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Nh|zrugv= Frqwuro vwuxfwxuh/ Vhuldo surfhvv/ Pxowl0
yduldeoh frqwuro/ Ihhgiruzdug/ Ihhgedfn

Devwudfw

Lq wklv sdshu zh dlp dw rewdlqlqj lqvljkw lqwr krz d pxowl0
yduldeoh ihhgedfn frqwuroohu zrunv/ zlwk vshfldo dwwhqwlrq
wr vhuldo surfhvvhv1

4 Lqwurgxfwlrq

Ehiruh ghvljqlqj dqg lpsohphqwlqj d pxowlyduldeoh frq0
wuroohu/ wkhuh duh vrph txhvwlrqv wkdw duh lpsruwdqw wr
dqvzhu= Zkdw zloo wkh pxowlyduldeoh frqwuroohu uhdoo| dw0
whpsw wr grB Zloo d pxowlyduldeoh frqwuroohu vljql�fdqwo|
lpsuryh wkh uhvsrqvh dv frpsduhg wr d vlpsohu vfkhphB
Zkdw pxvw wkh pxowlyduldeoh frqwuroohu wdnh lqwr dffrxqw
wr vxffhhgB Krz dffxudwh d prgho lv qhhghgB
Wkhuh lv d ixqgdphqwdo gl�huhqfh ehwzhhq ihhgiruzdug

dqg ihhgedfn frqwuroohuv zlwk uhvshfw wr wkhlu vhqvlwly0
lw| wr xqfhuwdlqw|1 Ihhgiruzdug frqwuro lv vhqvlwlyh wr
vwdwlf xqfhuwdlqw|/ zkloh ihhgedfn lv qrw1 Rq wkh rwkhu
kdqg/ djjuhvvlyho| wxqhg ihhgedfn frqwuroohuv duh yhu| vhq0
vlwlyh wr vpdoo xqfhuwdlqwlhv lq wkh furvvryhu iuhtxhqf|
uhjlrq1 Vlplodu gl�huhqfhv zlwk uhvshfw wr xqfhuwdlqw|
fdq eh irxqg iru pxowlyduldeoh frqwuroohuv1 Wudglwlrqdo
vlqjoh orrs frqwuroohuv duh suhgrplqdqwo| edvhg rq ihhg0
edfn/ zkhuhdv prgho edvhg pxowlyduldeoh frqwuroohuv xvx0
doo| kdyh d vljql�fdqw frpsrqhqw ri ihhgiruzdug dfwlrq
+iru h{dpsoh wkh ghfrxsolqj hohphqwv ri wkh frqwuroohuv,1
Lq wklv sdshu zh glvfxvv wkhvh txhvwlrqv iru dq lpsru0

wdqw fodvv ri surfhvvhv= Wkh vhuldo surfhvvhv1 Wkh vwuxf0
wxuh ri wklv fodvv ri surfhvvhv pdnhv lw vxlwdeoh iru d glv0
fxvvlrq ri wkhvh txhvwlrqv iru wkh pxowlyduldeoh frqwuroohuv1
D vhuldo surfhvv frqvlvwv ri d vhulhv ri rqh zd| lqwhudfwlqj
xqlwv1 Wkh vwdwhv lq rqh xqlw lq xhqfh wkh vwdwhv lq wkh
grzqvwuhdp xqlw/ exw qrw ylfh yhuvh1 Wklv lv yhu| frp0

prq lq wkh surfhvv lqgxvwu|/ zkhuh wkh rxwohw  rz ri rqh
surfhvv hqwhuv lqwr wkh qh{w1 Rqh h{dpsoh/ zklfk zloo eh
vwxglhg lq vhfwlrq 7/ lv qhxwudol}dwlrq shuiruphg lq vhy0
hudo wdqnv lq vhulhv1 H{dpsohv ri surfhvvhv wkdw duh qrw
vhuldo duh surfhvvhv zlwk vrph nlqg ri uhf|foh ri pdwhuldo
ru hqhuj|1 Hyhq iru vxfk surfhvvhv/ krzhyhu/ sduwv ri wkh
surfhvv pd| eh prghoohg dv d vhuldo surfhvv/ li wkh rxw0
ohw yduldwlrqv ri wkh odvw xqlw lv gdpshqhg wkurxjk rwkhu
surfhvv xqlwv ehiruh lw lv uhf|fohg/ vr wkdw qr vljql�fdqw
fruuhodwlrq fdq eh irxqg ehwzhhq wkh rxwohw yduldwlrqv dqg
wkh yduldwlrqv lq wkh glvwxuedqfhv wr wkh �uvw xqlw1
Wkh fkdudfwhulvwlfv ri vhuldo surfhvvhv fdq eh xwlol}hg

zkhq frqvlghulqj frqwuro vwuxfwxuhv dqg pxowlyduldeoh
frqwuroohuv iru vxfk surfhvvhv1 Wkh pxowlyduldeoh frq0
wuroohu fdq eh glylghg lqwr wkuhh w|shv ri frqwuroohu eorfnv=
Orfdo ihhgedfn/ ihhgedfn iurp grzqvwuhdp xqlwv dqg
�ihhgiruzdug� iurp xsvwuhdp xqlwv1
Wklv glylvlrq ri wkh frqwuroohu eorfnv kdv wzr sxusrvhv1

