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Abstract—Vibration isolation systems with nonlinear stiff-
ness under sinusoidal excitation exhibit unwanted jump phe-
nomena and superharmonics when they are lightly damped.
These characteristics can be suppressed by linear viscous
damping but the force transmissibility over the high fre-
quency range increases as a result. In this study, nonlinear
viscous damping will be chosen to solve this problem with
the aid of a single-degree-of-freedom model with cubic
stiffness. Simulation results show that nonlinear viscous
damping can reduce the resonant peak as well as suppressing
the adverse properties of nonlinear stiffness, jumps and
harmonics, without compromising the transmissibility over
the high frequency range. Nonlinear damping preserves the
benefits of linear damping while removing the undesirable
effects over the non-resonant regions and therefore improves
the overall performance.
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I. INTRODUCTION

Passive vibration isolation systems are employed in
many engineering applications where objects require
protection from undesired vibration force or displace-
ment. They are usually installed between the source of
the disturbance and equipment requiring protection in
order to reduce the level of vibration transmitted to
the object. A single-degree-of-freedom (sdof) vibration
isolator, modelled by a linear mass-spring-damper sys-
tem, has been well-studied by many authors [1]–[9]. The
need for nonlinear vibration isolation and the recent
developments are summarised by Ibrahim [10].

The nonlinearity usually takes the form of either a
nonlinear spring force or a nonlinear damping force.
There are a number of works focusing on Duffing-
type isolators where the restoring spring force is a
cubic function of the displacement [11]–[14]. Compared
to the linear case, the nonlinear stiffness term could
lower the force transmissibility around the resonant
frequency range. In some cases, the resonant frequency
can be reduced, resulting in a larger frequency range
of vibration isolation. One major drawback of nonlinear
stiffness, however, is the jump phenomena, where the
transmissibility suddenly jumps up or down when there
is a small change in the frequency of the excitation signal.

The inherent instability and the resulting high level of
higher harmonics may cause some concerns. The effects
of the nonlinear spring force on an sdof system was
compared with that of the nonlinear damping force by
Zhang et al. [15]. Their results showed that nonlinear
damping is preferable as a significant reduction of the
peak transmitted force can be achieved without bifur-
cations in the system. The study by Lang et al [16]
showed that the nonlinear viscous damping force could
complement the drawbacks of linear viscous damping
by modifying the force transmissibility in the resonant
region without causing any detrimental effects over the
non-resonant regions.

The application of nonlinear stiffness to vibration iso-
lation has a longer history than the use of nonlinear
viscous damping. Because of the different pros and cons
of these two nonlinear forces, this paper aims to examine
the benefits brought by nonlinear viscous damping when
it is incorporated into an isolator with nonlinear stiffness.
The nonlinear stiffness may be an internal property of
the isolator or it may be an inherit property of the system
that requires protection from vibration. The isolation sys-
tem with cubic stiffness is represented by an sdof mass-
spring-damper model. The transmissibility performance
over a range of frequencies for different levels of linear
and nonlinear damping obtained by simulation will be
displayed. The comparison of the transmissibility curves
will reveal the benefits of nonlinear viscous damping
over linear viscous damping. The jump phenomena and
the harmonics caused by the spring nonlinearity can be
suppressed by either linear or nonlinear damping but
only nonlinear damping can maintain the performance
over high frequency regions simultaneously.

An sdof mass-spring-damper model with nonlinear
spring and damping forces under sinusoidal excitation is
described in Section II. The influence of nonlinear damp-
ing on this model are given in Section III. Simulation
results and discussions are provided in Section IV and
finally a conclusion is given in Section V.
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II. SDOF VIBRATION ISOLATORS WITH SPRING AND
DAMPING NONLINEARITY

Consider a single-degree-of-freedom (sdof) vibration
isolation system under a sinusodial excitation force fin(t)
as shown in Figure 1, where

fin(t) = A sin(ω̄t) (1)

with magnitude A and frequency ω̄. The force trans-
mitted to the immobile base, fout(t), is related to fin(t)
by the equations of motion of the nonlinear vibration
isolation system given by

