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Abstract—For the fault tolerant control of an eight-rotor
VTOL Unmanned Air Vehicle (UAV), a control allocation scheme
is proposed. The eight-rotor configuration provides actuator
redundancy to ensure safe operation under rotor/motor failures.
A PD controller is used to generate total thrust and moment
demands. A cascade inverse method of control allocation is
proposed to allocate the controller commands to the actuators
whilst ensuring that actuator saturation does not occur. If the
vehicle is subjected to rotor failures, the scheme re-allocates the
commands to maintain the vehicle stability and performance.
Until actuator saturation occurs the response of the vehicle is the
same when operating with all motors or fewer. The response of
the vehicle to several combinations of complete actuator failures
is investigated by simulation and it is shown that the proposed
method is able to maintain control after failure of up to four
actuators. The controller is invarient and the vehicle response to
commands is identical until motor saturation occurs.

Index Terms—Control Allocation, VTOL UAV, Octorotor, Fault
Tolerance

I. I NTRODUCTION

Unmanned Air Vehicles (UAVs) capable of Vertical Take-off
and Landing (VTOL) operations can provide many advantages
over conventional manned aircraft and UAVs which are not
capable of such flight. They give mission flexibility in that a
runway is not needed for launch and recovery, give a stable
platform for capturing images due to their hover capability, are
capable of high agility maneuvers such as vertical drops [1]
and allow for operations in harsh and hostile environments
since they do not put a human operator at risk. One major
drawback with using conventional quadrotor vehicles such as
OS4 [2], STARMAC [3], Qball-X4 [4] and tri-rotor vehicles
[5] is that there is no effector redundancy. If a rotor fails
completely then control is lost and the vehicle may crash. This
is an unacceptable scenario when operating over populated
urban areas.

It is fairly straightforward to demonstrate that complete loss
of a rotor for a quadrotor results in a vehicle that is not fully
controllable. However, with a partial failure in one rotor, a
quadrotor is still controllable. Fault detection and recovery
schemes have been investigated for a 50% thrust reduction in
one rotor by [6] and, using a sliding mode method, by [7].
Other methods for partial failures can be found in [4], [8].

Fault tolerant control for a quadrotor subject to sensor failures
has been investigated by [9] and by [10]. Even though a total
loss of a rotor results in an uncontrollable vehicle, it has been
shown that partial control can be maintained [11] with a loss
of yaw control.

Fig. 1. Octorotor Schematic Layout

TABLE I
VEHICLE PARAMETERS

Thrust factor,b 3.13×10−5

Drag factor,d 7.5 ×10−7

Inertia Ix, Iy 7.5 ×10−3kg m2

Inertia Iz 1.3 ×10−2kg m2

Rotor Inertia,J 6 ×10−5kg m2

Length of arm,l 0.4m
Vehicle mass,m 1.2kg

γ 22.5◦

The octorotor has been proposed as a solution to the
problem of safe operation of quadrotor-like UAVs [12], [13]. A
schematic of the vehicle is shown in Figure 1 with parameters
shown in table I. With eight independently controllable rotors
the vehicle has in-built hardware redundancy. Combinations
of various rotor thrusts will provide moments causing the
vehicle to roll around the x axis and pitch around the y
axis. Yaw control is achieved by varying the thrust from
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the clockwise and counter-clockwise rotors whilst keeping a
constant overall thrust value. This generates an imbalance in
the gyroscopic drag causing the vehicle to yaw around the z
axis. Furthermore, if the thrust of any single rotor is changed
then it will generate a rolling, pitching and yawing moment.
This is a property that can be exploited when fewer than eight
rotors are utilized.

