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Feedback optimizing control aims to achieve asymptotic optimal operation by directly manipulating the
inputs using feedback controllers, without the need to solve numerical optimization problems online. The
main question when designing feedback optimizing control is then what to control such that the economic
objectives are translated into control objectives. Over the past two decades, active research has resulted
in several different approaches to feedback optimizing control stemming from different application areas,
leading to a rich source of literature. The different methods differ on the choice of the controlled vari-
ables, the need for detailed process models, type of measurements used, convergence speed, accuracy,
ease of implementation etc. This paper aims to provide a survey of these different approaches under the
unified umbrella of feedback optimizing control, and provides an overview and comparison of the different
feedback-based real-time optimization approaches for continuous processes.
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1. Introduction

In the face of growing market competition and increased focus
on sustainability, energy efficiency and safety, online optimization
of process operations are becoming increasingly important. Real-
time optimization (RTO) explicitly deals with the optimal economic
operation of the process. A widely accepted definition of real-time
optimization is that it is a work flow where the decision variables
are iteratively adjusted using the system model and/or real time
process measurements, in order to minimize the operational cost
and satisfy constraints (Marlin and Hrymak, 1997; Chachuat et al.,
2009; Krishnamoorthy, 2019).

1.1. Conventional real-time optimization (RTO)

Traditional real-time optimization (RTO) framework computes
the optimal steady-state setpoints by solving a steady-state numer-
ical optimization problem that comprises of the following compo-
nents

1. Rigorous nonlinear steady-state process models,
2. Process, equipment, and environmental constraints,
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3. Economic objective function that constitutes the cost of raw
material, value of the products, operational costs, environmen-
tal taxes etc.

Traditional RTO implementations are thus based on steady-state
nonlinear models. The model parameters are updated using data
from time periods corresponding to steady-state process operation,
in order to match the plant measurements and the model pre-
dictions. The updated model is then used to re-optimize for the
new setpoints (Seborg et al., 2010, Chapter 19),(Marlin and Hry-
mak, 1997). The traditional RTO framework is thus a two-step ap-
proach:

e Step 1: Data reconciliation - Update nonlinear model using
steady-state measurements.

o Step 2: Numerical optimization - Compute new optimal set-
points using the updated model.

Most of the commercially available RTO software packages are
based on the repeated identification and optimization scheme us-
ing steady-state models (Camara et al., 2016). The justification for
this approach is that for most continuous processes, the economic
operation of the plant often occurs at some steady-state. The ex-
ception are processes with frequent grade changes, cyclic opera-
tions, and batch processes. As such, the objective in most contin-
uous processes is simply to find the economically optimal steady-
state operating point as a function of the given operating condi-
tions. To this end, steady-state process optimization for continuous
processes will be the main focus in this paper.
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Fig. 1. Overview of online process optimization approaches, and the structure of this paper.
Challenge 2 Model uncertainty, including wrong values of dis-
turbances and parameters (online update of the model) - Since
Step traditional RTO uses steady-state models, the model parameters
Optimizatio d | Parameter must be updated using measurements that corresponds to steady-
< estimator state conditions. To this end, steady-state detection algorithms
layer are employed to detect if the process is operating at steady-
- state conditions, see for example Kelly and Hedengren (2013),
y*r Camara et al. (2016) and the references therein. The time be-
Control tween the steady-state conditions is known as steady-state wait
layer < time. In a recent review paper on current practices of RTO,
Darby et al. (2011) conclude that a fundamental limiting factor of
u RTO implementation is the steady-state wait-time associated with
the online model update. Camara et al. (2016) also recently pointed
out some of the issues with steady-state detection routines used in
Plant y real industrial RTO systems.
Challenge 3 Numerical robustness, including computational is-

Fig. 2. Traditional hierarchical decomposition into optimization and control layers.

The decision variables for the RTO layer are typically the set-
points for the controlled variables, which are then given to a set-
point tracking control layer below. The control layer adjusts the
manipulated variables in order to keep the measurements at the
optimal setpoints computed by the RTO layer above. Fig. 2 shows
the typical hierarchical decomposition into optimization and con-
trol layers.

Despite the economic benefits and promises, traditional real-
time optimization is not widely used in practice as one would
expect. Consequently, the full potential of RTO is not exploited
in process industries (Darby et al., 2011; Krishnamoorthy et al.,
2018a; Krishnamoorthy, 2019). The main technical challenges that
limit industrial use of steady-state RTO for process operations
include:

Challenge 1 Cost of developing the model (offline model de-
velopment) - Developing good first principle-based models is of-
ten challenging and expensive, especially for new application areas
with limited domain knowledge. In addition, lack of knowledge or
model simplification leads to mismatch between the physical mod-
els used in the optimization problem and the real system. With in-
creasing complexity of many industrial processes, simplified first-
principle models are insufficient to accurately capture the system
behavior.

sues of solving optimization problems - Solving numerical opti-
mization problems to compute the optimal setpoints, leads to high
computational effort. Although the computational cost is consider-
ably less for solving steady-state optimization problems than dy-
namic optimization problems, the optimization problem may still
fail to converge for large-scale processes due to numerical robust-
ness and convergence issues (Marlin and Hrymak, 1997).

Challenge 4 Conflicts with the planning layer - In process ap-
plications, the planning and scheduling layer (which typically sits
on top of the RTO layer in the decision-making hierarchy) deals
with decisions such as feed purchases, production capacity, storage,
and other such operational planning over a time horizon of weeks
and months, based on average plant behavior (Darby et al., 2011).
RTO, on the other hand, deals with real-time decisions based on
the current plant conditions. Since the economics are considered
at both the RTO and planning levels, this can lead to inconsisten-
cies, as what is optimum for a process unit or section may not be
optimum when all production aspects are considered over a large
horizon.

An alternative to the traditional RTO paradigm is the so-called
“feedback optimizing control”, where the optimization objectives
are translated into control objectives, thereby moving the opti-
mization functionality into the control layer (Morari et al., 1980). In
a recent review paper, Darby et al. (2011) also considers the ques-
tion of moving the RTO functionality to the control layer (more
specifically MPC) as an alternative RTO formulation, thus result-
ing in a one-layer solution that “performs a type of hill-climbing
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optimization”. Achieving optimal operation via feedback control
circumvents challenge 3, since numerical optimization problems
are not solved online. Feedback optimizing control also avoids the
steady-state wait-time (challenge 2), since optimal operation is
achieved using real time process measurements as feedback. Fi-
nally, as will be shown later, many feedback optimizing control ap-
proaches may not require detailed process models, hence address-
ing challenge 1.

Challenges related to human aspects In addition to the technolog-
ical challenges mentioned above, human aspects such as technical
competence and corporate culture are some of the main limiting
factors of industrial practice. Conventional real-time optimization
requires regular maintenance and monitoring. This is often pro-
vided by a team of skilled engineers and a dedicated group with
expertise in modeling, control, and optimization, which the com-
pany may be lacking. Consequently, the expected benefits of such
advanced tools may not be fully realized and this often leads to
the application being turned off (Shook, 2006; Forbes et al., 2015;
Darby et al., 2011). As Marlin and Hrymak (1997) pointed out, “the
greatest demand from optimization users is a system that can be
easily understood”. For this reason, many traditional process in-
dustries still prefer to use simple feedback control tools available
in standard digital control system (DCS) to optimize process op-
erations. In such cases, feedback optimizing control provides a sys-
tematic procedure that enables asymptotic optimal operation using
feedback control.

As shown in Fig. 1, online process optimization approaches can
be broadly categorized into two classes, based on whether one
needs to solve numerical optimization problems online, or not. Tra-
ditional steady-state RTO and dynamic RTO (including economic
MPC) belongs to the former category, where numerical optimiza-
tion problems are solved online, in order to compute the optimal
operating conditions. Feedback optimizing control, on the other
hand, belongs to the latter category where asymptotic optimal op-
eration is achieved via feedback control. Here, the main idea is to
achieve optimal operation by directly manipulating the inputs u
based on feedback measurements y such that the process is op-
erated optimally at steady-state. In other words, the objective is
to eliminate the RTO layer by translating the economic objectives
into control objectives. This is commonly known as “feedback opti-
mizing control”, “direct input adaptation”, or “implicit RTO” (Morari
et al.,, 1980; Chachuat et al., 2009; Srinivasan and Bonvin, 2019).

Feedback optimizing control for the unconstrained degrees of
freedom is an active area of research and has been receiving signif-
icant interest over the past two decades. Different feedback-based
RTO methods have been proposed not only in the process control
literature, but also in electrical and mechanical engineering liter-
ature (Ariyur and Krstic, 2003; Tan et al., 2010; Hauswirth et al.,
2017). The main objective of this paper is to provide an overview
and understanding of the different approaches to achieving asymp-
totic optimal operation using feedback control, without the need
to solve numerical optimization problems online. Different model-
based and model-free methods, and a combination of these will be
reviewed in this paper.

Much of the research in this field has been devoted to using
steady-state cost gradients J, as the self-optimizing variable, with
a few exceptions such as Alstad et al. (2009), Larsson and Sko-
gestad (2000), Halvorsen et al. (2003). Naturally, this survey pa-
per could also be seen as a review of different gradient estima-
tion methods for real time optimization, where we also discuss and
compare the performance of different approaches in terms of accu-
racy, convergence time, ease of implementation, scalability etc. It
is important to note that the objective of this paper is not to con-
vince that simple control structures are superior to model-based
optimization routines, but rather to demonstrate that there exists
a wide array of methods that can be used to asymptotically drive
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a process to its optimum using feedback control, as an alternative
to model-based steady-state real-time optimization.

The reminder of the paper is organized as follows: The under-
lying concept of feedback optimizing control relating to the first-
order optimality conditions is shown in Section 2. Section 3 pro-
vides a detailed survey of the model-based approaches. More pre-
cisely, Section 3.1 reviews the methods where rigorous nonlinear
process models are used offline to select a linear combination of
measurements as self-optimizing variables, whereas Section 3.2 re-
views model-based gradient estimation methods. Section 4 reviews
the model-free gradient estimation methods, where the steady-
state cost gradient is estimated directly from the cost measure-
ment. The combination of model-based and model-free approaches
are reviewed in Section 5. Section 6 deals with optimal operation
with changing operating conditions. The performance of the differ-
ent methods are compared using a benchmark Williams-Otto reac-
tor example in Section 7. Detailed discussions on the key features
of the different methods are provided in Section 8 before conclud-
ing the paper in Section 9.

Notational remark In the rest of the paper, we use the following
notations.

@ - Physical manipulated variables (primal variables)

u C i1 - unconstrained degrees of freedom

d - parameters and process disturbances

ym - vector of process measurements

J - Cost measurement

Jimoder - Cost predicted by model

ju,model - Model-based gradient estimate

Ju - Model-free gradient estimate

C(11,d) - set of constraints

C, (1, d) - set of active constraints

A - Lagrange multipliers of constraints C (dual variables)

Aa - Lagrange multipliers of active constraint set C,

2. Feedback optimizing control

Morari et al. (1980) first introduced the concept of feedback op-
timizing control, where the main aim was to translate the economic
objectives into process control objectives. This can be done by
choosing the “right controlled variables”, which when controlled
to a constant setpoint, leads to economically optimal operation at
steady-state. The most important question is then,

What variables to control, such that the economic objectives
are translated into control objectives?

To answer this, consider the steady-state optimization prob-
lem,

min J(@ d)

s.t. )]
C(ii.d) <0

where @1 € R"™ denotes the vector of manipulated variables (MV)
and d € R" denotes the vector of disturbances, J: R" x R"™ — R
is the scalar cost function and C:R" x R — R" denotes the
vector of constraints. The Lagrangian of the optimization problem
is given by,

LA, 10,d) :=J(@,d) +A7C(@, d) (2)

where A € R are the Lagrange multipliers of the inequality con-
straints, and the first-order optimality conditions for this optimiza-
tion problem is given by:

Vo (i, d) + A TVC(ir, d) = 0 (3a)

C@ii*,d) <0 (3b)
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A =0 (3¢)

ASGEU,d)=0,Vi=1,....n (3d)

Assumption 1. Linear independence constraint qualification, strict
second order sufficient condition and strict complementarity holds
for the optimization problem (1).

The above assumption implies that the optimization problem
(1) has a unique primal and dual solution (@i*,A*), and the ob-
jective is to asymptotically drive the plant to this unique local op-
timum by using feedback control. Note that feedback optimizing
control only deals with asymptotic optimal operation and not with
optimizing the transient behavior. Transient behaviour is typically
determined by the controller tuning parameters.

There are two main paradigms that can be used to translate the
economic objectives into control objectives:

1. Region-based control: In this paradigm, the idea is to first
identify the different active constraint regions a priori and use
a subset of physical manipulated variables (primal variables) to
control the set of active constraints (constraints that are opti-
mally at their limiting value) in each region. The remaining un-
constrained degrees of freedom in each region are then used to
satisfy the first-order optimality condition of the reduced un-
constrained optimization problem. This is discussed in detail in
Section 2.1.

