

no diffusive heat transport, and negligible heat capacity of the tube walls.
The parameter values are given in table 5.3.
A straightforward choice of n aggregation points according to step 1 of
the reduction procedure is an equal-distribution of the aggregation points
over the whole domain with the end points placed at the ends of the heat
exchanger:

sj =
j − 1

n− 1
l, j = 1, ..., n. (5.54)

The heat exchanger equations are a combination of two counter-current
transport equations. The dynamic equations for the aggregation elements
can therefore be derived from equation (5.34) to be

Cj

dT̄ h
j

dt
= −

vh

l
(T̄ h

j − ψj(T̄
h
j−1, T̄

c
j )), (5.55)

Cj
dT̄ c

j

dt
= −

vc

l
(T̄ c

j − φj(T̄
h
j , T̄

c
j+1)), (5.56)
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Figure 5.5: Schematic diagram the reduced heat exchanger model.

where Cj is the capacity of aggregation element j, and ψj and φj are the
solutions of the steady-state systems on the left and right sides of aggrega-
tion element j, respectively. Figure 5.5 shows a schematic diagram of the
reduced model.
A straightforward choice for the capacities is Cj = 1/n. This way, the
continuously distributed heat capacity of the original model is equally dis-
tributed over the aggregation elements.
For heat exchangers, analytic steady-state solutions are available (Kern,
1950):

[

T h
out

T c
out

]

=
1

1 −Rca

[

1 −Rc Rc(1 − a)
1 − a a(1 −Rc)

] [

T h
in

T c
in

]

. (5.57)

This expression can be used in step 4 of the reduction procedure to calculate
the steady-state functions φ and ψ:

[

ψj

φj−1

]

=
1

1 −Rca

[

1 −Rc Rc(1 − a)
1 − a a(1 −Rc)

] [

T̄ h
j−1

T̄ c
j

]

. (5.58)

Here, T̄ h
j−1 and T̄ c

j are the temperatures of the neighboring aggregation
elements j − 1 and j of the steady-state system (compare figure 5.5).
The parameters Rc and a are defined as follows:

Rc =
mcccp
mhchp

, (5.59)

where mh and mc are the mass flows of the hot and cold stream, respec-
tively, which are connected to the flow velocities vh and vc by the respective
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densities ρh and ρc and the tube cross-sectional areas:

mh = vhAhρh, (5.60)

mc = vcAcρc. (5.61)

a is defined as

a = exp(−N c
TU (1 −Rc)), (5.62)

where the number of transfer units N c
TU is defined as

N c
TU =

Up

mcccp
. (5.63)

Simulation study

To demonstrate the approximation quality of the reduced models, figures
5.6 to 5.9 compare the responses of reduced models with 2, 5 and 30 ag-
gregation elements with finite-difference approximations with 100 and 2000
finite-differences. The simulation with 2000 finite-differences is referred to
as the exact solution.

The variables that are compared are the outlet temperatures T h
out and

T c
out of the hot and the cold stream, respectively. In the given models, they

are identical with the corresponding temperatures of the aggregation stages
at both ends of the heat exchanger, i.e. T c

out = T c
1 and T h

out = T h
n . Figure

5.6 shows the responses to a step in the hot stream inlet temperature T h
in

from 360 K to 370 K. It can be seen that the response of the cold stream
outlet temperature T c

out, which is located at the same side as the hot stream
inlet, is approximated very well by the reduced models. The response of
the model with 30 aggregation elements is almost indistinguishable from
the exact solution. All reduced aggregation models perfectly reproduce the
steady-state. The finite-difference approximation with 100 elements shows
a certain steady-state deviation from the reference solution. For this heat
exchanger model, this deviation can be corrected rather easily (Mathiesen,
1994). However, without any modification of the finite-difference models,
the aggregated models achieve a certain approximation quality with much
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Figure 5.6: Heat exchanger outlet temperature responses of cold (upper
plot) and hot (lower plot) streams to a step change in the hot inlet temper-
ature T h