Iluvw/ lw doorzv hdfk eorfn wr eh lpsohphqwhg lq vlpsohu
pxowlyduldeoh frqwuroohuv/ xvlqj frqyhqwlrqdo frqwuroohuv1
Lq vrph fdvhv wkh pxowlyduldeoh frqwuroohu fdq eh lpsoh0
phqwhg dv frpelqdwlrqv ri frqyhqwlrqdo vlqjoh orrs frq0
wuroohuv1 Vhfrqg/ lw jlyhv lqvljkw lqwr wkh ehkdylru ri wkh
frqwuro v|vwhp1
Lq vhfwlrq 5 zh ghyhors wkh prgho vwuxfwxuh iru vhuldo

surfhvvhv/ dqg glvfxvv vrph ri wkh vshfl�f surshuwlhv ri
wklv vwuxfwxuh1 Lq vhfwlrq 6 pxowlyduldeoh frqwuro ri vh0
uldo surfhvvhv lv glvfxvvhg/ dqg wkh lghdv duh looxvwudwhg
wkurxjk dq h{dpsoh zlwk sK qhxwudol}dwlrq lq wkuhh vwdjhv
+vhfwlrq 7,1

5 Prgho vwuxfwxuh ri vhuldo sur0
fhvvhv

Lq wklv vhfwlrq zh orrn forvhu dw vhuldo surfhvvhv dqg gh0
yhors d jhqhudo wudqvihu ixqfwlrq prgho1

Gh�qlwlrq 4 D vhuldo surfhvv fdq eh glylghg lqwr d vhulhv
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Iljxuh 4= D vhuldo surfhvv1

ri vxesurfhvvhv ru xqlwv lq vxfk d zd| wkdw wkh vwdwhv lq
hdfk xqlw duh hqwluho| ghflghg e| wkh vwdwhv lq wkh xqlw lw0
vhoi/ wkh vwdwhv lq wkh xsvwuhdp xqlw/ dqg e| h{whuqdo lqsxwv
wr wkh xqlw1

Dq h{dpsoh ri d vhuldo surfhvv lv d surfhvv zkhuh pdvv
dqg2ru hqhuj|  rz iurp rqh surfhvv xqlw wr dqrwkhu/ dqg
wkhuh lv qr uhf|folqj ri pdvv ru hqhuj|1 Iurp wklv irupx0
odwlrq zh fdq h{suhvv wkh prgho iru xqlw qr1 l=

g

gw
{l @ il +{l> {l�4> xl> gl, +4,

zkhuh {l dqg {l�4duh wkh vwdwh yhfwruv iru xqlw l dqg xqlw
l � 4 uhvshfwlyho|/ dqg wkh h{whuqdo lqsxw lv glylghg lqwr
d yhfwru ri pdqlsxodwhg lqsxwv/ xl/ dqg glvwxuedqfhv/ gl1
Zh olqhdul}h wklv htxdwlrq durxqg d zrunlqj srlqw/ lqwur0
gxflqj Dl

m @ Cil@C{m/ El @ Cil@Cxl dqg Hl @ Cil@Cgl
dqg ohw wkh yduldeohv eh wkh ghyldwlrq iurp wkhlu zrunlqj
srlqw1 Dsso|lqj Odsodfh wudqvirupdwlrq/ dqg uhfxuvlyho|
lqvhuwlqj iru yduldeohv iurp suhylrxv wdqn/ zh rewdlq=

|+v, @ J+v,x+v, .Jg+v,g+v, +5,

Zh kdyh gh�qhg wkh wrwdo rxwsxw yhfwru/ |+v,/ dv doo wkh
vwdwhv/ x+v, dv doo wkh lqsxwv/ g+v, dv doo wkh glvwxuedqfhv1

J+v, @5
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dqg Jg lv lghqwlfdo exw zlwk El uhsodfhg e| Hl+wkh glvwxu0
edqfhv wr hdfk xqlw duh dvvxphg lqghshqghqw,1
Zh vhh wkdw J+v, dqg Jg+v, duh erwk orzhu eorfn wuldq0

jxodu1 Iurp +6,/ zh fdq ghgxfh wkh iroorzlqj surshuwlhv=

� Wkh vwdwh yhfwru ri d surfhvv xqlw lv qrw lq xhqfhg e|
frqwuro lqsxwv dqg glvwxuedqfhv wr grzqvwuhdp xqlwv1

� Wkh lq xhqfh iurp d frqwuro lqsxw ru d glv0
wxuedqfh zklfk hqwhuv dq xsvwuhdp xqlw/
t/ lv gdpshqhg e| wkh wudqvihu ixqfwlrq�
vL �Dl

l
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l�u

��4l
ehiruh

lw uhdfkhv wkh rxwsxw ri xqlw l1

� J+v, dqg Jg+v, duh eorfn gldjrqdo dw lq�qlwh iuh0
txhqf| +v$4,1

Riwhq iru d vhuldo surfhvv/ lw lv wkh vwdwhv lq wkh odvw xqlw
wkdw lv ri lpsruwdqfh/ vlqfh wkh �qdo surgxfw lv wdnhq rxw
khuh1 Lq dq rswlpl}dwlrq ri wkh rshudwlrq ri wkh surfhvv/
rqo| wkh vwdwhv lq wkh odvw wdqn dqg wkh frqwuro lqsxwv wr
doo xqlwv qhhg wr eh uhsuhvhqwhg lq wkh remhfwlyh1