Mẍ(t) + C1ẋ(t) + C2[ẋ(t)]3

+K1x(t) +K2[x(t)]3 = fin(t) = A sin(ω̄t)

fout(t) = C1ẋ(t) + C2[ẋ(t)]3 +K1x(t) +K2[x(t)]3

(2)

where x(t) is the displacement of the moving mass, M
is the mass, C1 the viscous damping constant, C2 the
cubic viscous damping constant, K1 the linear spring
constant, K2 the cubic spring constant. When K2, C2 = 0,
System (2) is identical to a well-studied linear system.
When K2 6= 0 and C2 = 0, it becomes a Duffing-type
vibration isolator which exhibits jump-up and jump-
down phenomena as discussed in many publications
[13], [17], [18].

For the purpose of general analysis, System (2) is
reduced to a non-dimensional form which is non-specific
to chosen values of M and K1. By denoting the resonant
frequency ω0 =

√
K1/M , the first equation in System (2)

becomes

ÿ(τ) + ξ1ẏ(τ) + ξ2[ẏ(τ)]3 + y(τ) + γ[y(τ)]3 = sin(Ωτ)
(3)

where

τ = ω0t, (4)

Ω =
ω̄

ω0
, (5)

y(τ) =
K1

A
x(t), (6)

γ =
A2K2

K3
1

, (7)

ξ1 =
C1√
K1M

, (8)

(9)

and

ξ2 =
C2A

2√
(K1M)3

. (10)

System (2) can be viewed as a single-input two-output
system by substituting in

y1(τ) = y(τ) (11)

Fig. 1. Single-degree-of-freedom vibration isolation system with
nonlinear cubic stiffness and nonlinear cubic viscous damping

and

y2(τ) = y1(τ) + γ[y1(τ)]3 + ξ1ẏ1(τ) + ξ2[ẏ1(τ)]3 (12)

hence the model becomes{
ÿ1(τ) + y2(τ) = u(τ) = sin(Ωτ)

y2(τ) = y1(τ) + γ[y1(τ)]3 + ξ1ẏ1(τ) + ξ2[ẏ(τ)]3.
(13)

The force transmissibility T1(Ω), the ratio of the magni-
tude of the transmitted force at the excitation frequency
to that of the excitation force, can be deduced from
equations (2), (4) - (10) and (13). In the time domain,
this gives

fout(t)

A
=
C1ẋ(t) + C2[ẋ(t)]3 +K1x(t) +K2[x(t)]3

A
(14)

= y1(τ) + γ[y1(τ)]3 + ξ1ẏ1(τ) + ξ2[ẏ1(τ)]3 (15)
= y2(τ). (16)

By applying Fourier transform to y2(τ) and evaluating
at ω = Ω gives

T1(Ω) =
∣∣∣Y2(jω)|ω=Ω

∣∣∣ =
∣∣∣Y2(jΩ)

∣∣∣. (17)

Equation (17) implies that the force transmissibility of
the system can be evaluated by examining the spectrum
of the second output of System (13).

Because of the system’s nonlinearity, the second out-
put y2(τ) contains the fundamental frequency of the
input signal as well as harmonics. As System (13) has
cubic stiffness and cubic damping, the third harmonics
of the output may be significant. This harmonic effect
can be described by T3(Ω) defined as

T3(Ω) =
∣∣∣Y2(jω)|ω=3Ω

∣∣∣. (18)

The numerical simulation results of System (13) will be
presented in Section III. The effects of nonlinear viscous
damping on the performance of vibration isolation will
be shown by T1(Ω) and T3(Ω).
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III. THE EFFECTS OF NONLINEAR VISCOUS DAMPING
ON A DUFFING-TYPE VIBRATION ISOLATOR

From analysis and observation, the following conclu-
sions can be made.

Proposition 1

(i)

When Ω ≈ 1, there exists a ξ̄2 > 0 such that

d[T1(Ω)]2

dξ2

∣∣∣∣
Ω≈1

< 0 (19)

if 0 < ξ2 < ξ̄2 for 0 ≤ γ < γ̄ where γ̄ is the maximum
value of γ beyond which jump phenomena will be
observed in System (13).