in. The dotted vertical line marks the time when the step change is
applied.
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Figure 5.7: Heat exchanger outlet temperature responses of cold (upper
plot) and hot (lower plot) streams to a step change in the hot stream flow
rate vh.
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Figure 5.9: Heat exchanger outlet temperature responses of cold (upper
plot) and hot (lower plot) streams to a slow change in the hot stream flow
rate vh.
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less dynamic states.
The response of the hot stream outlet temperature T h

out (lower part of fig-
ure 5.6) shows a dead-time period, which is characteristic for transport
systems, since the hot stream outlet is located on the opposite side of the
hot stream inlet where the change is applied. The approximation quality
of the reduced aggregation models is rather poor here, since a dead-time
system requires a model of high dynamic order for good approximation.
Therefore, the 100 finite-difference approximation is superior to the aggre-
gated model with 30 aggregation elements. Still, the aggregated models
show a better approximation towards the steady-state.
Figure 5.7 shows the responses to a 20% step change in the hot stream flow
rate vh. This is approximated very well by the model with 30 aggregation
elements. Since the fluid is assumed incompressible, the flow rate changes
simultaneously throughout the whole system. Due to the increased velocity
of the hot fluid, both the temperature of the hot and cold outlet streams
rise. The transport characteristic of the system is still present in the re-
sponse of the hot stream outlet temperature T h

out, where the initial slope is
flattened for the residual time of the hot fluid in the system.
Figures 5.8 and 5.9 show the responses to slow changes in T h

in and vh, re-
spectively. Here, the input signal is a cubic spline curve with a transient
time of 1000 s. Generally, the approximation quality of the reduced models
with 5 and 30 aggregation elements is good. The approximation of the
dead-time period of the hot stream outlet temperature T h

out (lower part of
figure 5.8) is much better than in case of a step change. This is explicable
by the diffusive character of the heat exchange between the counter-current
flows, which is more dominant in this case, and is approximated better by
the reduced models.

5.3.3 Fixed bed reactor

Model

As an example of a second-order continuous system, an adiabatic fixed-bed
reactor model investigated by Liu and Jacobsen (2004) is considered (see
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Figure 5.10: Schematic diagram of a fixed bed reactor with heat recycle.
The structure of the reduced model is shown schematically using dashed
lines.

figure 5.10):

σ
∂α

∂t
= −

∂α

∂x
+

1

Pem

∂2α

∂x2
+DaR(α, θ), (5.64)

∂θ

∂t
= −

∂θ

∂x
+

1

Peh

∂2θ

∂x2
+DaR(α, θ), (5.65)

which is in form of equation (5.14). Here, α is the conversion, θ a dimen-
sionless temperature, and the reaction term is given by

R(α, θ) = (1 − α)rexp

(

γ
βθ

1 + βθ

)

. (5.66)

The boundary conditions are

α(0, t) =
1

Pem

∂α

∂x

∣

∣

∣

∣

x=0
, (5.67)

θ(0, t) = fθ(1, t) +
1

Peh

∂θ

∂x

∣

∣

∣

∣

x=0
, (5.68)

∂α

∂x

∣

∣

∣

∣

x=1
= 0, (5.69)

∂θ

∂x

∣

∣

∣

∣

x=1
= 0. (5.70)
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The derivation of a reduced model for this system is shown in detail in
section 5.2.5. For the purpose of demonstrating the approximation quality
of the reduced models, models derived using steps 1 to 3 are sufficient. If
a gain in computational performance is desired, the steady-state systems
have to be eliminated from the model using step 4 and 5. All aggregation
points are chosen at locations zj inside the domain of the partial differential
equation, i.e. 0 < zj < 1, j = 1, ..., n. Therefore, the boundary conditions
of the original model have to be included in the solutions of the steady-state
systems on the boundary of the system. The left boundary condition (5.68)
is special in a way that it includes the state θ(1, t) on the right side of the
system. This results in expressions of the form

∂α

∂x

∣

∣

∣

∣

−

x1

= ψα
1 (ᾱ1, θ̄1), (5.71)

∂θ

∂x

∣

∣

∣

∣

−

x1

= ψθ
1(ᾱ1, θ̄1, ᾱn, θ̄n) (5.72)

for the left side, and

∂α

∂x

∣

∣

∣

∣

+

xn

= φα
n(ᾱn, θ̄n), (5.73)

∂θ

∂x

∣

∣

∣

∣

+

xn

= φθ
n(ᾱn, θ̄n) (5.74)

for the right side of the system.