It is possible to use various combinations of rotors to
generate moments across the body. The allocation and mixing
of the thrust demands to achieve a desired objective is the
control allocation problem. Various methods for linear control
allocation have been proposed including explicit ganging [14],
rule based systems [15, pp. 89-106] which have switches in the
control laws depending on the failure scenario, daisy chaining
[16] which divides the actuators into sets that can perform
the same task and are then ranked according to preference
for usage and effectiveness until the requirements are met
or the maximum performance from the set is reached. On-
line optimization methods have been proposed, see [17] for a
review. The most common approach uses constrained quadratic
programming (e.g. [18], [19], [20], [21], [22]) and this results
in efficient solutions. A Redistributed Pseudo Inverse (RPI)
method [21] is used in this paper. This method can increase
the possibility of reaching an optimal solution to an inverse
problem and allows for actuator saturation to be considered.
A comparison of control allocation methods with control
effectiveness uncertainties [23] has shown that the RPI method
leads to low errors and high performance.

This paper proposes the use of controller reallocation as
a means of obtaining fault tolerant control of the octorotor
vehicle subject to failures in one or more rotors. Stability and
performance of the vehicle is maintained by means of an RPI
control reallocation scheme. The performance of the vehicle
subject to multiple rotor failures is shown by simulation. The
authors believe this is the first work to show full controllability
of all states for a VTOL UAV after rotor failures.

In Section II the dynamics of the octorotor are presented.
The essential dynamics are well known [24], [25], [26] but this
work focusses on the application to a vehicle with eight rotors
rather than the four found in other work [2], [3]. The controller
tasked with stabilizing the body angles and global altitude is
developed in Section III. A description of rotor saturation and
control allocation via the RPI method is given in Section IV.
Section V shows results from numerical simulations showing
how the control re-allocation can control the vehicle with
hardware failures.

II. OCTOROTORDYNAMICS

A. Dynamics Model

The dynamics of small VTOL UAVs are well developed.
Here, the Newton-Euler approach is used [24], [25], [26] with
the following assumptions:

• the structure is rigid and symmetric,
• the propellers are rigid,
• the thrust and the drag are proportional to the square of

the speed of the rotor,

• ground effect is neglected,
• the inertia matrix is diagonal,
• the rotor Coriolis force and wind forces are not included,
• and the motor dynamics are ignored.

The state variables used in this analysis are:

X = [U V W P Q R x y z φ θ ψ]
T (1)

whereU, V,W are the body-centric velocities of the vehicle,
P,Q,R are the rotation rates,x, y, z describe the global
position of the vehicle in the inertial frame andφ, θ, ψ are the
Euler angles. Consider a body-fixed frame with the x,y, and z
axes originating at the center of mass of the vehicle. An inertial
frame is fixed to the Earth and has axes in the conventional
North-East-Down arrangement. The orthogonal rotation matrix
Sb converts from a body-fixed coordinate system to the Earth-
fixed coordinate system with the assumptions that

• the Earth is flat and stationary and
• the center of gravity lies at the origin of the body axis

reference frame
and is given by

Sb =





cθcψ cθsψ −sθ
sφsθcψ − cφsψ cφcψ + sφsθsψ cθsφ
cφsθcψ + sφsψ cφsθsψ − sφcψ cθcφ



 (2)

where sφ = sinφ, cφ = cosφ etc. This notation is used
throughout the paper.

The total forces and moments in the body axis are given by

Fnet =
d

dt
[mV] + ω′

× [mV] (3)

Mnet =
d

dt
[Iω′] + ω′

× [Iω′] (4)

whereV is the vector of linear velocities,ω′ is the vector of
angular velocities,I is the inertia matrix andm is the mass
of the vehicle. The gravitational forceFg is

Fg = m Sb





0
0
g



 = mg





−sθ
cθsφ
cθcφ



 (5)

where g is the acceleration due to gravity. The total force
Fnet is the force of gravity and the forces generated through
the rotors,Fp,

Fnet = Fg + Fp, (6)

which from (3) gives




U̇

V̇

Ẇ



 =
1

m





Fpx
Fpy
Fpz



+ g





−sθ
cθsφ
cθcφ



−





QW −RV
RU − PW
PV −QU



 (7)

From (4), the total momentsMnet acting on the vehicle are

Mnet =





Mx

My

Mz



 =





Ix 0 0
0 Iy 0
0 0 Iz









Ṗ

Q̇

Ṙ





+





P
Q
R



×





Ix 0 0
0 Iy 0
0 0 Iz









P
Q
R



 (8)
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Rearranging in terms of the state variable derivatives gives