2. Primal-dual feedback optimizing control: In this paradigm,
both the primal and the dual variables are considered as de-
grees of freedom, which are adjusted using feedback control to
satisfy the first-order optimality condition of the original con-
strained optimization problem. This approach does not require
the different active constraint regions to be identified a priori,
and is therefore more general than the region-based approach.
This is discussed in detail in Section 2.2.

2.1. Region-based control

2.1.1. Active constraint control

If optimal process operation corresponds to the case when
some of the constraints are active (i.e. at its limiting value), then
the easiest choice for the controlled variables are the active con-
straints itself.

Let ng < n. denote the number of active constraints C, (@1, d) at
the optimum for a given disturbance realization d. Since the con-
straints are typically measured in the process, for each active con-
straint, we usually associate the constraint itself as the controlled
variable, i.e. CV = C,, which are controlled to its limiting value us-
ing feedback control.

Active constraint control is a well known idea and has been
used in many examples, see Maarleveld and Rijnsdorp (1970),
Arkun and Stephanopoulos (1980), Morari et al. (1980),
Fisher et al. (1988), Jacobsen and Skogestad (2012), Reyes-
Laa et al. (2018), Krishnamoorthy and Skogestad (2019),
Krishnamoorthy et al. (2019a) to name a few.

The first step to designing active constraint control is to iden-
tify the potential combination of active constraints that may be
encountered. The rigorous approach to identifying the different ac-
tive constraint regions as a function of disturbances is by offline
optimization, which requires good process models (Jacobsen and
Skogestad, 2012). However, if reliable models are not available (cf.
Challenge 1), then one can identify the relevant active constraint
combinations based on good process understanding and “engineer-
ing intuition” (Skogestad, 2004). To be systematic, one can start by
writing down all the 2™ active constraint combinations, and elimi-
nate the constraint combinations that are not feasible or not likely

Computers and Chemical Engineering 161 (2022) 107723

(Reyes-Laa and Skogestad, 2019b). For example, one can eliminate
certain constraint combinations using the following guidelines:

e The maximum number of active constraints n, <n; for the
problem to be feasible.

¢ Certain constraint combinations are not possible, e.g maximum
and minimum constraint on the same variable cannot be active
at the same time.

o Certain constraints are always active, e.g. purity constraint
on most valuable product to avoid product giveaway
(Govatsmark and Skogestad, 2005),(Skogestad and Postleth-
waite, 2007, Chapter 10).

Note that it is sufficient to identify the expected active con-
straint combinations, and one does not need to know exactly
where the switching occurs. It is reasonable to assume that all
the constraints are measured for monitoring purposes, and one can
therefore detect whether the constraints are approaching its limit-
ing value or not.

At the same time, it is also important to note that eliminating
certain active constraint combinations without solving the opti-
mization problem offline requires good process understanding and
insight, and therefore it is not guaranteed that all the relevant ac-
tive constraint regions will be considered. As such, this is more
suited for small-scale unit operations with few constraints, where
it is possible to identify the expected active constraint combina-
tions easily.

Due to imperfect control and noise it may be desirable to add
a safety margin to the active constraint controllers. To avoid dy-
namic constraint violations, we may choose to implement a back-
off, where the setpoint for the active constraints C, are offset by a
margin €. This gives rise to a loss, which increases linearly, and is
quantified by the corresponding Lagrange multipliers A, as,

Loss = Ale (4)

See Appendix A for the proof. Quantifying the loss due to back-off
provides two important insights:

1. It tells us which constraints need to be tightly controlled.

2. It allows us to simplify the control structure design. That is,
if the Lagrange multiplier for a given constraint is sufficiently
small such that the loss is negligible, then we can allow a large
back-off (Govatsmark and Skogestad, 2005).

To this end, by tightly controlling the active constraints at their
limiting value, one then only needs to find what to control using
the remaining n; — n, unconstrained degrees of freedom. In other
words, the total n; available degrees of freedom are partitioned
into two subsets it =[uw' u]T, where u’ € R™ is used to control
the active constraints and u € R™~" js used to control the self-
optimizing variables.

2.1.2. Unconstrained optimum

For the remaining n, := (n; —ng) unconstrained degrees of
freedom denoted by, u c i@, we need to choose what to control. This
is not obvious, and requires more knowledge about the process,
either in the form of process models or direct cost measurement,
in order to translate the economic objectives into feedback control
objectives. This additional information can be used to identify suit-
able “self-optimizing” controlled variables ¢ € R™, and their corre-
sponding setpoints cSP.

Skogestad (2000) defined self-optimizing control as when we
can achieve (near) optimal operation (acceptable loss) with con-
stant setpoint for the self-optimizing controlled variables. This can
either be a single measurement (Section 3.1.1), a linear combina-
tion of measurements (Section 3.1.2), or some other optimization
specific feature such as the steady-state cost gradient, that trans-
lates the economic objectives into control objectives. The ideal self-
optimizing variable is the steady-state cost gradient (Sections 3.2
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and 4), which when kept at a constant setpoint of zero, satis-
fies the necessary conditions of optimality (Halvorsen et al., 2003;
Francois et al.,, 2012; 2005). For instance, consider the gradient of
the reduced system (after controlling the active constraints),

min J(u.d) (5)

where u € R™ is the vector of unconstrained degrees of freedom.
The KKT optimality conditions for (5) state that the necessary con-
dition of optimality is when the reduced gradient of the cost func-
tion is zero.

Ju(d) :=VyJ(u*.d) =0 (6)

Equivalently, one can also consider the full system (1), in which
case the n, self-optimizing variables are given by a linear combi-
nation of the cost gradient w.r.t. all the manipulated variables 1,

Ju(d) := VyJ(u.d) = N"Vg/(ui.d) = 0 (7)

where N is the nullspace of the active constraint gradients (i.e.
NTV;C(u, d) = 0). This equivalent approach results in a more gen-
eralized framework that can be used for different active constraint
combinations. Note that this is the same as the gradient of the
reduced system (see for example Krishnamoorthy and Skogestad,
2020a; Krishnamoorthy and Skogestad, 2019; Jaschke and Skoges-
tad, 2012; Marchetti et al., 2016; Marchetti et al., 2020 to name a
few).

Theorem 1 (Generalized framework for region-based feedback op-
timizing control Krishnamoorthy (2019), Krishnamoorthy and Sko-
gestad (2020a)). Given Assumption 1, the steady-state optimization
problem (1) for a given disturbance realization d can be transformed
into feedback control problem by controlling (in this order):

1. Active constraints Cy (i, d) = 0.

2. Self-optimizing variables ¢ = ¢P, where
c=N'Vy(i,d)
and ¢’P =0

Proof. From Assumption 1, the Lagrangian of (1) is given by

C.(a, d):|

C(a,d) ®)

J(@d) + [ra AH]T[

=/(@,d) + 1/C,(1,d) (9)

where we have partitioned the system into set of active constraints
(denoted by (-),) and inactive constraints (denoted by (-);). The
stationarity condition gives,

VaJ@@,d) + AL VgCy (i, d) =0 (10)
=>Vy/(@,d) = AL V5C, (i, d) (11)
Pre-multiplying (11) by NT gives

N'Vg/@,d) = -N"V5C, (i, d)Ay (12)
and since N is chosen such that NTV4Cy(@i,d)T =0, we have
NTV,/(ii, d) = 0.

Therefore, keeping the active constraints Cy (i1, d) = 0 together
with NTVgJ(ii,d) =0 fully specifies the first order optimality
conditions. O

This approach requires online estimation of the steady-state
cost gradient VgJ(@i,d), as well as the constraint gradients
ViC(@, d). Any of the model-based gradient estimation method
reviewed in Section 3.2 or any model-free gradient estimation
method reviewed in Section 4 can be used for this purpose.
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To summarize, we have thus far considered the case, where the
controlled variables were chosen by partitioning the set of con-
straints into active and inactive sets. This resulted in different ac-
tive constraint regions as a function of disturbances. In each re-
gion, n, degrees of freedom were used to control the active con-
straints, and n; — nq remaining unconstrained degrees of freedom
where used to control the self-optimizing variables (such as the
steady-state cost gradient of the reduced system). When the set
of active constraints change, this requires us to switch the set of
controllers accordingly. This can be achieved by using multivariable
control such as MPC that tracks the constraints and self-optimizing
variables in neighboring regions, or by using classical control ele-
ments such as selectors, split-range etc. This is discussed in de-
tail in Section 6. In other words, by identifying and controlling
the active constraints tightly, we only need to transform a sim-
pler unconstrained optimization of the reduced system, and switch
between the different controllers in each active constraint region
accordingly. The general control structure under this paradigm is
schematically represented in Fig. 3a.

2.2. Primal-Dual feedback optimizing control

Alternatively, one can also transform the optimization prob-
lem into a feedback control problem without partitioning the set
of constraints into active and inactive sets a priori. This approach
is especially useful if there are many active constraint regions to
switch between and/or if it is not possible to identify the different
active constraint regions a priori (e.g. due to lack of good models).
The main idea here is to consider the Lagrangian of the optimiza-
tion problem (2) as an unconstrained optimization problem with
n; +nc degrees of freedom. More precisely, the degrees of free-
dom for the feedback optimizing control are now given by both
the physical manipulated variables @ (which are the primal vari-
ables in (1)) as well as the Lagrange multipliers A (which are the
dual variables in (1), also known as shadow prices).

Consider the relaxed optimization problem (2), for which the
stationarity condition w.r.t. to the n; + n. degrees of freedom (de-
noted jointly as [i1 A]T) is given by,

Val(ha.d)| Va (@, d) + AT V5C(0+, d) _0 13)
ViL(h, i, d)| C(a*, d) B (

Therefore, the n; degrees of freedom are used to control
the stationary condition such that VzL(A, 1, d) = Vg/(a,d) +
ATV4C(,d) =0 for any given A. Additional n. feedback con-
trollers are used to update A such that the constraints C(d,d)
are controlled to a constant setpoint of zero (i.e. active constraint
control). We also have the additional dual feasibility constraint
A >0 (cf. (3c)). However, at any given time, either only A >0
or C(i,d) < 0 will be active, thanks to the complementary slack-
ness condition (3d). Therefore, dual feasibility and complementary
slackness is taken care by using a max-selector as shown in Fig. 3b.
In other words, the “active constraint control” in this paradigm is
achieved using the Lagrange multipliers A (i.e. the dual degrees
of freedom), instead of a subset of the primal degrees of freedom
ucu

Considering only integral action, the primal-dual feedback law
in this case can be expressed as

i V@@, d) + ATViC(@, d) (14)
A max (0, C(ii, d))
which is also commonly known as saddle-point flow (Venets, 1985;
Feijer and Paganini, 2010).
To this end, we have (n; + n.) feedback controllers:
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Fig. 3. Feedback Optimizing Control. (a) Paradigm 1: Region-based control, with active constraint control and self-optimizing control in each region and switching between
the different active constraint regions. (b) Paradigm 2: Primal-Dual Feedback optimizing control structure.

e n; primal controllers where i is used to control the gradient
of the Lagrangian VzL(XA,@,d) to a constant setpoint of zero
thereby satisfying the stationarity condition (3a)

e n. dual controllers where the dual variables A are used to con-
trol the constraints C(i1,d) at their limiting value while ensur-
ing that A > 0 by using a max-selector, thereby ensuring primal
feasibility (3b), dual feasibility (3c), and complementary slack-
ness (3d).

Given Assumption 1, this ensures the satisfaction of the first-
order optimality conditions by using feedback controllers. The gen-
eral control structure under this paradigm is schematically repre-
sented in Fig. 3b.

Unlike the region-based approach, primal-dual control avoids
the need for identifying the different active constraint regions
a priori. Consequently this approach also avoids the need to ex-
plicitly design a switching strategy to handle changes in the active
constraint regions as the operating conditions vary. The choice of
MV-CV pairing is also rather straightforward for this case, where @
is used to control V4L (A, 1, d), and the Lagrange multiplier corre-
sponding to a constraint is used to control that constraint.

Note that the dual controllers control the constraint indirectly
by updating A, which occurs at a slower time scale relative to
the primal controller (due to the cascade structure). Thus, in some
cases it may be difficult to achieve tight control of the constraints
and to avoid dynamic constraint violation one may need to use
back-off, resulting in an economic loss, quantified by (4).

It can be seen that this approach requires online estimation of
the steady-state cost gradient Vg/(ii, d), as well as the constraint
gradients ViC(ii,d). Any of the model-based gradient estimation
method reviewed in Section 3.2 or any model-free gradient esti-
mation method reviewed in Section 4 can be used for this purpose.
Note that unlike the region-based approach, primal-dual approach
cannot use other self-optimizing variables such as a single mea-
surement or a linear measurement combination. Therefore, primal-
dual approach cannot be used if the cost and constraint gradient
estimates are not available.

It is also important to note that the primal and dual controllers
work together by gathering all the constraint and cost gradients
to compute the gradient of the Lagrangian, and one is not inde-
pendent of the other. This makes it less robust to faulty control
loops. For example, if any control loop is broken, then this will af-
fect the overall system, unlike in region-based control, where for
example any given active constraint controller will still work per-
fectly fine in controlling that constraint even if some other con-
trol loop is broken. This is because in region-based control, each
constraint is paired directly with an input. On the other hand, this
makes region-based approach less suitable for large-scale systems
than the primal-dual approach.