Simulation study

To demonstrate the approximation quality of the reduced models, figures
5.11 and 5.12 compare the responses of reduced models with 5, 15 and 30 ag-
gregation elements with finite-difference approximations with 100 and 2000
finite differences. The simulation with 2000 finite-differences is referred to
as the exact solution.

Liu and Jacobsen (2004) show that the system exhibits a complex
bifurcation behavior when Da is chosen as bifurcation parameter. At Da =
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Figure 5.11: Responses of fixed-bed reactor conversion α and temperature
θ at the right end to a change of Da from 0.05 to 0.07.
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0.05 and Da = 0.07, the system has one stable steady-state, whereas at
Da = 0.1, the steady-state is unstable, and the system performs limit cycle
oscillations.
Figure 5.11 shows the trajectories of α and θ at the right end of the reactor,
when a step change in Da from 0.05 to 0.07 is applied. The trajectories
show a fast initial change in α, which is due to the small parameter σ
multiplying the left-hand side of equation (5.64). After that, the system
performs a slow transient to a stable steady-state at Da = 0.07. It can
be seen that the approximation quality of all reduced models is excellent,
except for some deviation of the model with 5 aggregation elements in
the beginning of the slow transient phase. While the reduced aggregation
models perfectly reproduce the steady-state of the original system, the 100
finite-differences approximation shows a certain deviation.
Figure 5.12 shows the trajectories of the same variables, when a larger
step change in Da from 0.05 to 0.1 is applied. At Da = 0.1, the system
exhibits high-frequency limit-cycle oscillations. It can be seen that the
approximation quality of all reduced models of the slow motion towards the
limit-cycle oscillations is excellent. The reduced model with 30 aggregation
elements is also capable to reproduce the fast limit-cycle oscillations. It is
remarkable that the reduced model can follow the fast movement despite
its slow nature.

5.4 Discussion

5.4.1 Advantages and limitations of the aggregation method

The method presented in this paper is conceptually straightforward. The
good approximation quality of the reduced models has been demonstrated
in several examples. The approximation quality can even be improved by
optimizing the location and capacities of the aggregation elements for the
given problem.
The main limitation of the method lies in step 4 and 5 of the method. The
problem is the high dimension of the functions that have to be substituted
into the dynamic equations if the original system has a large number of
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spatially distributed state variables. In Linhart and Skogestad (2009b),
the method was applied to a complex distillation model containing energy
balances and complex thermodynamic and hydraulic relationships. There,
substitution was possible by using five-dimensional tables with linear inter-
polation. If, on the other hand, simple analytic solutions for the steady-
state systems as in case for the heat exchanger model are available, the
reduction method is easy to apply and yields models of good approxima-
tion quality.

5.4.2 Relationship to singular perturbation models

In the following, the reduction procedure of this study is compared to the
procedure to derive slow reduced models in singular perturbation theory
(Kokotovic et al, 1986, Lin and Segel, 1988). This is done for discrete
systems. Since the continuous procedure is derived using the discrete pro-
cedure, the argument applies to continuous systems as well.

Singular perturbation procedure

In singular perturbation theory, systems with dynamics on two or more
time-scales are analyzed mathematically. For this, a system

dx

dt
= f(x,u), (5.75)

is transformed into the standard form of singular perturbations

dy

dt
= f(y, z,u), (5.76)

ε
dz

dt
= g(y, z,u), (5.77)

where y is a vector of “slow” variables, z is a vector of “fast” variables, and
ε << 1 is a small singular perturbation parameter. This is usually achieved
by scaling the original equations and by a transformation of the state vec-
tor x. In general, there is no unique procedure to choose the scaling of the
equations or the state transformation.
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If the time-scales of the system are sufficiently separated, and the scaling
and state transformation is suitable, then equations (5.76) and (5.77) rep-
resent the slow and the fast dynamics in the system, respectively. Then,
these equations can be used for further analysis of the system. One common
procedure is to apply the quasi-steady-state assumption ε→ 0 to equation
(5.77), thus obtaining the reduced slow model

dy

dt
= f(y, z,u), (5.78)

