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Abstract—In this paper, we study adaptive control design
problem of piecewise-linear systems with matching parametric
uncertainties. The basic idea is to construct a piecewise control
law and a piecewise parameter adaptation law in such a way
that a piecewise quadric Lyapunov function can be used to
establish the global stability. All of the synthesis conditions are
formulated as Linear Matrix Inequities and can therefore be
efficiently solved. Moreover, the possibility of sliding motion at
the boundary of polytopic regions is considered, and the results
are demonstrated by application to control a linear motor.

I. INTRODUCTION

Piecewise linear(PWL) systems are switched linear systems
with state space-partition-based switching. PWL systems are
very important in representing many practical systems includ-
ing power electronics [1], [2], robots [3], [4] and biology
regulatory networks [5]. In additional, PWL systems can
approximate nonlinear systems to any degree of accuracy and
therefore provide a useful framework for the analysis and
synthesis of a large class of nonlinear systems.

Remarkable progress on the PWL systems have been
achieved thanks to the dedication of many researchers over
the last decades. Important achievements include stability and
stabilization [6]–[11], state and output tracking control [12]–
[14] and robust control of PWL systems [15]–[20] among
others.

Although the proposed robust control methods [15]–[20] can
be applied to deal with the uncertain PWL systems, model
uncertainties coming from parametric uncertainties can not
be reduced. In order to achieve the required performance,
the feedback gains must be increased, resulting in high-
gain feedback. On the other hand, there are always the
constrain scope of control input in the practical engineering
systems. To avoid the high-gain feedback, an Lyapunov-based
adaptive control approach was proposed in [21]. However,
the synthesis conditions were formulated as Bilinear Matrix
Inequities(BMIs), the computation problem of BMIs is still a
common challenge.

In this paper, we study the adaptive control design problem
of PWL systems with matching parametric uncertainties. The
basic idea is to construct a piecewise control law and a
piecewise parameter adaptation law in such a way that a
piecewise quadric Lyapunov function[PQLF] can be used

to establish the global stability. Comparing with [21], all
of the synthesis conditions are formulated as Linear Matrix
Inequities(LMIs) instead of BMIs, thus are much more simple
to solve with existing software such as MATLAB. Moreover,
we consider the possibility of sliding motion at the boundary
of polytopic regions, which guarantees the rigidity of the
proposed approach.

II. PROBLEM FORMULATION AND PRELIMINARY

Consider the following uncertain PWL systems,

ẋ =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

A1x + B1u + ϕ1(x)θ if x ∈ R1,

A2x + B2u + ϕ2(x)θ if x ∈ R2,

· · ·
Amx + Bmu + ϕm(x)θ if x ∈ Rm,

(1)

where R
n = ∪i∈{1,2,··· ,m}Ri denotes a partition of the state

space into a number of closed polytopic regions; x ∈ R
nx , u ∈

R
nu and θ ∈ R

nθ , denotes the state, input and unknown pa-
rameter vector, respectively. Moreover, Ai, Bi are all constant
matrices with appropriate dimensions; ϕi(x) : R

nx→R
nx×nθ

is a continuous linear or nonlinear function with ϕi(0) = 0.
As shown in [6], we can construct matrices Ei, Fi for each

region Ri such that{
Eix ≥ 0, x ∈ Ri

Fix = Fjx, x ∈ Ri ∩ Rj

(2)

Assumption 1: The proposed PWL systems satisfy the
matching condition, i.e., there exist function ψi(x) for each
region, such that

Biψi(x) = ϕi(x), x ∈ Ri. (3)

Let θ̂ be the estimation of θ, our objectives are to design a
piecewise control law u(t) = ui(x, θ̂), x ∈ Ri and a piecewise
parameter adaptation law ˙̂

θ = υi(x, θ̂), x ∈ Ri, such that the
closed-loop PWL system is asymptotically stable, i.e, all the
possible state trajectories will converge to origin.

III. MAIN RESULTS

In this section, we provide the main contribution of the
paper. An LMI-based adaptive control approach will be devel-
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oped for the PWL system (1) based on the PQLF theory [6]
and the following two lemmas.

Lemma 1: [22] For all positive definite matrices P , the
following inequality holds:

GT P−1G ≥ GT + G − P. (4)

Lemma 2: [23] Let Φ be any given positive definite matrix.
The following statements are equivalent:

(1). Ψ + Ξ + ΞT < 0;
(2). There exists a matrix W such that[
Ψ + Φ − (W + WT ) ΞT + WT

∗ −Φ

]
< 0.

(5)

Now, we give the main result of this paper.
Theorem 1: If there exist symmetric matrices T , Ui, Wi and

general matrix Vi, Ri, such that Ui, Wi have nonnegative en-
tries and the following LMIs are satisfied with Pi = FT

i TFi,

Pi − ET
i WiEi > 0, (6)2

4
−(Vi + V T

i ) V T
i AT

i + RT
i BT

i + Pi V T
i

∗ −Pi 0
∗ ∗ ET

i UiEi − Pi

3
5 < 0.