Distributed Feedback Optimizing Control Primal-dual approach is
more amenable to distributed systems and large-scale processes
that is made up of several unit operations or sub-processes, that
are coupled in one form or the other. In many process applications,
feedback controllers are typically designed in a decentralized fash-
ion for small subprocesses [unit operations. If the overall process is
coupled in one form or the other, then optimal operation of the lo-
cal subsystems do not necessarily contribute to the overall optimal
operation. The loss due to lack of coordination was also pointed
out and quantified by Morari et al. (1980).

To address this issue, one can decompose the large-scale pro-
cess into several smaller subprocesses or unit operations, and for-
mulate local optimization problems with coupling constraints that
couples the different subsystems together. This enables one to de-
sign feedback optimizing control structures for the local subsys-
tems, and use a central coordinator to coordinate the different
subsystems. Decomposing a large-scale system into smaller sub-
systems and considering the different subsystems locally makes it
easier to design feedback control structures, which is also often
done in practice. A distributed feedback optimizing control scheme
based on the primal-dual feedback control approach was recently
proposed by Krishnamoorthy (2021a), where the “optimizing” con-
trolled variable for local subsystems are given as a function of the
Lagrange multiplier of the coupling constraints. The primal con-
trollers are designed locally for each subsystem based on the lo-
cal cost and constraint gradient estimation. The dual controllers
corresponding to the coupling constraints acts as the central co-
ordinator and updates the Lagrange multipliers, as shown in Fig. 4.
Together, this leads to overall system-wide asymptotic optimal op-
eration. The coupling constraints typically arises from shared re-
sources among the different unit operations or physical couplings
(e.g.the outflow from one unit is the inflow to another). In the for-
mer case, the optimization problem is formulated as an optimal
exchange problem (Boyd et al., 2011, Section 7.3), whereas in the
latter case, the optimization problem is formulated as a consensus
problem (Boyd et al, 2011, Section 7.1). The interested reader is
referred to Krishnamoorthy (2021a) for more detailed description
and analysis of the distributed feedback-based RTO scheme.

3. Model-based methods

In model-based techniques, we assume that we have access to
a model of the process given by,
x=f(x,u,d) (15a)

y=gx ud) (15b)
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Fig. 4. A distributed feedback-based RTO framework using Lagrangian decomposition. The large-scale process is decomposed into N smaller subsystems, each optimized
locally using feedback controllers. The central coordinator ensures system-wide optimal operation.

Jmodel = h(X, u, d) (15(:)

where x € R™ denotes the states, u e R™ denotes the un-
constrained degrees of freedom, d e R% denotes the distur-
bances, and y € R"Y denotes the vector of measurements. f e C2 :
R™ x R x R — R™, geC?:R™ xR™ xR — RY, and he
C?:R™ x R™ x R" — R denotes the smooth functions that de-
scribe the system dynamics, measurements and the cost respec-
tively. Note that the cost predicted by the model is denoted as
Jmoder = h(X, u,d), whereas the true cost measurement from the
plant is simply denoted as J, without any subscript. The unmea-
sured disturbances and model parameters are jointly denoted by
d. Furthermore, we assume that we have more measurements than
disturbances, i.e. ny > ngy.

As shown in Fig. 1, the model-based methods can be further
classified into two categories, based on whether the models are
used online or offline.

3.1. Models used offline for obtaining self-optimizing variables

In this class of methods, the controlled variables ¢ for the un-
constrained degrees of freedom are chosen offline based on process
insights extracted from the process models (15). Using offline anal-
ysis, the objective is to design the controlled variables ¢, as well as
their corresponding setpoints ¢5P.

As already mentioned, the ideal self-optimizing variable is the
cost gradient ¢ = J,. However, obtaining an analytic expression for
Ju may be tedious, and even if an expression is found, one may
not have measurements of all variables in the expression for Jy.
In addition, the cost gradient J, may also be susceptible to mea-
surement errors. An alternative approach is therefore to start from
the available measurement y, and look for single measurements or
measurement combinations that can be kept constant. To simplify
the mathematical treatment, we usually only consider linear mea-
surement combinations, ¢ = Hy, where H is a constant measure-
ment selection matrix. Note that also the optimal setpoint ¢’? must
be obtained in this case.

3.1.1. Direct loss evaluation

When deciding what to control using the unconstrained degrees
of freedom, the simplest is to choose a subset of the available mea-
surements ¢ C y as the self-optimizing controlled variables (CVs),
which are controlled to some constant setpoint. The main idea
here is to select all or a subset of available measurements as candi-
date controlled variables, and repeatedly evaluate the cost for the
expected disturbance scenarios, when the different candidate con-
trolled variables are kept constant. This analysis is performed of-
fline for all the candidate CVs, and for all expected disturbances.
Since there are n, unconstrained degrees of freedom, a subset of

n, measurements are evaluated as candidate CVs for expected dis-
turbances. As such, this approach involves simulating the process
several times for each set of candidate CV to evaluate the cost, and
replacing the incumbent CV with the one that gives a lower cost.
The candidate measurements with the lowest economic losses are
then used as self-optimizing controlled variable for online control.
This method is also known as brute force approach. Economic loss
here may either be the average loss, or the worst case loss.

Note that, with this method one does not know how far one
is from the true optimum, since we only evaluate the cost, and
select the set of candidate CVs that provides the lowest ob-
served cost. This is one of the earlier methods for finding the
self-optimizing controlled variables for unconstrained optimization
problems, that was used by Skogestad (2000), and was also stud-
ied by Larsson and Skogestad (2000) and Govatsmark and Skoges-
tad (2005).

For processes with many candidate measurements, it may be
tedious and time consuming to evaluate the economic loss for
the all the possible candidate controlled variables. A more nu-
merically efficient approach is to use the “maximum-gain rule”,
which uses the steady-state gain (denoted by G) from the uncon-
strained degree of freedom to the candidate controlled variable
(Halvorsen et al., 2003). Here, the gain matrix is scaled as shown
below

, .
¢ ‘d“g{amnao}c
where ¢; is a set of candidate controlled variables. The maxi-
mum gain rule states that self-optimizing variables should be se-
lected that maximizes the scaled gain matrix G/, or more precisely
maximize the minimum singular value of the scaled gain matrix
(Halvorsen et al., 2003). The maximum gain rule can be used to
select a few good alternative candidate self-optimizing variables.
Brute force method can then be used to analyze the economic
losses for the short-listed CV candidates. The interested reader is
also referred to a recent survey paper on self-optimizing control
by Jaschke et al. (2017) for a more detailed discussion of this ap-
proach.

3.1.2. Linear measurement combination

In this approach, instead of a selecting a single measurement,
the controlled variable is chosen as a linear combination of the
available measurements

c=Hy

The objective is then to find the best measurement selection ma-
trix H using the process models offline. Most approaches are
based on local linearization around some nominal optimal point.
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Fig. 5. Self-optimizing control using linear measurement combination as the opti-
mal controlled variable, where the self-optimizing controlled variables are identified
using the models offline (Alstad and Skogestad, 2007; Alstad et al., 2009).

The two most popular approaches to find the optimal mea-
surement combination are the nullspace method proposed by
Alstad and Skogestad (2007) and the exact local method pro-
posed by Halvorsen et al. (2003) and further developed by
Alstad et al. (2009) and Yelchuru and Skogestad (2012). Fig. 5
shows the block diagram for self-optimizing control.

Remark 1. Note that in the case of single measurements selected
using direct loss evaluation (cf. Section 3.1.1) the elements of the
H matrix would comprise of Os and 1s.

Nullspace method The nullspace method, is the simplest ap-
proach for finding the optimal selection matrix H for the case with
no implementation error. This method assumes that the number of
measurements ny > ny + ng.

Let the disturbance variation around some nominal point dy be
denoted as 8d :=d — dy, and the corresponding change in the op-
timal measurement be denoted as §y* := y* —y;. The optimal sen-
sitivity matrix, which describes how the optimal value varies with
the disturbance, is given by

_y
~od

The optimal selection matrix H is selected such that it is in the
nullspace of the optimal sensitivity matrix F, i.e.

HF = 0 (17)

Alstad (2005, Chapter 3) proved that computing the selection ma-
trix H such that HF = 0 leads to zero loss for small disturbance
change Ad. The setpoint for the optimal measurement combina-
tion ¢ is often computed using the nominal optimal measurement,
i.e. ¢P = Hyp.

Exact local method: This method is an extension of the nullspace
method which takes into account the measurement and imple-
mentation error, and avoids the limitation that ny > ny + ny. The
starting point is to approximate the nonlinear economic optimiza-
tion problem (5) with a constrained quadratic programming (QP)
problem that minimizes the average loss. This is based on Taylor
series expansion of the cost around the nominal optimum uy for a
given disturbance d

F

(16)

J(u,d) ~ J(uh, d) + JuTu + 2 8uTfuudu (18)
—— 2
=0

from which the loss function can be written as

Loss = J(u.d) — J(uj, d) = %IIZII2 (19)
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where z := Juu/?8u.
Using the linearized measurement model,

_ Og og
dy = 3a Su + 7d éd (20)
— —
(e (;!é
and
¢ =Hy,, = Hy + Hey (21)

Wwe can express

-d
z=Ju'?(HG) "H[FWq W, | [ . /} (22)
—
=Y

where d = d'Wj is the normalized disturbance, ey = ey’We, is the
normalized implementation error, and Wy and We, are diagonal
scaling matrices for the expected values of the disturbance and im-
plementation error, respectively.

Since Loss = %||z||2, from (22), we can see that z is minimized if
HY is minimized with ]uul/2 (HGY)~! = 1. Therefore, the minimiza-
tion of the average loss can be achieved by minimizing the follow-
ing,

min |[HY|[¢ (23)

s.t. HGY = Jyu /2
from which H can be obtained analytically as,
H = (WT)—lcy (24)

See Alstad et al. (2009) for a detailed derivation of the exact local
method.

Remark 2. It is worth noting that exact local method is the only
approach that explicitly takes into account measurement noise and
implementation error.

Note that the optimal sensitivity matrix (16) may be de-
termined numerically by perturbing the disturbances and re-
optimizing. Alternatively, one can use the analytical expression. As-
suming that we in y* include in addition to outputs y also the in-
puts u, the analytical expression for the sensitivity matrix becomes

y -1
Ty P T_ Gd—GyJuu Jud
Py )= @)
Juu Jud
where
9%h _ 9h

Juu = W Jud = Juod

The nullspace and the exact local methods are based on lo-
cal linearization around some nominal optimal point. As a re-
sult, the steady-state loss increases, as the process is operated
far away from the nominal optimal conditions. In order to extend
the economic performance to be globally acceptable, global self-
optimizing control methods have also been proposed, see for e.g.
Ye et al. (2015, 2017). Ye et al. (2012) also proposed to approxi-
mate the necessary conditions of optimality using regression tech-
niques such as least squares or artificial neural networks, which
can then be used as self-optimizing controlled variables. In recent
years, there have been several developments that focus on using
measurement combination as self-optimizing variables, leading to
its own survey article (Jdschke et al., 2017).
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3.1.3. Neighboring extremal control (NE)

In this approach, the cost gradient around the nominal optimal
conditions is estimated from the variations in d around the nomi-
nal operating point where the gradient is zero. The change in the
cost gradient §Jy resulting from the parametric variations §d can
be expressed as

8Ju = Juud + Juadd (26)

Since the parametric variations §d may be unknown, it is inferred
from the input and measurement variations éu := u — ugy and 8y :=
y — Yo respectively. This is obtained by using the linearized mea-
surement model (20). Hence,

5d = (G%)"(sy — Gsu) (27)
Substituting (27) in (26) results in,
6 =Jua (G})'8Y + [Juu — Jua(6}) € |su (28)

which is the gradient at nominal conditions. The estimated gradi-
ent (at nominal conditions) is then controlled to a constant set-
point of zero.

Comparing the optimal sensitivity matrix F in (25) with (28), it
can be seen that the nullspace method and the neighboring ex-
tremal control approaches are equivalent (Francois et al., 2014).
That is (28) can equivalently be written as

C=8u= H|:8y:| (29)
Su

where

H= |:Jud (GZ)T Juu — Jua (Gﬂ)TGy]

and from (25) one can see that HF = 0, which is the same as in
the nullspace method.

Remark 3. The connection between the nullspace method and the
neighboring extremal method shows that, although the nullspace
method aims to find a linear measurement combination as the
self-optimizing variable, it can also be seen as estimating the
cost gradient (i.e. ideal-self optimizing variable). In other words,
the nullspace method gives Jy, = 0 at nominal conditions, see also
(Jaschke and Skogestad, 2011, Appendix B).

Although the standard neighboring extremal control (Gros et al.,
2009) does not take into account measurement noise, variations of
this approach that considers the measurement noise has also been
proposed (de Oliveira et al., 2015).

3.2. Online model-based gradient estimation

3.2.1. Two-step approach

This approach is closely related to the traditional two-step RTO
approach, where the steady-state cost gradient is computed ana-
lytically using the model Eq. (15). The disturbances d are estimated
using the measurements Ymegs USINg any parameter estimation al-
gorithm.