(ii)

When Ω� 1 or Ω� 1, there exists a ξ̄2 > 0 such that

T1(Ω)|ξ2>0 ≈ T1(Ω)|ξ2=0 (20)

if 0 < ξ2 < ξ̄2 for 0 ≤ γ < γ̄ where γ̄ is the maximum
value of γ beyond which jump phenomena will be
observed in System (13).

(iii)

For fixed values of γ, ξ1 > 0, if System (13) exhibits
jump phenomena, there exists a ξ̄2 such that the jumps
are eliminated.

The complete proof is still under study but a brief
description of the idea is provided here. System (13) is a
polynomial form nonlinear differential equation model,
the input and the two outputs of which can be repre-
sented by a Volterra series around the zero equilibrium
point in the time domain [19]. The force transmissibility
(i.e. the spectrum of the second output) can be related to
the input spectrum using the output frequency response
function (OFRF) concept [20]. The OFRF defines the
relationship between the output spectrum (the force
transmissibility) and the parameters which characterise
the nonlinearity of a Volterra system (γ and ξ2) for a
given input and fixed values of the linear terms. This
concept is applied to a vibration isolation system with
linear stiffness and nonlinear damping in a theoretical
study by Lang et al. [16]. The same approach can be
applied to System (13) which has an extra nonlinear
stiffness term. Its force transmissibility T1(Ω) can then
be expressed as a polynomial function of γ and ξ2. The
derivative of [T1(Ω)]2 with respect to ξ2 can be obtained
for Ω ≈ 1 to prove conclusion (i) and the values of T1(Ω)
for ξ2 > 0 and ξ2 = 0 are compared to reach conclusion
(ii).

Conclusion (iii) states that the jump phenomena can
be eliminated by nonlinear damping. As the Volterra
model cannot capture the jump phenomena, the OFRF
concept cannot be applied here. An alternative approach,

the harmonic balance method, can be used for this
analysis [11], [12], [21]–[27]. The solution of the second
output of System (13) is assumed to be of the form of
a truncated Fourier series. Substituting this into System
(13) and equating coefficients related to each harmonic
components yields an expression for T1(Ω). This well-
known method has been the main tool for the analysis
of Duffing systems and can now be extended to the
study of a Duffing system with an additional nonlinear
damping term.

The three conclusions of Proposition 1 are based on
some previous analyses and observations from numer-
ical examples given in Section IV. It is worth pointing
out that for System (13), the following remark about the
harmonics in the system output can also be made.

Remark 1

When Ω ≈ 1, there exists a ξ̄2 > 0 such that

d[T3(Ω)]2

dξ2

∣∣∣∣
Ω≈1

< 0 (21)

if 0 < ξ2 < ξ̄2 for 0 ≤ γ < γ̄ where γ̄ is the maximum
value of γ beyond which jump phenomena will be
observed in System (13).

The present study extends the findings of Lang et
al. [16] to a vibration isolation system with nonlinear
stiffness. The effects of nonlinear damping are concluded
by Proposition 1 and Remark 1. Equation (19), the first
conclusion of Proposition 1, suggests that an increase
in the value of cubic damping leads to a reduction
in the force transmissibility around the resonant fre-
quency range and the second conclusion, summarised
by Equation (20), indicates that the the transmissibility
over the frequency range far away from the resonant
frequency remains unaffected by nonlinear damping.
These findings conclude that the ideal properties of non-
linear damping found by Lang et al. [16] also hold true
for systems with nonlinear stiffness for certain values
of γ. The jump phenomena is addressed by the third
conclusion which shows that the cubic damping, when
it reaches a high enough level, can remove the jump
phenomena caused by the nonlinear spring thus greatly
improving the system stability. Remark 1 focuses on
the superharmonics produced by the nonlinear spring.
The highest level of superharmonics is produced when
the excitation frequency is near the resonant frequency.
The derivative of [T3(Ω)]2 with respect to ξ2 is negative
so Equation (21) indicates that the third harmonic can
be reduced by nonlinear damping. These are the main
advantages of including nonlinear viscous damping on
a Duffing-type system.

IV. SIMULATION RESULTS AND DISCUSSION

Numerical simulation studies were conducted using
the standard MATLAB solver for ordinary differential
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equations (ode45) to demonstrate the effects of nonlin-
ear viscous damping on a Duffing-type vibration isola-
tion system. The results are presented in Figures 2 to
6.