6 Frqwuro vwuxfwxuhv iru vhuldo sur0
fhvvhv

Lq wkh suhylrxv vhfwlrq zh lqwurgxfhg wkh frqfhsw ri vh0
uldo surfhvvhv1 Htxdwlrqv +5, dqg +6, vxppdul}hv wkh olq0
hdul}hg prgho1 Li d ixoo/ pxowlyduldeoh frqwuroohu lv xvhg
wr frqwuro wklv surfhvv/ wkh eorfnv ri wklv frqwuroohu fdq eh
jlyhq vshfldo fkdudfwhulvwlfv1 Li zh iru vlpsolflw| dvvxph
wkdw wkh vhw0srlqwv duh }hur/ dqg zh zdqw wr frqwuro doo wkh
rxwsxwv/ wkh frqwuro lqsxwv duh jlyhq e|=

x+v, @ N+v,|+v, +7,

zkhuh N+v, lv wkh frqwuroohu1
Zh glylgh wkh frqwuroohu/ N+v,/ lqwr q�q eorfnv ri wkh

vdph vl}h dv wkh eorfnv lq J+v,=

N+v, @
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Wkhvh frqwuroohu eorfnv fdq eh glylghg lqwr wkuhh jurxsv=

Eorfnv rq wkh gldjrqdo +Nll, Wkhvh eorfnv xvh orfdo
frqwuro/ zkhuh lqsxwv wr wkh xqlw duh xvhg wr frqwuro
rxwsxwv ri wkh vdph xqlw1

Eorfnv deryh wkh gldjrqdo +Nlm/ m A l, Wkhvh eorfnv
uhsuhvhqwv ihhgedfn iurp wkh rxwsxwv ri grzqvwuhdp
xqlwv1 Lqwxlwlyho|/ zkhq wkh gdpshqlqj wkurxjk wkh
gl�huhqw xqlwv lv odujh/ ru li wkhuh lv wudqvsruw ghod|v
lq wkh xqlwv/ wkhvh eorfnv vhhp lqh�hfwlyh vlqfh wkh
orfdo ihhgedfn dozd|v zloo eh txlfnhu1 Wkhuh duh/
krzhyhu/ vhyhudo fdvhv zkhq lw pd| suryh xvhixo=

41 Zh kdyh qr uhohydqw frqwuro lqsxwv grzqvwuhdp
vr orfdo frqwuro lv lpsrvvleoh1

51 Wkh frqwuro lqsxwv grzqvwuhdp duh frqvwudlqhg/
dqg lqvx!flhqw wr frpshqvdwh wkh glvwxuedqfhv1

61 Wkh grzqvwuhdp lqsxwv duh h{shqvlyh wr xvh1



Lq wkh odwwhu wzr fdvhv wkh xsvwuhdp lqsxwv fdq eh
xvhg wr +vorzo|, gulyh wkh grzqvwuhdp lqsxwv wr }hur
ru wr vrph rwkhu lghdo uhvwlqj ydoxh1 Wklv lv fdoohg lq0
sxw uhvhwwlqj dqg lv qrupdoo| xvhg iru v|vwhpv zkhuh
zh kdyh pruh frqwuro lqsxwv wkdq rxwsxwv +^vnrjh5`/
sdjh 749,1

Ri frxuvh/ wkh ihhgedfn iurp grzqvwuhdp xqlwv pd|
dovr frph lqwr xvh li wkh grzqvwuhdp dfwxdwruv duh
vorz/ vr wkdw lw dfwxdoo| lv pruh h!flhqw wr rshudwh
wkh xsvwuhdp frqwuro lqsxwv1

Eorfnv ehorz wkh gldjrqdo +Nlm/ l A m, Wkurxjk
wkhvh eorfnv dq rxwsxw iurp dq xsvwuhdp xqlw gl0
uhfwo| d�hfwv wkh lqsxw lq d grzqvwuhdp xqlw1 Vlqfh
xsvwuhdp xqlwv dfw dv glvwxuedqfhv wr grzqvwuhdp
xqlwv/ wkhvh frqwuroohu eorfnv pd| eh ylhzhg dv
�ihhgiruzdug� hohphqwv1 Krzhyhu/ vwulfwo| vshdnlqj/
d ihhgiruzdug hohphqw lv gh�qhg dv d olqn ehwzhhq
�phdvxuhg glvwxuedqfhv dqg pdqlsxodwhg lqsxwv�
+vhh h1j1 ^vnrjh5`,/ dqg lq rxu fdvh wkh �glvwxuedqfh�
lv dfwxdoo| dq rxwsxw iurp dq xsvwuhdp xqlw1 Lq
sduwlfxodu/ li zh xvh d ixoo frqwuroohu zlwk eorfnv
deryh wkh gldjrqdo/ wkhq wkh xsvwuhdp xqlw zloo
eh d�hfwhg e| wkh grzqvwuhdp xqlwv/ dqg wkh whup
�ihhgiruzdug � hohphqw lv vrphzkdw plvohdglqj1