0 = g(y, z,u). (5.79)

Here, the dynamic equations (5.77) are converted into the algebraic equa-
tions (5.79). This is one reason why ε is called the singular perturbation
parameter. Depending on the time-scale separation and the appropriate
transformation of the system, this system approximates the original dy-
namics more or less accurately. Due to the replacement of the fast equa-
tions by algebraic relationships, the fast dynamics are approximated by
“instantaneous” dynamics. This is significant for changes in the inputs u,
where the response of the slow model is actually faster than the response of
the original model. The term “slow model” therefore refers to the internal
dynamics of the reduced model, and not to its input-output behavior.
If a low-order model is desired, equations (5.79) can be solved for z,

z = h(y,u), (5.80)

and used for eliminating the fast variables z from the slow model

dy

dt
= f(y,h(y,u),u). (5.81)

This is, however, only possible if equations (5.79) can be solved explicitly
for z.

Comparison with aggregation method

To compare the singular perturbation procedure with the aggregation method
proposed in this study, it can first be observed that after step 3 of the aggre-
gation method described in this study, the system is basically in the form
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of equations (5.78) and (5.79). Steps 4 and 5 correspond to the procedure
in equations (5.80) and (5.81). The main difference of the procedures lies
in the derivation of the form (5.78) and (5.79). In contrast to the singu-
lar perturbation procedure, the aggregation method does not use a state
transformation and scaling of the equations to arrive at this form. Instead,
the left-hand sides of the dynamic equations are manipulated in a way that
cannot be achieved by a state transformation and scaling. The method
does therefore not rely on the existence of a time-scale separation in the
system. Instead, the method is based on approximating the spatial signal
transport through the system by instantaneous transport through intervals
connected by large capacity elements. This is an artificial construction,
which deviates from the treatment of singular perturbation systems.
Lévine and Rouchon (1991) derive their method for staged distillation
columns, which ultimately leads to the reduction procedure described in
this study, as a singular perturbation method. They partition the column
into compartments of consecutive stages, and use a singular perturbation
procedure to separate the time-scales created by the ratio of the large com-
partment holdups and the small stage holdups. This time-scale separation
is, however, not present in the original model, since the compartments are
introduced completely artificially. The reason that the resulting models still
approximate the original model sufficiently well is the simplification of cer-
tain terms during the quasi-steady-state approximation due to the incorrect
introduction of the singular perturbation parameter ε. As a consequence,
the compartment boundaries do not appear anymore in the resulting mod-
els. If a reduced model is derived without this simplification, it shows some
unphysical inverse response, which is clear evidence of the incorrect intro-
duction of the singular perturbation parameter. This is discussed in detail
in Linhart and Skogestad (2009a).
The crucial property for the success of the aggregated models is the perfect
reproduction of the steady-state. This property the aggregated models have
in common with slow singular perturbation models. Both their derivation
and their dynamics can therefore be said to be related.
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5.4.3 Comparison with other numerical discretization schemes

As mentioned before, the method introduced in this study can be seen as
a discretization method for continuous systems. A good overview of these
methods for equations of the type of equation (5.14) is given in Hundsdor-
fer and Verwer (2007). In the following, some qualitative similarities and
differences will be discussed.

Steady-state approximation

One difference between the aggregation method and other methods such as
finite-volume and finite-element methods is immediately obvious: the aggre-
gation method perfectly reproduces the steady-state even when the number
of dynamic states is zero, while the above mentioned methods achieve this
only in the limit case when the number of dynamic states approaches in-
finity. This is due to the incorporation of steady-state information into the
aggregated models, which is not the case in the other methods.