= Ke (Ymeas - g(x, u, d)) (30)

with d being the estimated parameter and K, is the estimation
gain. Once the model parameters Elk are estimated, the analytical
Jacobian can be evaluated using the updated model. The estimated
gradient ju,mode, is then driven to a constant setpoint of zero using
any feedback control law. This approach is schematically shown in
Fig. 6a. The two-step approach of estimating model parameters us-
ing a dynamic model in the context of feedback optimizing control
was proposed by Adetola and Guay (2007).
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3.2.2. Feedback RTO using transient measurements (FRTO)

This approach proposed by Krishnamoorthy et al. (2019c) es-
timates the steady-state cost gradient using a nonlinear dynamic
model and the process measurements ymeqs by linearizing the non-
linear dynamic model from the cost to the inputs. Any combined
state and parameter estimation scheme (e.g. extended Kalman fil-
ter) may be used to estimate the states X and the unmeasured dis-
turbances d using the dynamic model of the plant and the mea-
surements yn,. Once the states and unmeasured disturbances are
estimated, (15a) and (15c¢) are linearized to obtain a local linear dy-
namic model from the inputs u to the objective function J,

X = Ax(t) + Bu(t) (31)
]model (t) = CX(t) + Dl.l(t)

where A € R B e R™*Mu C e R1*™ and D € R1*™, The system
matrices are evaluated around the current estimates X and d,

Ao of(x,u,d) B of(x,u,d)
ox ou

C— oh(x,u,d) D— dh(x,u,d)
0x Ju

Assuming that A is invertible, the corresponding steady-state gra-
dient is then given as

Jumodet = —CA”'B+D (32)

This approach is schematically shown in Fig. 6b. It is also worth
noting that (32) was also used by Bamberger and Isermann (1978),
Garcia and Morari (1981) among others to estimate the steady-
state gradient from linear dynamic models (cf. Remark 4). The es-
timated gradient is then driven to zero using any feedback con-
troller. The reader is referred to Krishnamoorthy et al. (2019¢) for
more detailed discussions, as well as comparison with the
traditional RTO framework. This approach was successfully
tested in a wide range of case examples, see for exam-
ple Krishnamoorthy et al. (2019c), Bonnowitz et al. (2018),
Krishnamoorthy et al. (2018b), Krishnamoorthy et al. (2019b).

4. Model-free methods

In this section, we review different model-free methods to
achieve optimal operation using feedback control. In Section 3.2,
we saw how process models can be used online to estimate the
steady-state cost gradient, which can be controlled to a constant
setpoint of zero. Model-free methods on the other hand involve es-
timating the steady-state cost gradient directly from the cost mea-
surement without the need for detailed process models.

The underlying principle of model-free gradient estimation is
via online experimentation. Simply put, the inputs are perturbed,
and the corresponding change in the cost measurement is ob-
served, which is then used to estimate the steady-state cost gra-
dient. Therefore, all the model-free methods reviewed below as-
sume that direct cost measurements J are available. Below we re-
view different model-free gradient estimation. and for the sake of
simplicity we consider only the unconstrained case.

4.1. Finite-difference (FD)

Finite-difference approach is probably the oldest and the most
straightforward approach to estimate the steady-state cost gradi-
ent. Here, the inputs are perturbed by a small value Au around
the current operating point u, over a time period T,

u; 2kT <t < 2k+1)T

Wt Au k4 DT <t < @k+2)T (33)

u(t) = {
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Fig. 6. Online model-based gradient-estimation methods: (a) Gradient from adapted model using the two-step approach. (b) Feedback RTO (Krishnamoorthy et al., 2019¢).

The time period T is chosen such that the system reaches steady-
state within the time period. The gradients are then calculated by
measuring the corresponding variation in the cost measurement.

§, = A _J(@k+2)T) - J(@k+ DT)
YT Au Au

Finite difference method is a popular approach due to its sim-
plicity and ease of implementation, and has been used in several
feedback optimizing control methods such as NCO-tracking con-
trol (Francois et al., 2005; Jdschke and Skogestad, 2011) and hill-
climbing control (Kumar and Kaistha, 2014; Shinskey, 1996). Fi-
nite difference approach has also been used in other numerical
optimization based methods that use cost gradients such as the
integrated system optimization and parameter estimation (ISOPE)
algorithm (Roberts and Williams, 1981) and modifier adaptation
(Marchetti et al., 2009).

The finite-difference approach has shown to provide gradi-
ent estimates with sufficient accuracy for systems with relatively
fast dynamics and high signal-to-noise ratio (SNR). However, it
is known to be inefficent for processes with long settling times
(which requires large T), and measurements corrupted by large
noise (which requires large Au).

In addition to the classical finite difference approach mentioned
above, other variants of finite-difference approximation have also
been used in literature. For example, Roberts (2000), Gao and En-
gell (2005) and Rodger and Chachuat (2011) used Broyden’s for-
mula to estimate the steady-state gradient from current and past
measurement, without the need for additional perturbations. Brdy$
and Tatjewski (1995) proposed an alternative variant, where past
operating points are used to calculate the gradients without addi-
tional perturbations.

(34)

4.2. Classical extremum seeking control

Extremum seeking control, as the name suggests, is a con-
trol system that is used to seek and maintain the extremum
value of a static map between the input and the cost function
(Ariyur and Krstic, 2003). This approach dates back to the 1950s
with the work of Draper and Li (1951), where extremum seek-
ing control was studied under the context of adaptive control.
This method gained huge popularity since the work of Krstic
and Wang (2000), and remains to be a popular approach to this
day. Extremum seeking control has been applied to a wide ar-
ray of application domains including, but not limited to, pro-
cess control, aerospace, automotive, robotics, solar power, wind
power, oil and gas, medical and biomedical applications etc.,
to name a few. Extremum seeking control has also been used
in controller design such as optimal tuning of PID controllers

10

(Killingsworth and Krstic, 2006). Since 2000s, there has been sev-
eral advancements in extremum seeking (ES) methods including,
least square-based ES (Hunnekens et al., 2014), sliding-mode ES (Fu
and Ozgiiner, 2011; Pan et al., 2003), greedy ES (Trollberg and Ja-
cobsen, 2016), discrete-time ES (Choi et al., 2002), newton-based
ES (Ghaffari et al, 2012), Lie-bracket approximation based ES
(Dtirr et al., 2013) to name a few.

In the classical extremum seeking approach, a slow periodic
dither signal in the form of a sinusoidal wave asinwt is superim-
posed on to the input signal,

u(t) =d+asinwt (35)

The frequency w of the sinusoidal perturbation is chosen to be
slow such that the dynamic plant appears as a static map. This in-
duces a periodic response in the cost measurement with the same
frequency w. A high-pass filter with cut-off frequency w, is used
to remove the static bias (also known as the DC-component) from
the cost measurement,

N = —wpn + wp] (36)

(J — n) is then correlated with the input perturbation and the static
bias of the product of the two sinusoids is extracted using a low-
pass filter with cut-off frequency wy,

£ = —wE +w(J — n)asinwt (37)
from which the cost gradient can be obtained as

“ a?

Ju = jg (38)

The estimated gradient is then driven to a constant setpoint of zero
using an integral controller. This is schematically represented in
Fig. 7a.

As mentioned above, the dither frequency must be chosen rela-
tively small such that the plant dynamics do no interfere with the
extremum seeking scheme, and in addition the integral gain must
be small such that the convergence to the optimum does not in-
terfere with the sinusoidal perturbation. Hence this approach has
a clear timescale separation between

 plant dynamics (fastest)
e sinusoidal perturbation (medium)
e convergence to the optimum (slow)

In order to extend the dither-demodulation approach to the
multivariable case, each input channel is perturbed individually.
The perturbation frequencies must be chosen such that the dif-
ferent frequency components are unique, in order to ensure that
unique persistence of excitation condition is satisfied i.e. w; # w;,
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Fig. 7. Model-free gradient estimation methods: (a) classical extremum seeking control (Krsti¢c and Wang, 2000). (b) Least squares-based extremum seeking control

(Hunnekens et al., 2014).

2w; # wj, w; + wj # wy for any distinct i, j, and k (Ghaffari et al,
2012; 2015).

Although extremum seeking control has gained popularity in
electrical and mechanical systems, for most chemical and biochem-
ical processes, the timescale separation requirement leads to pro-
hibitively slow convergence to the optimum (typically convergence
to the optimum in the range of several hours to days).

4.3. Least squares-based gradient estimation

In this approach, the steady-state cost gradient is estimated by
using a first-order least squares fit, and was presented in the con-
text of extremum seeking control by Hunnekens et al. (2014). The
last N samples of input u and cost J are used to fit a local linear
static model of the form,

J=Jlu+m (39)
where m is the intercept/bias. At the current sample time k, let
Y = g, Jk_1s - - Jx_n41]" denote the vector of the past N cost mea-
surements, and U = [uy, ..., w,_y, |7 be the vector of the past N
samples of the input data. A moving window of fixed length N is

then used to estimate the gradient using a linear least squares es-
timation

0 = arg min [[Y - 70|12 (40)
to which the analytical solution is given by
0=[dT0]'dTY (41)

where 6 = [JT, m]" and ® =[U,1]". This approach is schematit-
cally represented in Fig. 7b.

The application of the least squares method requires that N >
ny. In theory, this method does not require a constant perturba-
tion using additional dither signal. However, a small perturbation
in practice is recommended in order to track changes in the opti-
mum and also to avoid an ill-conditioned problem in (41).

Instead of solving a linear least squares problem using (41), one
can also solve a recursive least squares problem with forgetting
factor to estimate 6 = [J%, m|T as described by Chioua et al. (2016),
Dewasme et al. (2011).

4.4. Kalman filter-based gradient estimation

In this approach, a Kalman filter is used to estimate the steady-
state cost gradient. Here, the underlying assumption is to fit a local
linear static model (39) around the current operating point, which
is the same as in the least squares approach (cf. Section 4.3). In-
stead of using least squares estimation, Henning et al. (2008) pro-
posed to use an extended Kalman filter (EKF), where the two un-
knowns x; =Jy and x, = m are the states of the Kalman filter. A

1

discrete time model for the two parameters is given by,

j“k+1 _ 1 0 j“k
e e R [ R

For the system (42) to be observable, two distinct measurements
of the input-cost pairs at two different times are required (Henning
et al., 2008; Gelbert et al., 2012). Consequently, the measurement
model is given by,

B (w1
[Jki] B [“ki 1} [mk} i

where the input-cost measurement data at the current time step
k and the measurement at time step k —i are used, where i can
be chosen by looking at the observability gramian as explained by
Gelbert et al. (2012). The vectors wy, and vy, denote Gaussian white
noises. An extended Kalman filter can now be used to estimate the
“states” Ju and m using the "system model" (42) and the "measure-
ment model" (43).

(42)

(43)

4.5. Gradient estimation using fast Fourier transform (FFT)

So far, we can see that the model-free gradient estimation ap-
proaches involve perturbing the input with additional dither sig-
nals, and the effect of the input perturbation on the cost is used
to estimate the steady-state cost gradient. A natural and powerful
approach to analyze the effect of periodic perturbations in any sig-
nal is to use the Fourier transform for spectral analysis, which tells
us what is the contribution of each frequency component present
in the signal. Therefore, one could periodically perturb the inputs
and simply analyze the frequency spectrum of the cost measure-
ment at the input perturbation frequency to obtain the cost gradi-
ent. In other words, the amplitude spectrum of the cost measure-
ment provided by the fast Fourier transform (FFT) is equivalent to
the magnitude of the cost gradient at the input perturbation fre-
quency .

FFT is a fast, easy and robust numerical approach to extract
the amplitude spectrum at different frequencies. This makes it a
very favorable approach for multivariable systems, where the dif-
ferent inputs are perturbed with periodic signals with unique fre-
quency components. The amplitude spectrum of the cost mea-
surement at the different frequency components then provides
the cost gradients with respect to each input. This intuitive na-
ture of FFT has led to its use in a few engineering applications,
see for example Corti et al. (2014) and Beaudoin et al. (2006).
Krishnamoorthy (2021b) formalized the FFT-based extremum seek-
ing scheme and analyzes its properties under a static map setting.

In fact, the classical extremum seeking control presented in
Section 4.2 can be seen as a special case of the Fourier transform,
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Fig. 8. Model-free gradient estimation methods: (a) Gradient estimation using Fast Fourier Transform (Krishnamoorthy, 2021b; Corti et al., 2014) (b) Gradient estimation
from black-box system identification, e.g. ARX (Bamberger and Isermann, 1978; Garcia and Morari, 1981).

where the cost measurement is demodulated with a sinusoidal sig-
nal of the same frequency as the input perturbation, instead of dif-
ferent frequencies.