614 Vrph vshfldo frqwuroohuv

61414 Ixoo frqwuroohu

Zlwk d ixoo frqwuroohu/ dv lq +8,/ wkh orrs wudqvihu ixqfwlrq
ehfrphv

O @ N+v,J+v, @k
J44N44 J44N45

J54N44 .J55N54 J54N45 . J55N55 � � �

J64N44 .J65N54 .J66N64 J64N45 .J65N55 .J66N65
J44N46

� � � J54N46.J55N56
J64N46.J65N56.J66N66

l
+9,

Lq wklv fdvh wkh vwdelolw| ri wkh forvhg0orrs v|vwhp lv di0
ihfwhg e| doo hohphqwv lq wkh frqwuroohu N +dqg lq J,1

61415 Orzhu eorfn wuldqjxodu frqwuroohu

Lq wklv fdvh wkh orrs wudqvihu ixqfwlrq ehfrphv=

O @
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Khuh wkh vwdelolw| ri wkh forvhg0orrs v|vwhp lv ghwhu0
plqhg rqo| e| wkh eorfnv rq wkh gldjrqdo/ wkdw lv zh kdyh
forvhg0orrs vwdelolw| li dqg rqo| li hdfk ri wkh gldjrqdo
forvhg0orrs eorfnv +L .JllNll,

�4 duh vwdeoh1 Lq wklv fdvh
wkh frqwuroohu hohphqwv ehorz wkh gldjrqdo kdyh prvw ri
wkh surshuwlhv ri ihhgiruzdug hohphqwv/ iru h{dpsoh/ wkdw
wkh| gr qrw d�hfw forvhg0orrs vwdelolw|1 Dovr/ dv lv jhq0
hudoo| wkh fdvh zlwk ihhgiruzdug frqwuro/ wkh uhvsrqvh lv

vwurqjo| ghshqghqw rq prgho huuru/ dovr dw vwhdg|0vwdwh1
Lq vxppdu| iru orzhu eorfn wuldqjxodu frqwuroohuv/ wkh frq0
wuroohu hohphqwv zloo kdyh yhu| gl�huhqw surshuwlhv=
Wkh gldjrqdo hohphqwv duh ihhgedfn hohphqwv/ zkhuh

prvw ri wkh ehqh�wv pd| eh dfklhyhg vlpso| e| xvlqj vxi0
�flhqwo| kljk jdlqv dqg dq dffxudwh surfhvv prgho lv qrw
qhhghg1 Wkh pdlq sureohp lv wkdw wrr kljk jdlq pd|
jlyh forvhg0orrs lqvwdelolw|1 Zlwk d qrplqdo prgho iru
xqlw l/ |l @ Jxl . Jg|l�4/ dqg dq dfwxdo sodqw prgho
|3l @ J3xl . J3g|l�4/ d ihhgedfn frqwuroohu jlyhv wkh iro0
orzlqj huuru zkhq uxq rq wkh dfwxdo sodqw= |3l � ul @
Vl

4

4.HlWl
+J3g|l�4 � ul, +ht1 +81:4, dqg +81:5, lq ^vnrjh5`

zlwk g @ |l�4,1 Vl dqg Wl duh vhqvlwlylw| dqg frpsoh0
phqwdu| vhqvlwlylw| ixqfwlrqv/ uhvshfwlyho|/ dqg Hl uhod0
wlyh huuru lq J1 Vr khuh wkh prgho huuru pd| eh gdps0
hqhg e| wkh ihhgedfn vlqfh h�hfwlyh ihhgedfn frqwuro jlyhv
mVlm ?? 41 Iru iuhtxhqflhv zkhuh mVlm � 4 dqg mWlm A 3/
wkh prgho huuru lq xhqfhv wkh frqwuro huuru/ dqg pd| hyhq
lq xhqfh vwdelolw| +^vnrjh5`,1
Wkh hohphqwv ehorz wkh gldjrqdo duh ihhgiruzdug hoh0

phqwv/ zkhuh ehqh�wv fdq eh dfklhyhg rqo| li zh kdyh dq
dffxudwh prgho1 Wkh hohphqwv kdyh qr h�hfw rq vwdelo0
lw|1 Xvlqj wkh vdph prghov dv lq odvw srlqw/ d shuihfw
ihhgiruzdug frqwuroohu jlyhv wkh iroorzlqj huuru zkhq uxq
rq wkh dfwxdo sodqw= h3l @ |3l�ul @

�
4� J3@J3

g

J@Jg

�
J3g|l�4��

4� J3

J

�
ul +ht1 +81:3, lq ^vnrjh5` zlwk g @ |l�4,1 Vr

wkh uhodwlyh huuruv lq J dqg J@Jg gluhfwo| lq xhqfh wkh
frqwuro huuru1
Wkhvh gl�huhqfhv duh sduwlfxoduo| fohdu khuh/ exw vlplodu

gl�huhqfhv rffxu iru prvw pxowlyduldeoh frqwuroohuv1 Vxfk
lqvljkwv duh lpsruwdqw/ h1j1 zkhq hydoxdwlqj krz wkh frq0
wuroohu lv d�hfwhg e| prgho huuru1