(7)

Then, using the piecewise control law{
u = −ψi(x)θ̂ + Kix
Ki = −RiV

−1
i

x ∈ Ri (8)

and the piecewise parameter adaptation law

˙̂
θ = ϕi(x)T Pix, x ∈ Ri, (9)

the resulting closed-loop PWL system is asymptotically stable.
Proof: We choose a piecewise quadratic Lyapunov function

V (x, θ̂) =
∑

i

βi[xT Pix + θ̃T θ̃], βi =
{

1 x ∈ Ri

0 others (10)

where θ̃ = θ̂ − θ denotes the estimation error of unknown
parameter θ.

Then, the sufficient conditions for the asymptotical stability
are {

V (x, θ̂) ≥ 0
V̇ (x, θ̂) < 0

(11)

That is because if considering the augmented sys-
tem (1),(8),(9), and let

E = {(x, θ̂) ∈ (X, Rnθ )|V̇ (x, θ̂) = 0} (12)

then
E = {(0, θ1)|θ1 ∈ R

nθ} (13)

and E is a invariant set. Therefore,using LaSalle’s theorem[25],
the solution of the augmented system (x(t), θ̂(t)) converges to
the set E, i.e.,

lim
t→∞x(t) = 0 (14)

Therefore, we just need to show the conditions (11) hold.
With the help of (10), we learn that the conditions (11) can

be implied by{
xT Pix > 0

2ẋT Pix + 2θ̃T ˙̂
θ < 0

x ∈ Ri \ 0 . (15)

Replacing the piecewise control law and adaptation law by
(8–9), the sufficient conditions become{

xT Pix > 0
2(Āix + ϕi(x)θ − Biψi(x)θ̂)T Pix + 2θ̃T ϕi(x)T Pix < 0

(16)
where Āi = Ai + BiKi.

By eliminating the terms containing θ̃, the sufficient condi-
tions can be reformulated as the following inequalities{

xT Pix > 0
xT (ĀT

i Pi + PiĀi)x < 0 x ∈ Ri . (17)

These conditions can be relaxed using S-procedure and
the polyopic region description (2), yielding the sufficient
conditions as{

Pi − ET
i WiEi > 0

ĀT
i Pi + PiĀi + ET

i UiEi < 0 x ∈ Ri . (18)

It is noted that the first inequality of the above conditions is
same with (6), so our rest work is to show the proof of second
inequality using condition (7).

Let Qi = P−1
i , Si = ET

i UiEi, then the second inequality
can be written as

QiĀ
T
i + ĀiQi + QiSiQi < 0 x ∈ Ri. (19)

The use of Lemma 2 with Ψ = QiSiQi and Ξ = QiĀ
T
i

yields,[
QiSiQi + Φi − (Wi + WT

i ) ĀiQi + WT
i

∗ −Φi

]
< 0. (20)

By the congruence transformation
[
Vi 0
∗ Pi

]
with Vi =

W−1
i , the inequality (20) becomes[
V T

i (P−1
i SiP

−1
i + Φi)Vi − (Vi + V T

i ) V T
i Āi + Pi

∗ −PiΦiPi

]
< 0.

(21)
A Schur complement argument on the term

V T
i (P−1

i SiP
−1
i + Φi)Vi shows that, the sufficient condition

is equivalent to the following inequality⎡
⎣−(Vi + V T

i ) V T
i Āi + Pi V T

i

∗ −PiΦiPi 0
∗ ∗ −(P−1

i SiP
−1
i + Φi)−1

⎤
⎦ < 0.

(22)
The use of Lemma 1 with Φi = P−1

i yields,

(P−1
i SiP

−1
i + Φi)−1 = Pi(Si + Pi)−1Pi ≥ Pi − Si. (23)

This inequality show that the following condition implies
the inequality (22),⎡

⎣−(Vi + V T
i ) V T

i Āi + Pi V T
i

∗ −Pi 0
∗ ∗ ET

i UiEi − Pi

⎤
⎦ < 0. (24)
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Replacing Āi by ĀT
i , we can obtain the dual of (25) as⎡

⎣−(Vi + V T
i ) V T

i ĀT
i + Pi V T

i

∗ −Pi 0
∗ ∗ ET

i UiEi − Pi

⎤
⎦ < 0. (25)

substituting Āi = Āi + BiKi, Ri = KiVi into (25), we
obtain the inequality 7. In summary, (6–7) are the sufficient
conditions for the the asymptotical stability of the resulting
closed-loop PWL SYSTEM, which completes the proof.

Remark 1: Although the proposed piecewise adaption law
can only ensure the boundedness of θ̂ rather than asymptotical
convergence to the true parameter value θ, the state trajectory
will still converge to the origin as the disturbance converges
to zero.