In this approach, each input is perturbed with a unique periodic
sinusoidal signal g; sinw;t. Consequently, the cost measurement is
a function of the all the sinusoidal frequencies, which is extracted
by performing FFT over a sliding window of fixed length with N
past data samples (similar to the least squares method presented
in Section 4.3). To perform FFT, the cost measurement has to be
detrended, such that it has zero mean. The detrending may be per-
formed using any suitable method, for example the moving average
filter. Note that this is analogous to using the high-pass filter in the
classical extremum seeking control (cf. Section 4.2) to remove the
static bias. The discrete Fourier transform then extracts the differ-
ent frequency components of the detrended cost measurement J,

N-1
J(@) =Y Jo(kye I ¥k

k=0

YI=0,...,N—-1 (44)

Note that the product of the complex exponential function and
the detrended cost signal is analogous to the demodulation of the
dither and the cost measurement in the classical extremum seek-
ing control (cf. Section 4.2).

The magnitude of the gradient of the cost with respect to the
ith input, perturbed using w; can then be obtained by looking at
the amplitude spectrum |J(w;)|. Since the amplitude spectrum
|7 (w;)| > 0, to determine the sign of the cost gradient, the phase
spectrum of the cost ¢;(w;) with respect to the phase spectrum
of the input signal ¢y, (w;) is used. This is schematically shown in
Fig. 8a.

Together, the gradient of the cost w.r.t to the ith input is then
estimated as follows:

s 2 (@)
JUi - aui - al|j(wl)|sgn|:¢u,(a)z)i|
Yi=1,...,n (45)

Alternatively, the estimated gradient can be computed directly as

j_ﬁ_mwm»
BT 0w Re(Ui(wy))

Vi=1,....n (46)

where Re(-) is the real part of a complex number, and ¥;(w) is the
discrete Fourier transform of the ith input.

Much like any multivariable model-free gradient estimation
scheme, the input perturbation frequencies must be unique, and
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should not lie in the harmonics of other dither frequencies, i.e.
w; # wj, 20; # wj, ; + w;j # wy for any distinct i, j, and k.

It is also important to note that accuracy of the cost gradient
at any particular frequency is sensitive to the choice of N. This is
because the discrete Fourier transform treats the data window of
length N as if it is periodic and produces only [ =1, ..., N discrete
frequency components in (44). Therefore, if the exact perturbation
frequency is not part of the discrete frequency array [ =1,...,N,
this leads to inaccurate gradient estimation at the perturbation fre-
quencies. To avoid this, the minimum length N is given by the
least common multiplier of the different perturbation time peri-
ods 27 /w;. For a more detailed description and analysis of this ap-
proach, see Krishnamoorthy (2021b).

4.6. Gradient from multiple units

As mentioned earlier, model-free gradient estimation methods
require perturbing the input in order to estimate the gradient.
However, in some applications, these perturbations are not desired,
especially since when the effect of the perturbations are carried
over to downstream processes. For example, in continuous pro-
cesses, although some perturbations may be tolerated in unit pro-
cesses in order to optimize the process, the perturbations may not
be accepted at the product supply to the customer.

In processes with multiple units, one can carefully design the
perturbations, such that the overall perturbations cancel out each
other. One such approach was presented by Srinivasan (2007),
where in the presence of multiple units, the inputs to the units
differ by an offset A,

u; = Ui+

N> >

Uj = u]-,k —
and the gradient is then estimated using the finite difference
method (cf. Section 4.1).
< Ji—Jj

Ju="%

Similar synchronization methods for extremum seeking control
were also recently presented by Pavlov et al. (2017) and Silva and
Pavlov (2020).

(47)

4.7. Gradient estimation using transient measurements

A common trait in all the model-free gradient estimation meth-
ods presented so far is that it requires the assumption that the
dynamic plant acts likes a static map between the input and the
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cost. In order for this assumption to be valid, the input perturba-
tion must be much slower than the plant dynamics, such that the
dynamic plant can be approximated as a static map. Furthermore,
the controller gain to drive the steady-state gradient to zero must
be sufficiently small such that the convergence to the optimum is
much slower than the perturbation signal. In summary, this means
that the overall convergence rate is about two orders of magnitude
slower than the original plant dynamics (Krsti¢, 2000; Tan et al.,
2010).

Although this is not a major bottleneck for many electro-
mechanical systems, for many chemical and biochemical processes,
the settling times are often in the range of minutes to hours. The
timescale separation thus leads to prohibitively slow convergence.
Despite the very appealing characteristic of not requiring a detailed
model, many model-free gradient estimation methods may there-
fore be impractical for real-time optimization in the chemical pro-
cess industry.

In order to address this issue, one potential solution is to ex-
plicitly include the plant dynamics in the model-free gradient esti-
mation scheme. The use of measurements to repeatedly identify
a black-box local linear dynamic model around the current op-
erating point for online optimization of slow chemical processes
was first proposed by Bamberger and Isermann (1978). Here, black-
box system identification models such as ARX models are repeat-
edly identified online. The cost gradient is then estimated from
the identified black-box models, which is driven to a constant set-
point of zero. This approach was further analyzed by Garcia and
Morari (1981), where the authors recursively identified local lin-
ear dynamic models to estimate the steady-state gradient and
drive the process to its optimum using a gradient descent algo-
rithm. Later in 1989, McFarlane and Bacon (1989) presented an
empirical strategy for open-loop online optimization using black-
box ARX models similar to the one proposed by Bamberger and
Isermann (1978) and Garcia and Morari (1981). As such, the
method proposed by Bamberger and Isermann (1978); Garcia and
Morari (1981) and McFarlane and Bacon (1989) can be seen as
a dynamic variant of extremum seeking control for Hammerstein
plants, where the cost measurement is used to repeatedly iden-
tify a local linear dynamic model, which is then used to estimate
the steady-state gradient (cf. (32)). Model-free gradient estimation
using transient measurements by identifying local linear dynamic
models have also recently been used in the context of modifier
adaptation (Vaccari et al., 2020; Oliveira-Silva et al., 2021).

In this approach, black-box ARX model of the form

JO) = —aJt-1)—--- —apJ(t —nq)

-‘rb/u(t—])+...+b;1bu(t_nb)+e(t) (48)

are repeatedly identified using process measurements. The inputs
are perturbed using pseudo-random binary signal (PRBS) and the
perturbation frequency could be chosen in the same time scale
as the plant dynamics, leading to one order of magnitude faster
convergence to the optimum compared to classical sinusoidal ex-
tremum seeking scheme that requires two orders of magnitude
time scale separation.

The ARX model is identified repeatedly by solving the least
squares problem

0 =arg rr})in Iy — @703 (49)

where ¥, 6 and ® are given by the expressions

V=]

u(t —ny)]"

S =[Jt—-1) ... —J(t—ny) ut—1)...

9 = [al an, b{l b/nb ]

a
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Introducing the notation,

Apoy(@) =1+ a1q7 "+ +apq ™

and

Bpoly(‘]) = b/1q71 +eee b;bqinb

with g~! being the unit delay operator, the gradient is then esti-
mated as,

ju = Ai] Bpoly

poly (50)

Remark 4. It is interesting to note that the identified ARX poly-
nomials Ay (q) and By, (q), when converted to continuous time

state-space system! as shown below,
X =Ax+Bu
] =Cx+Du

results in the expression
Ju=(-CA'B+D)

for the steady-state gradient, which is he same as (32) in
the feedback RTO using transient measurements approach (cf.
Section 3.2.2).

Alternatively, one could also repeatedly identify an ARMAX
model or any other black-box model to estimate the steady-state
cost gradient. For example, Golden and Ydstie (1989) used a sec-
ond order Hammerstein model of the form

JO) = —aJt=1) - —anJ(t —ng)
+bu(t —1) +--- + by u(t — ny)+
Cut(t—1) +-- 4 u(t —ny) +e(t)

However, with such high order ARX, ARMAX models or second
order Hammerstein models such as the one used by Golden and
Ydstie (1989), the number of parameters that needs to be repeat-
edly estimated increases. If the excitation of the process is not suf-
ficient, then all the black-box model parameters may not be esti-
mated accurately. In the context of real-time optimization, this is
especially a problem as the system approaches its optimum, where
the steady-state relation between the input and the cost is typi-
cally flat. This challenge is illustrated using simple counter exam-
ples in Krishnamoorthy, 2019, Chapter 5.

One simple solution to this problem is to simply turn off the
gradient estimation once the plant reaches its optimum, as done
by Bamberger and Isermann (1978), McFarlane and Bacon (1989).
However, in practice, it is desirable to keep estimating the gradi-
ent even after reaching the optimum. This is to ensure that the
changes in the optimum are tracked.

Alternatively, if the nominal linear dynamics are known, this
can be fixed, such that we only estimate the unknown local steady-
state effect.

B biq! + o+ bn, g™
J=lu (1 +a1q7 1+ +ap,g !

fixed

Fixing the linear dynamic part enables us to effectively use tran-
sient measurements, thereby avoiding the steady-state wait time
issue (Krishnamoorthy, 2019, Chapter 5). In this case, the least
squares problem (49) is solved with

Y=JO) +aJt—1)+ - +apJ{t —ng)

(51)

® =bu(t—1)+---+ bpu(t —np)

1 for example using idss and d2c command in MATLAB
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More recently, van Keulen et al. (2020) proposed to apply a
multisine dither signal to identify the local linear dynamic model
of the plant, where the perturbation frequency is in the same
timescale as the plant dynamics. The transfer function of the lo-
cal linear dynamic system at the multisine dither frequencies are
estimated using Fourier Transform of the past N samples of input
and cost measurement (much like the FFT-based gradient estima-
tion described in Section 4.5). The local steady-state gradient is
then estimated by using an online complex curve fitting, by tak-
ing a frequency domain approach to system identification.

Another approach to account for the plant dynamics is to com-
pensate for the phase shift introduced by the plant dynamics, such
that the static map assumption can be relaxed. For example, one
can estimate the different harmonics using a Kalman filter, and
drive the high frequency harmonics to zero when the input per-
turbations are in the same timescale as the plant dynamics (Atta
et al., 2015; Trollberg and Jacobsen, 2016). In other words, the gra-
dient estimation problem is replaced by a problem of estimating
the harmonics, and this is used to drive the process to its steady-
state optimum.

5. Combination of model-free and model-based approaches

It can be seen that the model-based and model-free methods
for the unconstrained optimization problem have their own ad-
vantages and disadvantages. In short, one of main strengths of
the model-based methods is that it converges faster, whereas the
main weakness is the dependence on a model (making it sus-
ceptible to plant-model mismatch). On the other hand, one of
the main strengths of the model-free methods is that it circum-
vents the need for developing models (hence is not susceptible to
plant-model mismatch), whereas the main weakness is the pro-
hibitively slow convergence to the optimum. Note that the model-
based and model-free methods are complementary and not contra-
dictory. In general the model-free methods work in the slow time
scale, whereas model based methods work in the fast time scale.
This time scale separation can be exploited to combine the model-
based and model-free methods in a hierarchical fashion. For exam-
ple, any model-based method may be used on the fast timescale,
and a slow varying model-free method can be used on the on top
to account for any plant-model mismatch.
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5.1. Setpoint correction using model-free gradient estimation

When using the models offline to determine the self-optimizing
CV (cf. Section 3.1), this is based on some nominal conditions.
As mentioned earlier, as the operation drifts far away from the
nominal operating condition, this leads to steady-state losses.
Model-free gradient estimation approaches can be used to ad-
just the setpoint of the self-optimizing CVs in order to account
for the steady-state losses, as shown in Fig. 9a. Such synergistic
combinations of model-free methods and self-optimizing control
were shown to provide an improved performance, compared to
each of the method used individually. For example, Jdschke and
Skogestad (2011) proposed to combine NCO-tracking with self-
optimizing control and the improved performance was demon-
strated using a CSTR example from Economou et al. (1986). Sim-
ilarly, Straus et al. (2019) proposed to combine the least squares-
based extremum seeking control with self-optimizing control, and
demonstrated the performance improvement on a 3-bed ammonia
reactor case example. In both the approaches, the setpoint of the
self-optimizing variable ¢’ was updated by the model-free method
in a cascaded fashion as shown in Fig. 9a.

Modifier adaptation is another RTO scheme that was proposed
by Marchetti et al. (2009) to address the plant-model mismatch.
Here, the main idea is to estimate the plant gradients directly from
the measurements, and use this to correct the optimization prob-
lem. For the unconstrained optimization problem (5), the modifier
adaptation scheme iteratively solves

Min - Jioger (0, ) + € + 5 (u — u) (52)

where
€ =.I _Jmodel

8] :Ju _Ju,model
are the so-called modifier terms.2 Here, the plant gradient Jy is

estimated using any model free gradient estimation techniques re-
viewed in Section 4.

Remark 5 (Modifier Adaptation). Although MA uses model-free
gradient estimation algorithms, it is not a feedback optimizing con-
trol approach, since it is based on solving the numerical optimiza-
tion problem (52) in real-time. To this end, Modifier Adaptation

2 Note that MA is typically formulated for the full optimization problem (1),
which includes additional modifier terms for the constraints as well. However for
the sake of simplicity, we only consider the reduced unconstrained optimization
problem (5).
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can be seen as a combination of the model-free gradient estima-
tion approach with the traditional steady-state optimization (SRTO)
shown in Fig. 2.