The advantage of nonlinear viscous damping over
conventional linear damping on an sdof vibration iso-
lation system with linear stiffness, as described in the
study by Lang et al. [16], are summarised by Figures
2 and 3. In Figure 2, the system has linear stiffness
and linear damping with ξ1 = 0.1, 0.2 and 0.4. As the
linear damping parameter ξ1 increases, T1(Ω) around
the resonant region decreases but there is an undesirable
increase in T1(Ω) in the high frequency region. In Figure
3, the value of ξ1 is kept constant at 0.1 while the cubic
damping parameter ξ2 takes the values 0, 0.2 and 0.4. In
this case, the resonance at Ω ≈ 1 is suppressed by the
increase of ξ2 while T1(Ω) over the frequency ranges of
Ω� 1 and Ω� 1 is unaffected.

The simulation is repeated for System (13) where the
nonlinear stiffness is taken into account (i.e. γ > 0).
Figure 4 shows the effects of linear damping with the
presence of nonlinear stiffness. The contrast of the effects
of linear and nonlinear viscous damping can be observed
by comparing Figure 4 with Figures 5 and 6, where
the cubic viscous damping constant ξ2 takes the values
0.2, 0.4 and 0.6 for γ = 0.1 and γ = 0.2 respectively.
Similar to the case with pure linear stiffness, the cubic
viscous damping again modifies the resonant region
without causing detrimental effects in the non-resonant
regions. It is clear that the increase of ξ1 leads to an
increase of T1(Ω) over the high frequency range whereas
the increase of ξ2 does not. Thus, nonlinear viscous
damping has a significant advantage over linear viscous
damping on vibration isolation even with the presence of
nonlinear stiffness. These observations are summarised
by the first two conclusions of Proposition 1.

Nonlinear viscous damping may also address the well-
known jump-up and jump-down phenomena of sys-
tems with nonlinear stiffness. To ensure stability, jump
avoidance should be an important feature of a vibration
isolator. The study by Ravindra and Mallik [18] found
that the jump phenomena could be eliminated by linear
viscous damping. With pure linear viscous damping, the
simulation results in Figure 4 shows a jump occurring at
Ω ≈ 1.4 when ξ1 = 0.1 for γ = 0.2 and ξ2 = 0 but the
jump no long exists when the level of linear damping
increases to ξ1 = 0.2. The trade-off of applying linear
damping to remove the jump phenomena is the adverse
effects on the transmissibility over the high frequency
range. This problem can be overcome by employing non-
linear viscous damping as discussed above. In Figures 5
and 6, the jumps disappear when ξ2 increases from 0 to
0.2 while the shape of the force transmissibility curve
remains unchanged for Ω � 1 and Ω � 1. This is the
conclusion (iii) of Proposition 1.

Under the excitation of a sinusoidal input force, the

output of an sdof system with nonlinear stiffness ex-
hibits some harmonics. To achieve a good level of iso-
lation, these harmonics, which are transmitted to the
base, should be minimised. The spectrum of the second
output of System (13) contains a strong component at
the excitation frequency Ω plus the higher harmonics
at nΩ, where n = 3, 5, 7, · · · . The effects of the fifth
and higher harmonics are neglected as their magnitudes
are small. The simulation results of T3(Ω), the third
harmonics, are illustrated in Figures 7 and 8. Consider
the case when γ = 0.2 and ξ1 = 0.1, two peaks, one
at Ω ≈ 0.4 and another at Ω ≈ 1.1, are observed in
Figure 7. The magnitudes of both peaks decrease as
the value of nonlinear viscous damping increases. This
is the conclusion of Remark 1. While T1(Ω) measures
the force transmissibility at the fundamental frequency,
T3(Ω) indicates the level of output force at 3Ω. The sum
of T1(Ω) and T3(Ω) (and the higher harmonics terms)
measures the overall energy transmissibility. Nonlinear
damping can reduce the peaks occurring in both T1(Ω)
and T3(Ω) so it can also remove energy at frequencies
Ω ≈ 1 from an sdof system with nonlinear stiffness
effectively.