finite-element methods

In finite-element methods, the solution is approximated by weighted sums
of basis functions, which are usually polynomials. The weights of the basis
functions are determined by inserting the approximation into the origi-
nal equations and weighting the residual over the spatial domain by certain
functions. If these functions are the basis functions themselves, the method
is called a Galerkin method. In collocation methods, the residual is required
to vanish at certain discrete points, the so-called collocation points. This
method is popular in chemical engineering for the reduction of distillation
models (Cho and Yoseph, 1983, Stewart et al., 1984). The efficiency of the
method is based on the assumption that the solution profiles can be approx-
imated by polynomials. In order to account for solution profiles that are
difficult to approximate with polynomials over the whole spatial interval,
the latter can be divided into finite-elements, on each of which a polynomial
approximation by collocation is used. This procedure is therefore different
from the aggregation procedure. Collocation models might be superior in
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approximating the fast responses of a system, whereas aggregation models
will show better approximation of the behavior of systems that are close to
steady-state.

5.5 Conclusions

A new approach for deriving reduced models of one-dimensional dis-
tributed systems is presented in this paper. The approach extends the
aggregated modeling method of Lévine and Rouchon (1991) to general
discrete and continuous one-dimensional systems. The main idea is the
approximation of the spatial transport of signals through the system by
instantaneous transport through intervals of steady-state systems, which
are connected by aggregation elements of large capacity, which slow down
the system dynamics to match the dynamics of the original system. The
most important property of the method is the perfect reproduction of the
steady-state of the original system. The method has been demonstrated on
three example systems that are typical in process engineering. The method
presents an alternative method to established spatial discretization meth-
ods such as finite-differences and finite-elements for spatially continuous
systems, and to methods such as collocation or wave propagation methods
for spatially discrete models. The approximation quality of the reduced
models depends on the number, position and capacity of the aggregation
elements. Generally, a good approximation quality can be achieved with a
relative low number of aggregation elements compared to other discretiza-
tions methods. The implementation effort of the reduced models depends
on the difficulty to express the solutions of the steady-state systems as
functions of the aggregation element variables in a suitable way.
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Chapter 6

Conclusions and directions
for future work

6.1 Conclusions

In this thesis, a model reduction method for one-dimensionally distributed
systems has been presented. For staged distillation column models, which
are discrete one-dimensional systems, the method is not new, but is based
on the aggregated modeling method of Lévine and Rouchon. To extend
the method to more complex staged processes with mass and energy bal-
ances, the concept of compartments and the interpretation of the system
as a singular perturbation system had to be abandoned. Instead, only the
notion of aggregation stages remains. By a simple manipulation of the
left-hand sides of the differential equations, a reduced model is obtained.
This procedure is straightforward to apply to any kind of staged process.
However, as was shown in chapter 3, there is no computational benefit
to be expected from such a reduced model. Therefore, as a second step,
the algebraic equations resulting from the reduction procedure have to be
eliminated from the model. Due to the one-dimensional structure of the
model, the steady-state stage equations can be solved block-wise, and the
solutions can be substituted into the dynamic equations of the aggregation