A similar approach to modifier adaptation, but one that does
not require explicitly solving (52) would be to use the modifier
term & =Ju — Ju.moder @S the setpoint to the gradient controller
as shown in Fig. 9b. By doing so, we add a bias correction to
the model-based gradient estimate to account for the plant-model
mismatch in the slow time scale.

5.2. Discrepancy modeling framework

Discrepancy modeling framework is an alternative approach
to updating the setpoints using a model-free gradient estimation
method in a cascade fashion. Here the main idea is to approximate
the “unmodeled” effects using direct cost measurements. That is,
the residual between the cost measured from the plant J and the
cost predicted by the model J,04 is used to estimate the cost gra-
dient Ju. For example, one can train a function approximator ¢ (u)
that predicts the zeroth order bias correction term ¢, and use the
derivative of the trained function ¢ (u) to account for plant-model
mismatch.

€ :J _Jmodel ~ ¢€ (ll) (53)
where ¢ (u) can either be parametric function approximators (e.g.
neural networks), or non-parametric function approximators (e.g.
Gaussian processes). The plant gradient is then estimated as the
sum of the model gradient j“,mode, and the gradient of the function
approximator.

dpe

ju :ju,mudel + W (54)

Such an approach for estimating the plant gradient was recently
used in the context of modifier adaptation by Gao et al. (2016),
Matias and Jdschke (2019), del Rio Chanona et al. (2019). Although
these methods were applied in modifier adaptation, the estimated
gradient (54) can also be directly driven to a constant setpoint of
zero using feedback control, which to the best of our knowledge,
has not been shown earlier.

6. Operation with changing active constraints

The set of active constraints change with changing operating
conditions. Feedback optimizing control must be able to automat-
ically handle these changes and ensure that the process is oper-
ated optimally at steady-state over different operating conditions.
Section 6.1 details how this is handled in the case of region-based
control (paradigm 1), and Section 6.2 details how this is handled
in the case of primal-dual feedback control (paradigm 2).

6.1. Region-based control

As mentioned earlier in Section 2.1, paradigm 1 first involves
identifying the potential active constraint regions. Control struc-
tures are then designed in each active constraint region by parti-
tioning the available degrees of freedom into constrained and un-
constrained degrees of freedom (cf. Theorem 1). The set of active
constraints change with changing operating conditions, which re-
quires selecting different set of controlled variables and reconfigu-
ration of the control loops.

The identification of the current active constraint region, may
be done by tracking the constraints and self-optimizing variables
in all neighboring regions, and we switch region if any of these
become active (usually identified by a sign change (Manum and
Skogestad, 2012)). Note that this means that the switching is based
on the controlled variables (CVs). The controllers in each region
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may in principle by completely different and may be multivariable
(e.g. MPC).

However, a simpler approach in terms of implementation is to
pair each constraint with one particular input. This is the approach
studied in this paper. In this case, we implement a controller for
each CV (constraints and self-optimizing variables) and the switch-
ing is done based on the controller output i, that is, on the ma-
nipulated variables (MVs). The advantage is that one may use the
same controllers in many regions, and the switching may be per-
formed using standard max/min-selectors. The disadvantage is that
we need to pair each potential constraint with one specific input.
This may not be possible in some cases with many constraint com-
binations, because it requires that the constraints paired with a
given input are never optimally active at the same time.

6.1.1. CV-MV pairing

To this end, this requires choosing CV-MV pairing in each active
constraint region. There is no systematic approach that provides
a unique CV-MV pairing. However, this can generally be done in
practice by using some rule of thumb.

e Pair-close rule - In order to avoid large time delays and slug-
gish control, it would also be wise to control a CV using an MV
that is physically close to one another (Skogestad and Postleth-
waite, 2007).

Non-negative relative gain array (RGA) - The pairing must be
chosen such that the steady- state RGA of the resulting transfer
matrix is non-negative and close to identity matrix at crossover
frequencies (Skogestad and Postlethwaite, 2007).

Pair on large gain - One must also try to avoid pairing im-
portant CVs with MVs that quickly saturate, and instead pair
such MVs with less important CVs that may be given up
(Skogestad, 2004).

Additionally, the constraint grouping when using selectors to
switch between the different CVs (cf. step S1 in Section 6.1.3), also
influence the MV-CV pairing. Note that there may be several dif-
ferent possible MV-CV pairings to achieve the same objectives, and
the pairing rules listed above can guide in selecting a good con-
trol structure design that would help reduce the number of logic
blocks required to reconfigure the control loops.

Once the different control loops are designed for each active
constraint region, we then have to design a switching strategy be-
tween the different active constraint regions. Switching between
active constraint regions can be achieved by using classical ad-
vanced control elements, such as selectors, split-range control,
valve position control etc. as detailed below.

6.1.2. MV-MV switching
MV-MV switching can be achieved using three alternative clas-
sical control elements, namely,

1. Split-range control (Reyes-Lua et al., 2018; Reyes-Lia and Sko-
gestad, 2019b)

2. Valve position control (Reyes-Lta and Skogestad, 2019b)

3. Individual controllers for each MV with different setpoints
(Reyes-Lia and Skogestad, 2019a)

Split-range control Split range control (SRC), dates back to 1940’s
(Eckman, 1945) and is very commonly used in process control in-
dustries. Here, there is a controller that produces a control sig-
nal v, typically between 0 - 100%, that is input to the split-range
block, which then translates the control signal v to the physical
manipulated variables u;. A typical split range block with two MVs
is shown in Fig. 10a, where u; is used to control the CV and u,
is saturated when the control signal is below the split value v*,
whereas u; is used to control the CV and uq is saturated when the
control signal is above the split value v*. The reader is referred to
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Reyes-Lia et al. (2018), Reyes-Lia and Skogestad (2019b) for
more detailed information on using split-range control for MV-MV
switching.

Valve position controlValve position control (VPC), also known as
input-resetting control, is often used in industrial practice to im-
prove the dynamic performance, by allowing one MV to take care
of the fast response, and another of the long-term control. How-
ever, here it is used to extend the steady-state range when im-
plemented as shown in Fig. 10b. Here, uy is used to control the
CV, while u, is not used, i.e. it is kept at its desired limiting value,
e.g. u’z"m = 0. However, when u; is approaching its limit, u, controls
u; to a setpoint of u’]im + € in order to prevent u; from saturating
(Shinskey, 1996; Reyes-Lua and Skogestad, 2019a).

Controllers with different setpoints Another alternative is to use
independent controller for each input, and the setpoint for the dif-
ferent controllers vary by a small amount, as shown in Fig. 10c.
For example, u; is used to control the CV y at its optimal setpoint
¥SP, and u, is used to control the CV y at a setpoint of y*P + Ay*P,
where Ay*P is large enough such that only one controller is active
at any given time. It is important to note that this approach leads
to some steady-state loss, when u, is used to control the CV at
¥5P + AySP. However, it may be possible to reduce the loss of hav-
ing different setpoints. The simplest is to have a master controller
which slowly resets ySP so that y*P + Ay*P returns the truly de-
sired setpoint. An alternative approach with individual controllers
that completely avoids different setpoints, is the somewhat differ-
ent “Baton strategy” (Reyes-Ltua and Skogestad, 2020), where each
controller needs to identify when it has saturated. The reader is re-
ferred to Reyes-Lua et al. (2018), Reyes-Lia and Skogestad (2019b,
2020) for more detailed information on using controllers with dif-
ferent setpoints to extend the steady-state operating range.

6.1.3. CV-CV switching

A CV constraint that is optimally active, may no longer be ac-
tive when a disturbance changes. In this case, a different variable
(another CV constraint, or a self-optimizing CV) must be controlled
in order to operate the process optimally for the new disturbance.
To switch between the CVs, one can use individual controllers for
each CV. The MV value that is implemented on the plant is then
selected among the controller outputs using one or more selector
blocks (Krishnamoorthy and Skogestad, 2019; Reyes-Laa and Sko-
gestad, 2019b).

To design selectors, we pair each MV with a set of constraints a
priori, such that for a given MV u, the potential controlled variables
are:

e N CV inequality constraints, denoted by y; for alli=1,...,N

e at most one CV yy with a setpoint that may be given up (i.e.
self-optimizing CV)

MV inequality constraints

A systematic design procedure for designing selector blocks was
recently proposed by Krishnamoorthy and Skogestad (2020b). The
main steps of the systematic design procedure of selectors for each
MV u with different potential CVs can be summarized as follows:
S1(constraint grouping) Group the candidate CV constraints into
two sets, Y™ and Y~
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e The set Y* consists of all constraints that are satisfied with a
large input u. This includes a max-constraint on u (Umax)

e The set Y~ consists of all constraints that are satisfied with a
small input u. This includes a min-constraint on u (Up;,)

S2 (SISO control loops) Design individual SISO control loops to
compute the input for each CV constraint (u;) and for the CV set-
point controller (ug). Note that in this case it is important to imple-
ment anti-wind up for all the controllers, such that the controller
that is not selected, does not keep integrating.

S3a (Choice of selector)

o Use a min-selector on u; for constraints that are satisfied with
a large input, U = miny+ u;

e Use a max-selector on u; for constraints that are satisfied with
a small input, u = maxy- u;

S3b (Feasibility) For the set of constraints to be consistent, that
is, to have feasible operation, we need u > u (Krishnamoorthy and
Skogestad, 2020b), where u is the output from the min-selector
and u is the output from the max-selector.

S4 (Optimality) When the problem is feasible, the optimal in-
put is given by u = mid(u, ug, ), where ug is the control input
computed by the controller that controls the self-optimizing CV,
e.g. steady-state cost gradient. This can be achieved using a mid-
selector block in addition to the min- and max-selector blocks in
step S3a to compute u and u, respectively as shown in Fig. 11a. Al-
ternatively, this can also be achieved using a min-max or max-min
selector block in series as shown in Fig. 11b and c, respectively.
The three structures shown in Fig. 11 are equivalent when the con-
straints are feasible (cf. step S3b). If we only have one constraint
set Y+ or Y-, then we only need a single selector block, namely, a
min- or max-selector block, respectively.

S5 (Constraint Priority) If the constraints are conflicting, that is
U < u, then the three structures shown in Fig. 11 are not equivalent.
In this case, the constraint priority can be used to decide the ap-
propriate selector block. If the constraints in Y* take a higher pri-
ority than the constraint in Y~, then we can use a max-min struc-
ture (Fig. 11c). If not, we can use a min-max structure (Fig. 11b).
If necessary, one can find another MV v to control the constraint
given up by the original MV u. This would involve MV-MV switch-
ing as described above in Section 6.1.2.

6.1.4. Summary of switching strategies
To this end, the step-by-step procedure to design suitable
switching strategies under paradigm 1 can be summarized as:

o Step 1 - Identify the set of active constraints (CV with limits),
self-optimizing CVs (CV with setpoints) and the manipulated
variables (MV).

o Step 2 - Organize the constraints in a priority list. The priority
list may be used to decide which constraints may be given up,
in situations where it may not be possible to control all the ac-
tive constraints (e.g. when the no. of active constraints is more
than the number of degrees of freedom, or if the constraints
are conflicting as described in step S5 above).

o Step 3 - Identify relevant active constraint regions.
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Fig. 11. CV-CV switching using (a) min-max-mid selector blocks (b) min-max selector blocks (c) max-min selector blocks.

o Step 4 - Design the control structure for nominal operating
conditions. Typically this would be the most common or im-
portant operating region.

Step 5 - Design the control structure of the identified active
constraint regions from step 3, and design MV-MV and/or CV-
CV switching strategies between the different active constraint
regions, as described above. Note that it may not always be
possible to find simple switching schemes based on min- and
max-selectors to achieve this. In such cases, some alternative
logic scheme may be needed in some constraint regions.

Recent works such as Reyes-Lua and Skogestad (2019b), Reyes-
Lta and Skogestad (2019a), Reyes-Lda et al. (2018), Krishnamoorthy
and Skogestad (2019, 2020b) provides a detailed discussion on
switching between active constraint regions along with a wide
range of application examples in the context of feedback optimiz-
ing control. It is important to note that explicitly designing the
switching strategies requires one to identify all the different pos-
sible active constraint switching a priori and carefully design the
switching logic to account for all the possible switching. As such,
this is more suited for small-scale processes with only a few active
constraint regions that can be easily managed using such switching
logics.

6.2. Primal-dual feedback optimizing control

In the case of primal-dual feedback controllers as described in
Section 2.2, the CV-MV pairing is rather straightforward, where
for the dual controllers, it is natural to pair the Lagrange multi-
plier with its corresponding constraint control, and for the primal
controllers, it is natural to pair diagonally (i.e. pair u; with Vy, L)
as long as the determinant of the Hessian det(V2,£) does not
change sign. More precisely, here, we pair the physical MVs @ to
drive the controlled variables ¢ = Vi£ (A, i1, d) to zero, and the La-
grange multipliers (i.e. the dual variables) must be paired to their
corresponding constraints. By doing so, when an active constraint
becomes inactive as the disturbance changes, the max-operator
in (14) would make the corresponding Lagrange multiplier A =0
and hence changes in active constraints are handled automatically
without the need for additional switching strategies.