Ṗ

Q̇

Ṙ



 =





Mx/Ix
My/Iy
Mz/Iz



−





((Iz − Iy)/(Ix))QR
((Ix − Iz)/(Iy))RP
((Iy − Ix)/(Iz))PQ



 (9)

The rotation matrix,Sb, from (2) is used to express the
movement of the vehicle in the global axes once the body-
centric velocities are known:




ẋ
ẏ
ż



 = STb





U
V
W





=





cψcθ cψsθsφ− sψcφ cψsθcφ+ sψsφ
sψcθ sψsθsφ+ cψcφ sψsθcφ− cψsφ
−sθ cθsφ cθcφ









U
V
W





(10)

The flight path is found by integrating (10). It contains the
body-centric Euler angles and these are related to the global
body angles through





P
Q
R



 =





1 0 −sθ
0 cφ sφcθ
0 −sφ cθcφ









φ̇

θ̇

ψ̇



 = S−1
e





φ̇

θ̇

ψ̇





giving




φ̇

θ̇

ψ̇



 = Se





P
Q
R



 (11)

where

Se =





1 tθsφ tθcφ
0 cφ −sφ
0 sφ/cθ cφ/cθ



 (12)

B. State Space Model

The general state space modelẊ = f(X,Γ) is obtained
from (7), (9), (10), (11) and (17) with state variables given by
(1) and control given by

Γ =

[

Fpz
Mp

]

(13)

whereMp =Mnet. This gives the state equation

d

dt





































U
V
W
P
Q
R
x
y
z
φ
θ
ψ





































=





































−g sθ − (QW − RV )
g cθsφ− (RU − PW )

(−cθcφFpz/m) + g cθcφ− (PV −QU)
(Mx/Ix)− ((Iz − Iy)/Ix)QR
(My/Iy)− ((Ix − Iz)/Iy)RP
(Mz/Iz)− ((Iy − Ix)/Iz)PQ

(cψcθ)U + (cψsθsφ− sψcφ)V + (cψsθcφ+ sψsφ)W
(sψcθ)U + (sψsθsφ+ cψcφ)V + (sψsθcφ− cψsφ)W

−sθU + (cθsφ)V + (cθcφ)W
P + (tθsφ)Q + (tθcφ)R

cφQ− sφR
(sφ/cψ)Q + (cφ/cθ)R





































(14)

C. Actuator Model

The total force provided by the rotors in the body frame is

Fpz =

7
∑

i=0

b Ω2
i (15)

where b is the term relating the rotor thrust to the squared
rotor speedΩ2

i . The rotor axes are mounted vertically on the
vehicle so

Fpx = Fpy = 0 (16)

The moments,Mx,My,Mz, are generated by the differences
in the thrusts of the eight rotors. The relationship between the
controlΓ and the rotor speeds is given by

Γ = ΛΣ (17)

whereΣ is the vector containing the squared rotor speeds

Σ =
[

Ω2
0 Ω2

1 Ω2
2 Ω2

3 Ω2
4 Ω2

5 Ω2
6 Ω2

7

]T
, (18)

andΛ is the control allocation matrix

Λ =









b b b b b b b b
bs −bs −bc −bc −bs bs bc bc
−bc −bc −bs bs bc bc bs −bs
d d −d −d d d −d −d









,

(19)
where bs = bl sin γ, bc = bl cos γ and whereγ denotes the
angle between the arms of the vehicle and the major axis lines
as shown in Figure 1,l denotes the arm length from the center
of the vehicle to the rotor axis, the factorb relates the squared
rotor speedΩ2

i to the thrust and the drag factord relates the
gyroscopic drag to the squared rotor speed.

III. C ONTROLLER

∫

f(X,Γ) control
allocationΛ

Γ
K

U

XẊ

Σ

Fig. 2. System Block Diagram

Figure 2 shows the block diagram of the system which is as-
sumed to provide perfect control allocation, that isΓ = U . The
number of rotors and the allocation of the control demands,Σ,
are not considered in the control block where the output,U ,
is simply a moment demand. This means that any maneuvers
are completed with the same performance regardless to the
number of functional rotors. The operator should not notice
any performance change with rotor/motor failures unless all
actuators are saturated.