615 Ilqdo frqwuro rqo| lq odvw xqlw

Lq pdq| vhuldo surfhvvhv/ rqo| wkh rxwsxw iurp wkh odvw
xqlw lv lpsruwdqw iru wkh ryhudoo sodqw hfrqrplfv1 Wkh
rxwsxwv lq xsvwuhdp xqlwv duh frqwuroohg wr lpsuryh frq0
wuro shuirupdqfh lq wkh �qdo xqlw1 Dvvxplqj wkdw zh kdyh
frqwuro lqsxwv wr vhyhudo +ru doo, ri wkh xqlwv/ wklv phdqv
wkdw zh dfwxdoo| kdyh d sodqw zlwk pruh lqsxwv wkdq rxw0
sxwv1 Lq vxfk fdvhv/ zh riwhq dgmxvw wkh vhwsrlqwv lq
xsvwuhdp xqlwv vxfk wkdw wkh lqsxwv lq grzqvwuhdp xqlwv
duh uhvhw wr vrph lghdo uhvwlqj ydoxh1

Zh pd| wkhq xvh wkh iroorzlqj frqwuro hohphqwv=

Orfdo frqwuro +l @ m, xl @ nll+v, ^ul � |l`
Ihhgiruzdug +l A m, xl @ nIIlm +v,|m
Lqsxw uhvhwwlqj +m @ l. 4, ul @ nLUlm +v,

�
uxm � xm

�

Qrwh wkdw zh khuh kdyh uhvwulfwhg wkh lqsxw uhvhwwlqj wr
rshudwh ehwzhhq qhljkeru xqlwv/ exw wklv lv qrw vwulfwo|
uhtxluhg1 Dsso|lqj orfdo frqwuro lq wkh wkuhh xqlwv/ ihhg0
iruzdug iurp xqlw 4 dqg 5 wr xqlwv 5 dqg 6/ dqg lqsxw
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Iljxuh 5= Vhuldo xqlwv zlwk d frpelqdwlrq ri orfdo frqwuro/
ihhgiruzdug frqwuro dqg lqsxw uhvhwwlqj1

uhvhwwlqj iurp xqlw 6 wr xqlw 5 dqg iurp xqlw 5 wr xqlw 4/
wkh htxlydohqw pxowlyduldeoh frqwuroohu lv=
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zlwk x+v, @ N+v,|+v, . Nu+v, ^ux5 > ux6 > u6`
W / zkhuh u6 lv

wkh vhw srlqw iru wkh frqwuroohg rxwsxw lq xqlw 6/ zkhuhdv
ux5 dqg ux6 duh wkh lghdo uhvwlqj ydoxhv iru wkh lqsxwv lq
wdqn 5 dqg 61
Wkh �qdo frqwuroohu lq +;, dqg +<, pd| vhhp yhu| frp0

solfdwhg/ exw lw fdq xvxdoo| eh wxqhg lq d udwkhu vlpsoh
fdvfdghg pdqqhu1 Wkh ihhgiruzdug hohphqwv duh qrupdoo|
wkh idvwhvw dfwlqj dqg vkrxog qrupdoo| eh ghvljqhg �uvw1
Wkh orfdo ihhgedfn frqwuroohuv fdq eh wxqhg doprvw lqgh0
shqghqwo|1 Ilqdoo|/ wkh vorz lqsxw uhvhwwlqj lv dgghg1 Lw
zloo qrw d�hfw forvhg0orrs vwdelolw| li lw lv vx!flhqwo| vorz1

7 H{dpsoh= sK qhxwudol}dwlrq

Qhxwudol}dwlrq ri vwurqj dflgv ru edvhv lv riwhq shuiruphg
lq vhyhudo vwhsv1 Wkh uhdvrq iru wklv lv pdlqo| wkdw wkh sK
frqwuro lq rqh wdqn fdqqrw eh txlfn hqrxjk wr frpshqvdwh
iru glvwxuedqfhv ^vnrjh4`1 Lq ^pfploo`/ dq dqdorj| iurp
jroi lv xvhg= wkh gl!fxow| ri frqwuroolqj wkh sK lq rqh wdqn
lv frpsduhg wr jhwwlqj d kroh lq rqh1 Xvlqj vhyhudo wdqnv/
dqg vpdoohu ydoyhv iru dgglwlrq ri uhdjhqw iru hdfk wdqn/
lv frpsduhg wr wkh hdvlhu wdvn ri uhdfklqj wkh kroh zlwk d
vhulhv ri vkruwhu dqg vkruwhu vwurnhv1

Lq wklv h{dpsoh frqwuro vwuxfwxuhv iru qhxwudol}dwlrq ri
d vwurqj dflg e| xvh ri wkuhh wdqnv lq vhulhv duh glvfxvvhg1
Wkh dlp ri wkh frqwuro lv wr nhhs wkh rxwohw sK iurp odvw
wdqn frqvwdqw ghvslwh fkdqjhv lq lqohw sK ru  rz1 Wklv
lv reylrxvo| d vhuldo surfhvv/ vlqfh wkh  rz jrhv iurp rqh
wdqn wr dqrwkhu1 Iru hdfk wdqn wkh sK fdq eh phdvxuhg/
dqg wkh uhdjhqw fdq dovr eh dgghg wr hdfk wdqn1 Uhihuulqj
wr Iljxuh 4/ wkh wkuhh xqlwv +l04/ l dqg l.4, fruuhvsrqg wr
wkh wkuhh wdqnv +4/ 5 dqg 6,1
Wr vwxg| wklv surfhvv zh prgho hdfk wdqn dv ghvfulehg

