Gasoline example (modified from Exercise 1 in: Process control, advanced course SIK20AH)

You want to make 1 kg/s gasoline with at least 98 octane and not more then 1 wt% benzene, by mixing four available feed streams. The streams  have different prices, different octane level and different benzene level. For octane assume “linear mixing” on weight basis.

Data:

Stream 1: 99 octane, 0% benzene with price (1+m4)*0.1 $/kg 

Stream 2: 105 octane, 0% benzene with price 0.2 $/kg

Stream 3: 95 octane, 0% benzene with price 0.12 4/kg

Stream 4: 99 octane, 2% benzene with price 0.185 $/kg
Stream 1: maximum weight fraction in product is 0.4  

Use Quadprog inn Matlab to find the optimal mixture (in terms of minimum cost) of the four feed streams that satisfies the above requirements. 
· What it the value of the cost function (= cost of the feed streams)?

· What are the active constraints? How many degrees of freedom are left (unconstrained)?  
· Control: How do you propose to control the process (which outputs do you want to control and how should these be paired with the inputs?)

(Note. Inputs = flow rates of the four feed streams)

How to use Quadprog:
X=QUADPROG(H,f,A,b) solves the quadratic programming problem:

             min 0.5*x'*H*x + f'*x   subject to:  A*x <= b 

              x    

X=QUADPROG(H,f,A,b,Aeq,beq) solves the problem above while additionally

    satisfying the equality constraints Aeq*x = beq.

Inequality constraints in our case:

1. min oktan (98)

2. max benzen (1%)

3. m1>0 (steam 1)

4. m2>0 (steam 2)

5. m3>0 (steam 3)

6. m4>0 (steam 4)

7. m1<m1max (0.4)

Equality constraint: Sum of flows (mass fractions) is 1.

Translated into Matlab (Quadprog):

Cost function:

H = [0.2 0 0 0; 0 0 0 0; 0 0 0 0; 0 0 0 0]
The matrix f is the prices (f =[prices] = [0.1 0.2 0.12 0.185)

Inequality constraints (need to multiply Ax > b by (-1) on both sides to get -Ax <-b):

A = [-99 -105 -95 -99; 0 0 0 2; % octane and benzene contents

  -1 0 0 0; 0 –1 0 0; 0 0 -1 0; 0 0 0 –1; 1 0 0 0])

 b = [-98; 1;  % min octane and max benzene

 0.4; 0; 0; 0; 0]  % zeros because steam 1,2,3,4 (0  
Equality constraints:
Aeq = [1 1 1 1] % sum of mass fractions is 1
beq = 1

In summary, the required Matlab code for the base case is:

H = [0.2 0 0 0; 0 0 0 0; 0 0 0 0; 0 0 0 0]

f = [0.1  0.2  0.12 0.185]   % prices
A = [-99 -105 -95 -99;  0 0 0 2; -1 0 0 0; 0 -1 0 0; 0 0 -1 0; 0 0 0 -1; 0 0 0 1] 
b = [-98 1 0.4 0 0 0 0]'

Aeq = [1 1 1 1  ]

beq = 1

   [X,FVAL]=QUADPROG(H,f,A,b,Aeq,beq)

The answer X is the optimal mass fractions of the four streams. The cost is 
FVAL =  0.5*X'*H*X + f'*X ($/kg)
To find active constraints compute: b-A*X. (The active constraints will correspond to zero values) 
Disturbance d: Octane number of stream 3 changed to 97: 

A = [-99 -105 -97 -99;  0 0 0 2; -1 0 0 0; 0 -1 0 0; 0 0 -1 0; 0 0 0 -1; 0 0 0 1] 
   [X,FVAL]=QUADPROG(H,f,A,b,Aeq,beq)

Change in price of stream 2 from 0.2 to 0.21
f = [0.1  0.21  0.12 0.185]   % prices

A = [-99 -105 -95 -99;  0 0 0 2; -1 0 0 0; 0 -1 0 0; 0 0 -1 0; 0 0 0 -1; 0 0 0 1] 
   [X,FVAL]=QUADPROG(H,f,A,b,Aeq,beq)