187
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stages. If this solution and substitution can be done successfully, the re-
duced model can be simulated several times faster than the full model. The
factor of speed-up is approximately the ratio of the number of stages of the
full model to the number of aggregation stages of the reduced model. How-
ever, the evaluation of the right-hand sides and the Jacobian of the reduced
model might be computationally more intensive due to the substitution of
the steady-state stage solutions.
It was shown in addition that the parameters of the reduced model, namely
the position and aggregated holdup factors of the reduced models, can
be used as tuning parameters for the performance of the reduced models.
While a straightforward choice of the parameters yield models with accept-
able approximation quality, the performance of the models can be improved
significantly by optimizing the parameters for a certain application.
In chapter 4, the method has been applied to a complex distillation model
with mass and energy balances, and complex thermodynamic and hydraulic
relationships. It was shown that the approximation quality of a model with
9 aggregation stages could approximate the dynamics of a full model with
94 stages very accurately. In order to eliminate the steady-state equa-
tions from the model, the solutions were expressed as functions of the state
variables of the aggregation stages on both sides of the system. By con-
sidering the flow relationships in the column and mass conservation in the
steady-state systems, the complexity of the functions could be reduced to a
minimum. Ultimately, the functions were implemented as five-dimensional
look-up tables with linear interpolation. By adapting the resolutions of
the table dimensions to the curvature of the tabulated function, the in-
terpolation error was minimized. It was shown that the reduced model
can be simulated around 8 times faster than the original model. Although
the table interpolation using 64 memory accesses is computationally rather
intensive, it contributed only about 17% to the total computational com-
plexity. This gives room for using even higher-dimensional tables in more
complex models.
In the appendix to chapter 4, it was shown that polynomial approximations
can be used as an alternative to look-up tables. This makes the implementa-
tion of the reduced models much easier, and results in much more compact
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and possibly faster models. Care has to be taken that the accuracy of the
functional approximations is sufficiently high in the operating range of the
model. However, there seems to be some potential in using functional ap-
proximations to overcome the main bottleneck of the reduction method.
In chapter 5, the reduction method has been extended to general one-
dimensional systems. Both spatially discrete systems, such as staged pro-
cesses, and spatially continuous processes described by partial differential
equations can be considered. For continuous processes, the method can
be used as an alternative to other spatial discretization methods such as
finite differences, finite volumes etc. It was shown that the approxima-
tion quality of the reduced models is superior to the approximation quality
using simple finite difference approximations. Furthermore, the reduced
models were shown to approximate even high-frequency limit cycle oscilla-
tions reasonably well. While the method is conceptually straightforward,
the elimination of the steady-state systems and substitution into the dy-
namic equations remains the part that complicates the implementation of
the reduced models. However, for the heat exchanger, it was possible to
use analytic steady-state solutions in the reduced models. The resulting
models are very compact and easy to implement.
Generally, the success of the reduction method is due to the incorporation of
steady-state information into the reduced models. This makes the models
very accurate when simulated close to steady-state or with slowly changing
input signals. The approximation of fast dynamics can be improved by
increasing the dynamic order of the models. The number of aggregation
elements, their position and capacities are degrees of freedom, which can
be used to adapt the reduced models to the application they are intended
for.

6.2 Directions for future work

The following topics remain open for future work:

• Procedure for determination of reduced model parameters:
The number, position and capacities of the aggregation elements are
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degrees of freedom that can be used to increase the approximation
quality of the reduced models. While good parameter sets can be ob-
tained by fitting to application-specific inputs and trajectories, a more
general procedure is still missing. One possibility could be some adap-
tive procedure which switches between several models during simula-
tion according to dynamics of the system. It seems that a criterion
that considers slow and fast dynamics according to the magnitude of
the left-hand sides of the differential equations could be employed to
decide if locally a finer or more coarse resolution is needed. If the
reduced models are used in an optimizing control context, the model
is possibly simulated repeatedly with similar input trajectories during
the optimization iterations. In this case, a reduced model that has a
sufficient accuracy can be selected in the beginning of the iterations
by simulating several reduced models with the starting guess for the
optimal input trajectory and comparing their deviations from each
other.

• Functional approximation of steady-state system solutions:
The main difficulty of implementing a reduced model with the aggre-
gation method is the functional approximation of the solutions of the
steady-state systems. In this thesis, this has been achieved by either
tabulation or polynomial approximation for numerical solutions, or
by using analytical solutions. In most cases, numerical solutions will
have to be used. The main challenges when generating a functional
approximation is to balance the complexity of the functions with the
approximation accuracy over a sufficiently large operating domain of
the independent variables. The higher-dimensional the functions are,
the more difficult this tasks gets.

• Comparison with other methods: It is interesting to investigate
how well the reduction method of this thesis performs in compari-
son to other methods in terms of approximation quality and com-
putational complexity. Especially for distillation columns, a rigorous
comparison to wave propagation methods and orthogonal collocation
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methods will be interesting.

• Application in real-time optimizing control: A reduced model
has a certain reduction error that comes in addition to the model-
plant mismatch when the model is used to predict the behavior of a
real process. Both errors have to be taken into consideration when
the model is used in a real-time optimizing control optimization ap-
plication. It is important to know how this error affects the control
quality, for example concerning constraint violations, and what mea-
sures have to be taken as a remedy. In case of the reduced models
in this study, the reduction error is known to be largest after a step
change or during fast changes of the inputs. This knowledge can pos-
sibly be used when designing the control application parameters like
sampling time, backoffs and input signal shape.