7. Illustrative example - Williams-Otto reactor

In this section, we use a benchmark Williams-Otto reactor ex-
ample (Williams and Otto, 1960) to provide an illustrative compar-
ison of the different model-based and model-free feedback opti-
mizing control approaches discussed above. The Williams-Otto re-
actor converts the raw materials A and B to useful products P and
E, along with by-products C and G, through a series of reactions

A+B—C ki = 1.6599 x 105¢-6666.7/T

B+C—P+E ky = 7.2177 x 108e~83333/T

(b)
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Fig. 12. Proposed control structure used in Sections 7.1 and 7.2 for achieving opti-
mal operation of a Williams-Otto reactor using feedback control.

C+P—-GC ks = 2.6745 x 1012¢~T1111/T

The process is controlled using the feed stream Fz with pure
B component and the reactor temperature Ty, i.e. the process has
two physical manipulated variables. The feed stream F, with pure
A component is a disturbance to the process. The objective is to
maximize the profits from the valuable products P and E, subject
to purity constraints on G and A in the product stream. the steady-
state optimization problem is formulated as,
min — 1043.38xp(F4 + F3) — 20.92xg (Fy + F)

r.Fg

+ 79.23F, + 118.34F;
xc < 0.08,
x4 <0.12

s.t.

and the objective is to asymptotically drive the system to its opti-
mal operating point using feedback control.

We will first only consider the case where the constraint xg =
0.08 is the only active constraint, and is controlled using the re-
actor temperature T, as shown in Fig. 12. We then have one un-
constrained degree of freedom, namely feed stream Fg, for which
we compare the performance of different model-based and model-
free approaches detailed in Sections 3 and 4. This is schematically
represented in Fig. 12, where the self-optimizing CV c is given by
the different methods. The simulation results shown in this sec-
tion were performed using MATLAB v2020b3.

3 The MATLAB codes that were used to generate the plots in this section can
be found in https://github.com/dinesh-krishnamoorthy/Feedback-based-RTO/tree/
master/OverviewFeedbackRTO
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Fig. 13. Comparison of four different model-based feedback optimizing control approaches on the benchmark Williams-Otto reactor example.

Remark 6. Note that the focus of the simulation results through-
out this paper is the asymptotic behavior of the different ap-
proaches, and not the transient behavior. As such, one may find
alternative tuning parameters for the controllers that provides a
different transient behavior.

7.1. Model-based approaches

In this section, we consider the case with no plant-model mis-
match. The model used in this section is based on the three re-
action model shown in Appendix B.1. For the unconstrained de-
gree of freedom, F, we compare the use of two offline methods
namely, nullspace method (Section 3.1.2) and neighboring extremal
control (Section 3.1.3), and two online methods; two-step approach
(Section 3.2.1) and Feedback RTO (Section 3.2.2).

The nullspace method and neighboring extremal control were
designed around the nominal operating conditions of F; = 1.3 kg/s.
Fig. 13 shows the simulation results using the different model-
based approaches. The true steady-state optimum is shown in
black dotted lines.

The simulation starts at the nominal condition of F, = 1.3 kgJs,
and one can see that all the four methods asymptotically con-
verge to the optimum. At time t = 2h, the disturbance changes to
Fy =1 kg/s. As the process is driven away from the nominal oper-
ating conditions, self-optimizing control and neighboring extremal
control leads to some steady-state offset from the true optimum,
since these are based on local linear approximation around the
nominal operating conditions. The online model-based methods,
on the other hand, are able to asymptotically drive the process to
its optimum, since these are based on local linear approximation
around the current operating point. In general, it can be seen that
the model-based approaches converge to the optimum in the same
time scale as the plant dynamics.

7.2. Model-free approaches

In this section, we now compare the model-free approaches
for the unconstrained optimum. Fig. 14 shows the simulation re-
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sults where the steady-state cost gradient is estimated using four
different approaches, namely, the classical extremum seeking con-
trol (Section 4.2), least squares estimation approach (Section 4.3),
Fast Fourier transform (Section 4.5) and the Kalman filter approach
(Section 4.4). It can be clearly seen that all the four methods are
able to asymptotically drive the process to its optimum without
the need for rigorous nonlinear process models. However, the con-
vergence to the optimum is significantly slower compared to the
model-based approaches shown in Fig. 13.

7.3. Combination of model-based and model-free approaches

We now consider the case with plant-model structural mis-
match by considering a model with only two reactions and five
components, as shown in Appendix B.2, whereas the plant is given
by the three reaction system as shown in Appendix B.1.

We first use the model-based gradient estimation method (from
Section 3.2.2), where the gradient is estimated using the struc-
turally wrong model without any additional correction. The sim-
ulation results are shown in Fig. 15 (red solid), where it can be
clearly seen that the true plant optimum (shown in black dotted)
is not reached due to the model structural mismatch.

We now consider two approaches to account for the steady-
state error induced by the structural mismatch. The first approach
is based on the setpoint correction using the modifier term §;
which is computed based on the plant gradient and the model
gradient (cf. Section 5.1). The simulation results using the modi-
fied setpoint is shown in Fig. 15 (black solid), where it can be seen
that by modifying the setpoint using the estimated plant gradient,
we are able to asymptotically drive the system to its true optimum
(shown in black dotted) despite using a structurally wrong model.

The second approach that is used here is based on the dis-
crepancy modeling framework (cf. Section 5.2). Here we use a Ra-
dial Basis Function network (RBFN) as the function approximator
¢ (u) to account for the discrepancy between the model predicted
cost and the measured cost € =] — Jp4e1» as done by Matias and
Jaschke (2019). The estimated gradient is given by (54) as de-
scribed in Section 5.2. The simulation results using this approach
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Fig. 15. Simulation results showing the effect of plant-model mismatch, and comparison of two approaches that combines model-based and model-free methods to handle

structural mismatch.

is shown in Fig. 15 (red dashed), where it can be seen that the
plant is asymptotically driven to its true optimum (shown in black
dotted) despite using a structurally wrong model.

7.4. Handling changes in active constraint sets

So far, we considered a case where the set of active con-
straints remained the same. We now consider a case, where
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the disturbances varies as shown in the bottom right subplot in
Fig. 17 which causes the set of active constraints to change. The
two paradigms (cf. Sections 2.1 and 2.2) to handle the changes in
the active constraint sets are compared in this section.

7.4.1. Region-based control
In this approach, we have to predetermine the different active
constraint regions and design control structures for each active
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Fig. 16. Control structure design (a) Region-based control with selectors to switch between the active constraint regions (cf. paradigm 1 in Fig. 3a) (b) Primal-dual feedback

control approach (cf. paradigm 2 in Fig. 3b).

constraint region and switch between the different regions using
classical control elements as detailed in Section 6.1.

Here we show how to identify the different active constraint
regions without using process models. Since there are two con-
straints, we can at most have 22 = 4 possible active constraint re-
gions, namely,

1. x¢ and x, active

2. only x; active

3. only x4 active

4. no active constraints

However, the purity constraint on xg is very low such that the
one can expect the constraint on x; to be always active. Therefore,
we can eliminate regions 3 and 4, and design control structures
for regions 1 and 2 only, and design a suitable switching strategy
between these two regions. It is important to note that eliminating
active constraint regions 3 and 4 without solving the optimization
problem offline requires good process understanding and insight.

In region 1, optimal operation occurs when the purity con-
straints on x; and x4 are active. Therefore, this region corresponds
to active constraint control. One possible control structure design
here is to control x; at its limit of 0.08 kg/kg using the reactor
temperature T, and control x4 at its limit of 0.12 kg/kg using the
feed rate Fj.

In region 2, optimal operation occurs when the purity con-
straints on X is active, which is controlled using the reactor
temperature, and we have one unconstrained degree of freedom,
namely Fg, which should be used to control a self-optimizing vari-
able. Here we use the steady-state cost gradient computed using
the model (assuming no structural mismatch).

Automatic switching between the two regions can be achieved
by using a max selector. Fig. 16a shows the proposed control struc-
ture design using this approach. The simulation results are shown
in Fig. 17 (red dashed), where it can be seen that as the distur-
bance changes from F; = 1.4kg/s to F;, = 1.9 kg/s at time t = 3h,
the max constraint on x4, becomes active, and the max-selector
switches from the gradient controller to the x4, composition con-
troller, hence achieving asymptotic optimal operation, as the op-
erating condition changes. Similarly, at time $t=6$h, the distur-
bance reduces to $F_a = 1.58kg/s, and the selector switches from
the $x_A$ composition contrtoller to the gradient controller.

7.4.2. Primal-dual feedback optimizing control

Alternatively, one can use the primal-dual feedback controllers
as detailed in Section 2.2, where we consider the dual variables Ax,
and Ay, as additional degrees of freedom which are used to con-
trol the constraints to its limit, while ensuring that these are non-
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negative using a max-selector. The primal MVs F and T, are used
to control the gradient of the Lagrangian function to a constant
setpoint of zero. The proposed control structure using the primal
and dual variables is shown in Fig. 16b. Here, the cost and con-
straint gradients are estimated using a model (assuming no struc-
tural mismatch). The simulation results are shown in Fig. 17 (black
solid), where it can be seen that as the disturbance changes from
F, = 1.4kgls to F, =1.9 kg/s at time t =3h, and again at time
$t=68h to $F_a=1.5$kg/s, the proposed control structure is able to
achieve asymptotic optimal operation without the need to iden-
tify the active constraint regions a priori, and without the need to
explicitly design additional switching strategies. However, this ap-
proach is less robust to faulty control loops since the constraints
are controlled indirectly by updating the Lagrange multipliers. For
example, we simulated a case where Fg saturates at 4 kg/s for the
same disturbance profile. In the primal-dual approach, the con-
straints on x; as well as x4 were violated, since the constraints
are controlled indirectly by updating A. Whereas in region-based
approach, the constraint on x; was still feasible, since this was di-
rectly controlled by T; and is therefore not affected when Fg satu-
rates. This is as expected and the simulation results are not shown
here for the sake of brevity.

8. Discussion

In this section, we discuss the main distinguishing properties of
the different feedback optimizing control approaches.

8.1. Rigorous process models

Model-free methods, as the name suggests, does not need rig-
orous nonlinear models, circumventing the modeling related chal-
lenges. Rigorous nonlinear process models are required only by
the model-based methods. The offline model-based approaches
reviewed in Section 3.1 requires steady-state process models to
choose the best measurement combination as self-optimizing con-
trolled variables. Models are used online to estimate the cost gra-
dient, which are then controlled to a constant setpoint of zero.
If the steady-state models are used online, then the models can
be updated only using the steady-state process measurements.
This leads to steady-state wait time issues (Darby et al., 2011).
Therefore, in order to use transient measurements, it is recom-
mended to use dynamic models for online model-based methods
(Krishnamoorthy et al., 2019c).
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Fig. 17. Comparison of region-based control with selectors (cf. paradigm 1 in Fig. 3a) and the primal-dual feedback control approach (cf. paradigm 2 in Fig. 3b) on the

benchmark Williams-Otto reactor example.
8.2. Measurement requirements

Since optimal operation is achieved using feedback control, the
choice of measurements that are available affects the applicability
of the different methods.

For active constraint control, direct measurements of the con-
straints are required. It is reasonable to assume that the constraints
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are typically measured in most applications, since these are re-
quired for monitoring the process operations anyway.

For the unconstrained optimum, models can be used offline to
select a linear combination of a subset of the available measure-
ments (cf. Section 3.1). Online model-based gradient estimation
methods, that relies on the use of state and parameter estimators,
requires sufficient measurements such that the states and the pa-
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rameters being estimated are observable. Since the model maps
the measurements to the cost, direct cost measurements are not
required for model-based methods (cf. Section 3.2).

On the other hand, the model-free methods require the cost to
be directly measured. However, note that in many chemical pro-
cesses, direct measurement of the cost is often not available, espe-
cially, if the cost function is comprised of several terms. A typical
cost function of a chemical process has the form

J=DpoQ+ prF —p1Pi —p2P> + ... (55)

where Q,F,P; and P, are the flow rates (in [kg/s]) of utility, feed,
products 1 and 2 respectively, and pgq, pr, p1 and p, are the cor-
responding prices (in [$/kg]). This means that accurate flow mea-
surements of all the components comprising of the cost function is
required, in order to employ model-free methods.

8.3. Accuracy

The offline model-based methods are based on local lineariza-
tion around some nominal optimal point. Consequently, controlling
a linear measurement combination leads to steady-state losses if
the operation drifts far away from the nominal optimal point, even
if there is no plant-model mismatch.

Furthermore, in the presence of plant-model mismatch, the
estimated gradient differs from the actual plant gradient, lead-
ing to suboptimal operation. In the presence of structural mis-
match, parameter estimators (such as the one used in the two-
step method and the feedback RTO method) are not sufficient to
close the optimality gap, as clearly demonstrated by Roberts and
Williams (1981), Chachuat et al. (2009) to name a few. This was
also demonstrated in Fig. 15. Consequently, in online model-based
methods, where the cost gradient is estimated using the model,
plant-model mismatch implies that the plant may not be driven to
its true optimum.