lq ^vnrjh4`1 Lq hdfk wdqn zh prgho wkh h{fhvv K. frq0
fhqwudwlrqv/ wkdw lv f @ fK. � fRK� 1 Wklv jlyhv elolqhdu
prghov/ zklfk duh ixuwkhu olqhdul}hg durxqg d vwdwlrqdu|
zrunlqj srlqw vr wkdw phwkrgv iurp olqhdu frqwuro wkh0
ru| fdq eh xvhg1 Zh jhw wzr vwdwhv lq hdfk surfhvv xqlw
+wdqn,/ qdpho| wkh frqfhqwudwlrq/ f/ dqg wkh ohyho1 Wkh
glvwxuedqfhv hqwhu wdqn 4 rqo|1 Zh khuh dvvxph wkdw
wkhuh lv d ghod| ri 8 vhfrqgv iru wkh h�hfw ri d fkdqjh
lq lqohw dflg ru edvh  rz ru lqohw frqfhqwudwlrq wr uhdfk
wkh rxw rz ri wkh wdqn/ h1j1 gxh wr lqfrpsohwh pl{lqj/
dqg d ixuwkhu ghod| ri 8 vhfrqgv xqwlo wkh fkdqjh fdq eh
phdvxuhg1 Lq wkh olqhdu vwdwh vsdfh prgho wkhvh wudqv0
sruwdwlrq ghod|v duh prghohg e| Sdgì0dssur{lpdwlrqv ri
7wk rughu1 Wkhuh lv dvvxphg qr ixuwkhu ghod| lq wkh slshv
ehwzhhq wkh wdqnv1 Zh dvvxph wkdw wkh ohyhov duh frq0
wuroohg e| wkh rxw rzv xvlqj d S frqwuroohu vxfk wkdw wkh
wlph frqvwdqw iru wkh ohyho lv derxw 4243 wkh wlph frq0
vwdqwv iru wkh frqfhqwudwlrqv1
Wkh yroxphv ri wkh wdqnv zhuh fkrvhq wr 46=9p6/ wkh

vpdoohvw srvvleoh yroxphv dffruglqj wr wkh glvfxvvlrq lq
^vnrjh4`1 Wkh dflg lq rz +glvwxuedqfh, kdv sK @ �41
Wkh sK ri wkh �qdo surgxfw lq wdqn 6 vkrxog eh sK @ :	4/
dqg zh vhohfwhg wkh vhwsrlqwv lq wdqn 4 dv 4198 dqg lq wdqn
5 dv 61;1 Wkh frqfhqwudwlrqv duh vfdohg vr wkdw d yduldwlrq
ri 	4 sK durxqg wkhvh vhw0srlqwv fruuhvsrqgv wr d vfdohg
ydoxh ri 	41 Wkh frqwuro lqsxwv dqg wkh glvwxuedqfhv duh
dovr vfdohg dssursuldwho|1 Wkh olqhdu prgho zdv xvhg iru
pxowlyduldeoh frqwuroohu ghvljq/ zkloh wkh vlpxodwlrqv duh
shuiruphg rq wkh qrqolqhdu prgho1

D frqyhqwlrqdo zd| ri frqwuroolqj wklv surfhvv lv wr xvh
orfdo frqwuro ri wkh sK lq hdfk wdqn xvlqj SLG0frqwuroohuv1
Iljxuh 6 vkrzv wkh uhvsrqvh ri sK lq hdfk wdqn zkhq wkh
dflg frqfhqwudwlrq lq wkh lq rz lv ghfuhdvhg iurp 43pro2o
wr 8pro2o1 Dv h{shfwhg iurp ^vnrjh4`/ wklv frqwuro v|v0
whp lv eduho| deoh wr jlyh dffhswdeoh frqwuro1 Krzhyhu/
wkh qrplqdo uhvsrqvh fdq eh vljql�fdqwo| lpsuryhg zlwk
pxowlyduldeoh frqwuro1

Iljxuh 7 vkrzv wkh uhvsrqvh zlwk d 6� 6 pxowlyduldeoh
K4 frqwuroohu ghvljqhg zlwk shuirupdqfh zhljkwv rq wkh
rxwsxwv dqg rq wkh frqwuro lqsxwv lq doo wdqnv/ dqg zlwk
frpsrvlwlrq lqwr wdqn 4 dv d glvwxuedqfh1 Wkh pdlq uhd0
vrq iru wkh odujh lpsuryhphqw lv wkh ihhgiruzdug h�hfw
glvfxvvhg lq vhfwlrq 61
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Iljxuh 6= Zlwk rqo| orfdo frqwuro/ SLG frqwuroohuv pxvw eh
djuhvvlyho| wxqhg wr nhhs wkh sK lq wkh odvw wdqn zlwklq
: 	 41 +Glvwxuedqfh lq lqohw frqfhqwudwlrq rffxuv dw w @
431,
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Iljxuh 7= D odujh lpsuryhphqw lq qrplqdo shuirupdqfh lv
srvvleoh zlwk pxowlyduldeoh frqwuro1 +Glvwxuedqfh lq lqohw
frqfhqwudwlrq rffxuv dw w @ 43,
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Iljxuh 8= Jdlq ri wkh frqwuro hohphqwv ri wkh ruljlqdo 6�6
K4 frqwuroohu1 +Orfdo SLG frqwuroohuv duh gdvkhg1,