The effects of linear damping on the third harmonics
T3(Ω) are included in Figure 8 for completeness. The
results suggest that linear damping reduces T3(Ω) over
the whole frequency range, as opposed to just the Ω ≈ 1
region in Figure 7. This means that linear damping is bet-
ter at suppressing the higher harmonics than nonlinear
damping. However, when the total energy transmitted is
considered, an increase in ξ2 leads to a far greater rise in
T1(Ω) than the fall in T3(Ω) for Ω� 1. In the nonlinear
damping case, T3(Ω) rises from 0.003 (-52 dB) to 0.008
(-42 dB) when ξ2 increases from 0.2 to 0.6 at Ω = 3.
This increase is very small in absolute terms. Nonlinear
damping therefore remains the preferred choice over
linear damping on a vibration isolation system with
nonlinear stiffness.

V. CONCLUSIONS

A vibration isolation system with nonlinear stiffness
and linear viscous damping has been studied by many
researchers. The force transmitted contains harmonics of
the excitation frequency. The jump-up and jump-down
phenomena occurs when the level of linear damping
is small. This current study shows that the overall
performance of vibration isolation is enhanced by the
introduction of nonlinear viscous damping based on
an sdof model described in Section II . The simulation
results reveal important features of nonlinear viscous
damping on a Duffing-type system outlined in Section
III. The nonlinear damping parameter can eliminate
the jump phenomena and reduce the third harmonics
of the transmitted force when the excitation frequency
is close to the resonant frequency. These may also be
achieved by linear viscous damping but the nonlinear
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Fig. 2. The force transmissibility of System (2) with linear stiffness
and linear viscous damping, where γ, ξ2 = 0. Solid: ξ1 = 0.1; Dashed:
ξ1 = 0.2; Dot-dashed: ξ1 = 0.4.
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Fig. 3. The force transmissibility of System (2) with linear stiffness
and nonlinear viscous damping, where γ = 0 and ξ1 = 0.1. Solid:
ξ2 = 0; Dashed: ξ2 = 0.2; Dot-dashed: ξ2 = 0.4.
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Fig. 4. The force transmissibility of System (2) with nonlinear stiffness
and linear viscous damping, where γ = 0.2, ξ2 = 0. Solid: ξ1 = 0.1;
Dashed: ξ1 = 0.2; Dot-dashed: ξ1 = 0.4.
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Fig. 5. The force transmissibility of System (2) with nonlinear stiffness
and nonlinear viscous damping, where γ, ξ1 = 0.1. Solid: ξ2 = 0;
Dashed: ξ2 = 0.2; Dot-dashed: ξ2 = 0.4.
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Fig. 6. The force transmissibility of System (2) with nonlinear stiffness
and nonlinear viscous damping, where γ = 0.2 and ξ1 = 0.1. Solid:
ξ2 = 0; Dashed: ξ2 = 0.2; Dot-dashed: ξ2 = 0.4.
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Fig. 7. The third harmonic of the force transmissibility of System (2)
with nonlinear stiffness and nonlinear viscous damping, where γ = 0.1
and ξ1 = 0.1. Solid: ξ2 = 0.2; Dashed: ξ2 = 0.4; Dot-dashed: ξ2 = 0.6.
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Fig. 8. The third harmonic of the force transmissibility of System (2)
with nonlinear stiffness and linear viscous damping, where γ = 0.1
and ξ2 = 0. Solid: ξ1 = 0.2; Dashed: ξ1 = 0.4; Dot-dashed: ξ1 = 0.6.

damping parameter has a major additional advantage -
it lowers the force transmissibility over the frequencies
range around the resonant region while keeping the
high frequency range unaffected. These features bring
significant benefits to passive vibration isolation when
nonlinear stiffness is present.

Theoretical analyses including a rigorous proof for
Proposition 1 using the OFRF approach and the har-
monic balance method will be provided in a later publi-
cation. Further studies will focus on the practical appli-
cations of this concept on different engineering designs.
There are some recent research results on achieving
nonlinear viscous damping by controlling the output of
Magnetorheological dampers [28]–[30]. The authors will
continue to explore this idea and apply the concept of
nonlinear viscous damping to areas such as car suspen-
sion control and shock absortion for structures.
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