IV. SIMULATION RESULTS

In this section, we consider an epoxy core linear motor drive
system with negligible electrical dynamics described in the
following [24].

ẋ1 = x2 (26)

Mẋ2 = u − θx2 + [fc − fce
−|ẋ1|]sgn(ẋ1) (27)

where x1, x2 are the position and speed of the inertia load,
respectively. The control input is u, which ensures the system
stable. All the parameter values and their physical meanings
are illustrated in Table 1, where θ ∈ [0.2, 0.28] is the uncertain
parameter.

TABLE I: Simulation parameters
M=0.55 Motor mass (Kg)

fc=1 the Coulomb friction force
θ ∈ [0.2, 0.28] an equivalent viscous friction coefficient

The objective is to design a state feedback controller with
the control gain constrain ‖K‖∞ ≤ 2 that forces the motor to
stop at a certain point.

Given the possible initial velocity x2 ∈ [−2, 2]. The
nonlinear function (27) − (28) can be approximated by PWA
functions yielding a PWL system with four regions as below.

R1 = {x|x ∈ R
2|x2 ∈ [−2,−1]},

R2 = {x|x ∈ R
2|x2 ∈ [−1, 0]},

R3 = {x|x ∈ R
2|x2 ∈ [0, 1]},

R4 = {x|x ∈ R
2|x2 ∈ [1, 2]}.

Moreover, the system matrix Ai is obtained by its PWA

approximation, and

A1 =

⎡
⎣0 1 0

0 0.6645 −0.2690
0 0 0

⎤
⎦ (28)

A2 = A3 =

⎡
⎣0 1 0

0 1.8182 0
0 0 0

⎤
⎦

A4 =

⎡
⎣0 1 0

0 0.6645 0.2690
0 0 0

⎤
⎦

Bi =

⎡
⎣ 0

1.8182
0

⎤
⎦ , i ∈ {1, 2, 3, 4}

such as

ẋ = Aix + Biu + ϕiθ (29)

where x =

⎡
⎣x1

x2

1

⎤
⎦ and ϕi(x) =

⎡
⎣ 0
−x2

0

⎤
⎦ . (30)

Thus, the Assumption 1 is satisfied, where ψi(x)=−0.55x2.
Therefore, the following piecewise control law and parameter
adaptation law are employed,{

u = 2x2θ̂ + Kix
˙̂
θ = ϕi(x)T Pix

x ∈ Ri , (31)

where Ki and Pi can be obtained by solving the LMIs pro-
posed in Theorem 1. The solutions are obtained by MATLAB
as below.

K1 =
[−0.7003 −1.1917 0.2382

]
(32)

K2 =
[−0.6106 −1.9195 0.0118

]
K3 =

[−0.5024 −1.8053 −0.0158
]

(33)

K4 =
[−0.4098 −0.8887 −0.1969

]

Simulations have been carried out with the initial condition
[x1, x2]=[−2,−1.5] and θ̂(0)=0.24. Fig.1 shows that, the
state trajectory of closed-loop PWL system converges to the
origin, which illustrates the efficacy of the proposed LMI-
based adaptive control method.

For comparison, we try to design the state feedback con-
troller using the BMI-based adaptive control method [21] for
the same PWL system, no feasible solution can be found using
YALMIP, which illustrates the advantage of the proposed LMI-
based adaptive control approach.

V. A REMARK ON SLIDING MOTION

Actually, by extending the idea of [6], if there exists a
quadratic Lyapunov function Vl(x, θ̃) ≥ 0 for each boundary

819



l = Ri ∩ Rj , such that for all x ∈ l,

Vl(x, θ̃) ≥ 0 (34)
∂Vl

∂x
c̄o{Aτkx + Bτu + ϕτ (x)θ} +

∂Vl

∂θ̃

˙̃
θ < 0, τ = i, j (35)

the asymptotical stability can be guaranteed, although the
sliding motion may happen. Note that for all x ∈ l, Elx = 0,
then using similar procedure in the proof of Theorem 1, the
constraints (34-35) can also be expressed as LMIs.

VI. CONCLUSION

In this paper, a LMI-based adaptive control method is
developed for uncertain PWL systems. By constructing proper
piecewise model compensator and online parameter adaptation
law, the adaptive control design problem can be converted
to the control design problem for a nominal PWL system
without parameter uncertainties. Furthermore, the stabilization
problem for the obtained nominal PWL system are formulated
as optimization problems subject to a set of LMIs, which
are numerical solvable by the existing software. However, the
proposed method still has a limitation that the parametric un-
certainty of the PWL systems must satisfy matching condition,
which will restrict the application of the proposed synthesis
method. Therefore, our future work will focus on how to get
rid of this assumption to achieve wider applications.
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