Wkh jdlq ri wkh hohphqwv lq wkh pxowlyduldeoh frqwuroohu
dv d ixqfwlrq ri iuhtxhqf| duh vkrzq lq Iljxuh 81 Wkh
gldjrqdo frqwuro hohphqwv duh wkh orfdo frqwuroohuv lq hdfk
wdqn/ zkhuhdv wkh hohphqwv ehorz wkh gldjrqdo uhsuhvhqw
wkh �ihhgiruzdug� hohphqwv1 Iurp vxfk sorwv zh jhw dq
lghd ri krz wkh pxowlyduldeoh frqwuroohu zrunv1 Iru h{0
dpsoh/ zh vhh wkdw wkh frqwuro lqsxw wr wdqn 4 +urz 4, lv
sulpdulo| ghwhuplqhg e| orfdo ihhgedfn/ zkloh lq wdqn 5
lw vhhpv wkdw �ihhgiruzdug� iurp wdqn 4 lv prvw ghflvlyh
iru wkh frqwuro lqsxw1 Lq wdqn 6 wkh frqwuro dfwlrqv duh
vpdoohu1 Wklv lv dovr vhhq iurp wkh vlpxodwlrq lq Iljxuh
7 +wkh vrolg olqh lq wkh sorw ri x,1
Zh revhuyh wkdw qrqh ri wkh frqwuro hohphqwv kdyh dq|

lqwhjudwruv/ hyhq wkrxjk wkh vlpxodwlrq lq Iljxuh 7 vkrz
qr vwhdg|0vwdwh r�vhw1 Krzhyhu/ li vrph prgho huuru lv
lqwurgxfhg +53( uhgxfhg jdlq lq wdqn 5 dqg 6,/ zh gr
jhw d vwhdg|0vwdwh r�vhw1 Iljxuh 9 vkrzv wkh vwduw ri wkh
uhvsrqvh/ lw �qdoo| hqgv xs voljkwo| deryh sK @ ;1 Orfdo
SLG frqwuroohuv jlyh qr vxfk vwhdg|0vwdwh r�vhw1
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Iljxuh 9= Prgho huuru jlyhv vwhdg|0vwdwh r�vhw zlwk ruljl0
qdo 6� 6 frqwuroohu1
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Iljxuh := Jdlq ri wkh frqwuro hohphqwv ri wkh uhghvljqhg
6� 6 K4 frqwuroohu1 +Orfdo SLG frqwuroohuv duh gdvkhg,1

Zh vxevhtxhqwo| uhghvljqhg wkh frqwuroohu wr jhw wkuhh
lqwhjudwruv lq wkh frqwuro orrs vkdsh +Iljxuh :,1 Wkh
vlpxodwlrq lq wklv fdvh jlyhv qr vwhdg|0vwdwh r�vhw1 Wklv
looxvwudwhv rqh ri wkh sureohpv ri wkh �ihhgiruzdug� frq0
wuro eorfn/ qdpho| wkh vhqvlwlylw| wr vwdwlf xqfhuwdlqw|1



Vlpxodwlrqv rq wkh shuihfw prgho pd| ohdg wkh ghvljqhu
wr eholhyh wkdw qr lqwhjudwru lv qhfhvvdu|1
Wr vwxg| wkh ihhg iruzdug h�hfw vhsdudwho|/ d K4 frq0

wuroohu zdv ghvljqhg xvlqj wkh phdvxuhphqw lq wdqn 4/ dqg
frqwuro lqsxwv lq doo wdqnv1 Wkh uhvxow lv orfdo frqwuro lq
wdqn 4 dqg ihhg iruzdug iurp wdqn 4 wr wdqnv 5 dqg 61
Vlpxodwlrq rq wkh olqhdu prgho jlyhv wkh vdph uhvxow dv
iru wkh 6� 6 frqwuroohu +Iljxuh 7,/ zkhuhdv qrqolqhdu vlp0
xodwlrq jlyhv vwhdg|0vwdwh r�vhw gxh wr vwdwlf prgho huuru
dqg qr ihhgedfn lq wdqnv 5 dqg 61
Wkh h�hfw ri ihhgedfn iurp grzqvwuhdp wdqnv/ l1h1 wkh

eorfnv deryh wkh gldjrqdo iurp wkh glvfxvvlrq lq vhfwlrq
6/ lv looxvwudwhg wkurxjk wkh iroorzlqj vlpxodwlrqv1 Zh
lqwurgxfh d vwdwlf phdvxuhphqw qrlvh lq wdqn 5 ri 4 sK
xqlw1 Lq Iljxuh ; zh vhh wkh uhvsrqvh iru wkh surfhvv zlwk
orfdo frqwuro zlwk SLG1 Zh fdq vhh wkdw wkh sK lq wdqn
6 uhodwlyho| txlfno| uhwxuqv wr d sK ri :1 Wkh sureohp
lv wkh frqwuro lqsxw lq wdqn 6/ zklfk vwdelol}hv dw d ohyho
dzd| iurp wkh srlqw lq wkh plggoh ri wkh udqjh +3,/ zklfk
zh frqvlghu dv wkh lghdo uhvwlqj srvlwlrq1 Vlqfh zh uhdoo|
duh lqwhuhvwhg lq wkh sK lq rqo| wkh odvw wdqn/ zh jhw wzr
h{wud ghjuhhv ri iuhhgrp/ zklfk fdq eh xvhg iru uhvhwwlqj
wkh frqwuro lqsxwv ri wkh odvw wzr wdqnv1 Iljxuh < vkrzv
wkh vlpxodwlrq iru wkh pxowlyduldeoh frqwuroohu1 Khuh zh
vhh wkdw erwk wkh sK dqg wkh frqwuro lqsxw lq wdqn 6 jr wr
wkhlu ghvluhg ydoxhv1 Wkh dfwxdo sK lq wdqn 5 lv ulvhq wr
wkh fruuhfw ydoxh wr rewdlq wklv1 Wklv looxvwudwhv wkdw wkh
hohphqwv deryh wkh gldjrqdo lq wkh pxowlyduldeoh frqwuroohu
jlyh lqsxw uhvhwwlqj1
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Iljxuh ;= Vwhdg|0vwdwh phdvxuhphqw qrlvh lq wdqn 5= Or0
fdo frqwuro zlwk SLG gr qrw eulqj wkh frqwuro lqsxw iru
wdqn 6/ x6/ edfn wr wkh lghdo uhvwlqj srvlwlrq1 +x0sorw=
vrolg olqh1,