Since model-free methods estimate the plant-gradient directly
from the cost measurement, the estimated gradient in theory re-
flects the true plant gradient under the assumption that the gradi-
ent estimation algorithm is properly implemented. If not, this can
lead to estimation errors, leading to suboptimal operation. For ex-
ample, poor choice of the tuning parameters in extremum seeking
control has been shown to lead to inaccurate gradient estimation
(Krstic, 2000). This important caveat is often overlooked, and there
is a clear need to better understand the sensitivity of the tuning
parameters on the gradient estimation accuracy in many model-
free gradient estimation methods.

Furthermore, as mentioned earlier, a typical cost function in a
chemical process plant may comprise of several flowrate terms. Of-
ten, the operational profit is made by shifting smaller amounts
of feed to the most valuable product, and very accurate flow
measurements are required in order to capture this. In practice,
data reconciliation using nonlinear process models may then be
needed to get accurate flow estimates. In such cases, it is impor-
tant to keep in mind that the model-free methods will not truly
be “model-free” and may suffer from structural mismatch, since a
nonlinear process model is needed to get a measurement/estimate
of the cost.

8.4. Disturbance rejection

Model-based methods can handle unmeasured, but expected
disturbances, i.e. the model captures the effect of the antici-
pated disturbances. Whereas, model-free methods can handle un-
expected and unmeasured disturbances. However, it has been
shown that changes in any disturbance may affect the accuracy
of the gradient estimation in model-free methods. This is because,
the effect of the disturbances on the cost measurement is often not
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explicitly accounted for in the model-free gradient estimation rou-
tines. That is, the model-free methods typically assume that any
change observed in the cost measurement is induced by the input.
For example, abrupt changes in disturbances may temporarily af-
fect the gradient estimate, before converging to the true gradient.

Disturbance measurements, if available, may be used to im-
prove the gradient estimation, by explicitly accounting for the
change in the cost measurements caused by the disturbances,
(Krishnamoorthy et al., 2016). Alternatively, one can also use an
event-based supervisory control to halt the gradient estimation
temporarily following abrupt/abnormal changes in the cost mea-
surement, similar to the steady-state detection used in traditional
RTO. This approach has been used in the context of extremum
seeking control by Marinkov et al. (2014). It is also important to
note that disturbances occurring in the same frequency as the in-
put perturbation leads to inaccurate gradient estimation since this
makes it impossible to differentiate the effect of the disturbance
and the input on the observed cost measurement.

8.5. Convergence time

The process knowledge available in the form of rigorous pro-
cess models enables model-based methods to converge signifi-
cantly faster than their model-free counterparts. In model-based
methods, the convergence time is predominantly determined by
the PID controller tuning.

Model-free methods presented in Sections 4.1-4.6 assume that
the dynamic plant behaves like a static map. The time scale sep-
aration required for this assumption to be valid, makes the con-
vergence of model-free methods to be very slow. In the chemical
process industry, the settling times are typically in the range of
minutes to hours, which often leads to prohibitively slow conver-
gence, typically in the range of hours to even days. This is one of
the main reasons why model-free methods are not used widely in
process industries, despite the popularity of such methods in other
fields. Addressing this challenge can broaden the applicability of
model-free gradient estimation approaches in the chemical process
industry.

8.6. Perturbation

Model-based gradient estimation methods in general do not re-
quire additional perturbation signals to estimate the steady-state
cost gradient, whereas all model-free gradient estimation methods
require additional perturbations in order to estimate the steady
cost gradient accurately. As a rule of thumb, the amplitude of the
perturbations must be such that the signal-to-noise ratio SNR>1.
For multivariable processes, it is also important that the differ-
ent inputs are perturbed with unique frequencies in order to be
able to extract the gradient from each input channel. Although
some dither-free (Hunnekens et al., 2014) or diminishing dither ap-
proaches (Wang et al., 2016) have been studied in the literature, in
practice some kind of additional perturbation is always required in
order to track changes in the optimum. In many process industries
however, the additional perturbations may not be desirable, since
this can affect the product flow and quality specifications, and de-
grade the process equipment such as valves and pumps leading to
frequent maintenance and production shutdown. This potentially
limits the applicability of model-free gradient estimation methods
in some process applications.

8.7. Ease of implementation and tuning
Development of rigorous nonlinear models is a major bot-

tleneck for implementing model-based methods. Once the mod-
els are available, the implementation is straightforward. Meth-
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ods such as self-optimizing control using linear gradient combina-
tion is perhaps the easiest to implement, since it uses only stan-
dard controllers such as PID, that have been in use for several
decades. Standard PID tuning rules, such as the SIMC tuning rules
(Skogestad, 2003) can be used to tune the PID controllers.

Model-free methods, on the other hand, circumvents the chal-
lenge of developing rigorous models. However, model-free gradi-
ent estimation algorithms may require several tuning parameters,
such as the controller gain, perturbation frequency and amplitude.
In addition to these, the different methods have their own tuning
parameters. For example, the classical extremum seeking control
requires tuning the cut-off frequencies for the high-pass and low-
pass filters. The finite difference method has the time period T as a
tuning parameter. The least squares method, FFT-based gradient es-
timation, and the dynamic model identification requires tuning the
size of the moving window length N. The dynamic model identi-
fication also requires choosing the model structure and the model
order, which may not be trivial. All these tuning parameters af-
fect the accuracy and robustness of the gradient estimation, and
the speed of convergence to the optimum. The model-free gradi-
ent estimation methods are predominantly tuned using trial and
error method, and the lack of tuning guidelines can make the im-
plementation non-trivial.

8.8. Handling nonconvexity

So far, we assumed that the stationary point u* of the uncon-
strained optimization problem (5) is also the local minimum (cf.
Assumption 1). It may happen that this assumption may not hold
for some processes. In this case, when we estimate the steady-state
cost gradient and drive it to a constant setpoint of zero, this does
not always correspond to the optimal operating point. By driving
the cost gradient to zero, the system in principle only converges to
a stationary point. This means that if Assumption 1 does not hold,
then the stationary point may be a saddle point or even a local
maximum.

Bayesian optimization is an alternative model-free approach
that can be used to drive the processes to the global minimum
without the need for detailed process models. Bayesian optimiza-
tion is a black-box optimization approach where the real-time cost
measurement is used to update a Gaussian process (GP) model.
That is, it builds a surrogate model for the objective function,
which is updated online by conditioning on the observed cost
measurements. An acquisition function defined using the GP sur-
rogate model is then optimized to compute the next control in-
put (Mockus, 2012; Jones et al., 1998; Frazier, 2018; Shahriari et al.,
2015). The acquisition function is chosen to trade-off exploitation
vs. exploration in order to find the global minimum. Bayesian opti-
mization can be seen as a model-free approach that drives the pro-
cesses to its global minimum using only the real-time cost mea-
surement. However, it is not strictly a feedback control problem,
since it involves optimizing the acquisition function at each time
step to compute the next input.

8.9. Scalability to large-scale systems

The scalability of feedback-optimization in general is rather lim-
ited compared to traditional RTO framework, and there are differ-
ent facets to the scalability issue, as discussed below:

Complicated control structure design-With large multivariable
plants with several inputs and constraints, the number of relevant
active constraint regions increases. This implies to poor scalabil-
ity for region-based control (paradigm 1) discussed in Section 2.1.
Firstly, identifying all the relevant active constraint regions a pri-
ori can be challenging. Secondly, designing control structures for
each active constraint region and designing switching strategies
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between the different control configurations can lead to a com-
plicated and messy control structure design. Furthermore, it may
also happen that it may not be possible to find a pairing for the
selectors that is unique in all constraint regions. This makes main-
tenance and monitoring of the control loops more challenging, and
perhaps one would then be better off with the traditional RTO
framework.

Alternatively, the scalability issues can be handled by using
the primal-dual feedback control paradigm detailed in Section 2.2.
This is because, this approach does not require identifying the
active constraint regions a priori. Secondly, the CV-MV pairing is
rather straightforward in this approach as discussed in Section 6.2.
Furthermore, the controlled variables for both the dual con-
trollers and the primal controllers remain the same throughout
(cf. (14)). This was also one of the main motivations behind
the distributed feedback optimizing control structure proposed by
Krishnamoorthy (2021a)

Multivariable gradient estimation - In most model-free gradient
estimation methods, the gradient estimation gets more challeng-
ing as the number of inputs increases. This is due to the unique
perturbation frequency required to extract the effect of the input
on the cost measurement. Due to the time scale separation re-
quirement, the integral gain is limited by the slowest perturbation
frequency, affecting the convergence speed. Furthermore, in large-
scale processes, the cost may be measured several units down-
stream from the input perturbation. This causes additional time
delays in the process dynamics, which subsequently affects the
convergence speed due to the time scale separation requirement.
In such large scale processes, it is also important to ensure that the
regulatory control loops that does not have an impact on steady-
state economics (such as level control or pressure control), does
not attenuate or amplify the perturbations, as this can lead to er-
roneous gradient estimation. Therefore, the model-free gradient es-
timation algorithms typically are more suited for unit operations,
where the cost is measured locally.

9. Summary

In this paper we provided a comprehensive overview of the dif-
ferent approaches that aims to achieve asymptotic optimal oper-
ation using feedback control without the need to solve numeri-
cal optimization problems online. We firstly conclude this review
by pointing out that there exists a wide array of different meth-
ods that can be used to achieve asymptotic optimal process opera-
tion using feedback control, as an alternative to traditional steady-
state RTO. Secondly, we showed that the different methods have
their own advantages and disadvantages, and differ on key proper-
ties ranging from the choice of controlled variables, the degrees of
freedom, type of measurements used, the need for process mod-
els, convergence speed, accuracy, ease of implementation, scalabil-
ity etc. Understanding the key distinguishing properties of the dif-
ferent feedback optimizing control methods is important to choose
the right tool for the right problem, such that the benefits of online
process optimization can be exploited in a wide range of applica-
tions.
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Appendix A. Loss due to back-off

Consider the optimization problem (1), but with the set of ac-
tive constraints given by additional back-off

C,(a,d)+e=0
The Lagrangian function is then given as
L(A.1i.d &) =](li.d)+1[(Cy(il.d) + &) (A1)

Assuming there exists a unique solution for each &, the necessary
conditions of optimality

0L 3 . 0C.
a5 = szt M5 =0 (A2a)
Cu(iid)+&=0 (A2b)

determines the optimal primal and dual variables @*(¢) and A (¢)
respectively, as a function of the back-off parameter &.

Since C, depends on € through @, differentiating (A.2b) w.r.t €
gives
0C, ou’

ou de

Let the optimal value function be denoted as J*(¢)=
J(a*(e),d), and the sensitivity of the optimal value function w.r.t
€ can be expressed as

3 (e) 9] 9"

+1=0 (A3)

de — 0u Oe (A4)
From (A.2a) and (A.3), this can be rewritten as,
aJ*(e)  ,0C oa’ T

3¢ = 3G g = b (A=)

Therefore it can be seen that the sensitivity of the optimal value
function is given by the Lagrange multiplier.

Appendix B. Williams-Otto reactor model
B1. Williams-Otto reactor model with 3 reactions

The Williams-Otto reactor model with three reactions and six
components:

A+B—~C ki = 1.6599 x 105¢-6666.7/T
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B+C—P+E ky = 7.2177 x 108¢~8333:3/
C+P—G

and is given by the following set of ordinary differential equa-
tions:

ks = 2.6745 x 1012~ 1111/T

. 1
Xp = H(Fa - (H] -‘er)XA) _XAXBkl) (Bl)
r
. 1
Xg = H(Fb — (Fa —+ Fb)XB) — XAXBkl — XBXCkz) (BZ)
r
. 1
ko= n (Fu + F)Xc + 2xaxgky — 2xpxcky — Xcxpks (B.3)
T
. 1
Xp = _H (E] =+ Fb)Xp + XBXCkz — O.SXPXC’(3 (B4)
.
. 1
% = —— (Fo + F)Xe + 2xxck (B.5)
T
. 1
K6 =~ (E+ Fy)xg + 1.5Xpxcks (B.6)
r

where m; = 2105 kg is the reactor holdup and x, are the com-
ponent mass fractions. This set of equations is used to simulate
the plant through out this paper, and is also used as the model in
Sections 7.1 and 7.4.

B2. Approximate Williams-Otto reactor model with 2 reactions

Plant-model mismatch is demonstrated by using a two-reaction
approximation of the Williams-Otto reactor, which considers the
following two reactions with five components:

A+2B—P+E ki = 1.655 x 10%e~80776/
A+B+P—-G

and is given by the following set of ordinary differential equa-
tions:

ko = 2.611 x 1012e~12438.5/T

. 1
Aa = — (Fa = (E+ F)xa) = xaxgks — xaxsxpko (B.7)
r
. 1
Xg = —(F, = (Fo + Fy)Xs) — 2xaxGks — xpxoxok (B3)
r
! 1 2
Xp=—1 (Fa + Fy)xp + xaXgky — XaXpXpky (B.9)
r
. 1 2
kg = ——— (Fa + Fy)Xg + 2%k (B.10)
r
. 1
ko= (Fa + E))Xc + 3xaxpxpks (B.11)
r

This set of equations is used as the model in Section 7.3, whereas
the plant is still given by the three reaction model.
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