Wr vxppdul}h wkh h{dpsoh zh fdq vd| wkdw wkh pxo0
wlyduldeoh frqwuroohu jlyhv vljql�fdqw lpsuryhphqwv frp0
sduhg wr orfdo frqwuro edvhg rq SLG1 Wklv lv hvshfldoo|
gxh wr wkh ihhgiruzdug h�hfw/ dqg zlwk odujh prgho huuruv/
wkh ihhgiruzdug pd| ohdg wr zruvh shuirupdqfh1 Lqwhjudo
dfwlrq lv lpsruwdqw lq wkh frqwuroohuv/ hyhq li wkh ihhg0
iruzdug h�hfw pd| jlyh qr vwdwlrqdu| ghyldwlrq iru wkh
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Iljxuh <= Vwhdg|0vwdwh phdvxuhphqw qrlvh lq wdqn 5= Wkh
pxowlyduldeoh frqwuroohu kdv exlow lq lqsxw uhvhwwlqj/ dqg
eulqjv x6 edfn wr wkh lghdo uhvwlqj srvlwlrq +x0sorw= vrolg,1
Qrwh wkdw wkh wlphvfdoh gl�huv iurp wkh rwkhu sorwv1

qrplqdo fdvh1 Wkh lqsxwv lq wkh odvw wzr wdqnv duh uhvhw
wr wkhlu lghdo uhvwlqj srvlwlrq zlwk wkh pxowlyduldeoh frq0
wuroohu/ ehfdxvh ri wkh ihhgedfn iurp grzqvwuhdp wdqnv1

8 Frqfoxvlrq
Dq h{dpsoh ri qhxwudol}dwlrq ri d vwurqj dflg zlwk edvh
lq d vhulhv ri wkuhh wdqnv lv xvhg wr looxvwudwh vrph ri wkh
lghdv lq wkh sdshu1 Wklv surfhvv lv reylrxvo| vhuldo1 Wkh
h{dpsoh looxvwudwhv wkdw wkh pxowlyduldeoh frqwuroohu |lhogv
vljql�fdqw qrplqdo lpsuryhphqwv frpsduhg wr orfdo frq0
wuro edvhg rq SLG1 Exw wklv lv hvshfldoo| gxh wr ihhgiru0
zdug/ dqg zlwk prgho huuruv/ wkh ihhgiruzdug pd| lq idfw
ohdg wr zruvh shuirupdqfh1 Lqwhjudo dfwlrq ru vwurqj jdlq
lq wkh orfdo frqwuroohuv dw orz iuhtxhqflhv lv lpsruwdqw wr
rewdlq qr vwhdg|0vwdwh r�vhw/ hyhq li wkh ihhgiruzdug hi0
ihfw lwvhoi pd| qrplqdoo| jlyh qr vwhdg|0vwdwh1 Ihhgedfn
wr xsvwuhdp wdqnv eulqjv wkh lqsxwv wr wkhlu lghdo uhvwlqj
srvlwlrqv/ dovr zkhq d zurqj sK phdvxuhphqw jlyh sure0
ohpv lq dq xsvwuhdp wdqn1 Wkh h{dpsoh lqglfdwhv wkdw lw
lv srvvleoh wr jhw d jrrg shuirupdqfh zlwk fduhixo xvh ri d
pxowlyduldeoh frqwuroohu ru d frpelqdwlrq ri orfdo frqwuro/
ihhg iruzdug iurp wdqn 4 dqg lqsxw uhvhwwlqj1
Lq wklv vwxg| zh xvhg dK40frqwroohu/ exw vlplodu uhvxowv

kdyh dovr ehhq irxqg iru d PSF frqwuroohu1

Uhihuhqfhv
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^vnrjh4` Vnrjhvwdg V1/ �D surfhgxuh iru VLVR frqwurood0

elolw| dqdo|vlv 0 zlwk dssolfdwlrq wr ghvljq ri
sK qhxwudol}dwlrq surfhvvhv�/ Frpsxwhuv fkhp1
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^vnrjh5` Vnrjhvwdg V1/ Srvwohwzdlwh L1 �Pxowlyduldeoh
Ihhgedfn Frqwuro1�/ Mrkq Zloh| ) Vrqv/ +4<<9,