Even though the vehicle has eight physical actuators the
system is under actuated in that the actuators can only directly
affect four of the six degrees of freedom. For this reason
only four control demands can be performed. The controlΓ
(17) contains the total thrust and three moment demands and
corresponds to commandsUi, i = 1, 2, 3, 4.
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To design the controller, several further assumptions are
made on the model presented in Section II. The vehicle is
assumed to operate near hover (non-acrobatic flight), hence the
cross coupling terms are ignored in (9) and state derivatives
Ṗ , Q̇, Ṙ are assumed to be proportional to the controller
demands:





Ṗ

Q̇

Ṙ



 = diag

(

1

Ix
,
1

Iy
,
1

Iz

)





U2

U3

U4



 (20)

Similar approximations are made to (10) and (11) to obtain

ż =W (21)

φ̇ = P (22)

θ̇ = Q (23)

ψ̇ = R (24)

The total thrust is calculated in the Earth-fixed frame meaning
the thrust from the rotorsFpz must be multiplied by the
appropriate factors in theSb matrix (2). Using (3) and (7) the
total thrust demand is known. Based on these approximations,
a PD scheme is used for the controller block,K, with the
individual commands:

U1 = −
m

cφcθ
(Kpz(zd − z)−Kdz(ż) + g) (25)

U2 = (Kpφ(φd − φ) −Kdφ(φ̇)) (26)

U3 = (Kpθ(θd − θ)−Kdθ(θ̇)) (27)

U4 = (Kpψ(ψd − ψ)−Kdψ(ψ̇)) (28)

The gain values were tuned by trial and error and are identical
for the roll and pitch controllers (26) and (27) since the vehicle
has planes of symmetry along the x and y body axes and so it is
possible to equate the pitch and roll responses to a rotor thrust.
The gain values for the yaw controller, (28), are set lower than
for the roll and pitch since the gyroscopic drag generated by
the rotor turning is lower than the moment created when a
rotor speed is increased. This means that the yaw response is
more sluggish than the roll and pitch response.

IV. ROTOR SATURATION AND L INEAR CONTROL

ALLOCATION

A. Rotor Saturation

The allowable values of the rotor speedsΩi(t) are limited
between absolute lower and upper boundsΩi, Ωi such that

Ωi ≤ Ωi(t) ≤ Ωi (29)

holds for allt. There is a maximum thrust that can be generated
by each motor-propeller combination due to the constraint on
the maximum rotational speed, as well as a minimum thrust
due to the lowest rotation speed of the rotor. Furthermore,
it is assumed that the motors cannot turn backwards so a
negative thrust cannot be generated. Hence, for the octorotor,
Ωi ≥ 0. Test bed modeling can reveal the limit to the rate
at which the motors can respond but in this paper no motor
dynamics are modeled and it is assumed that the rotors respond

instantaneously. Hence no constraint on the control rates is
imposed. From (18), (29) can be rewritten as

Σi ≤ Σi(t) ≤ Σi (30)

Repeating (17), the mapping of the generation of moments to
the thrusts from the rotors is

Γ = ΛΣ (31)

where for the octorotor, with all rotors operational, the dimen-
sion ofΛ is 4×8 and the full control allocation matrix is given
by (19). It should be noted that this differs from the control
mapping of a quadrotor where the dimension ofΛ is 4 × 4
[27] and a simple matrix inversion is used to determine the
individual rotor thrust values based on the control demands.

For the octorotor a pseudo-inverse method is used. Ideally
the thrust demands are shared between all eight rotors. This
ensures that no single rotor is close to its maximum threshold
which for these simulations was set at 700 rad/s. If an
unattainable command is demanded by the controller then
the allocation block will not pass it forward to the dynamics
block. This is achieved using the redistributed pseudo inverse
(RPI) method which is outlined in Section IV-B. This method
allows for a control reallocation following a rotor failure. The
dimension of the matrixΛ is reduced to4× (8− q) whereq
is the number of failed rotors. The outputs of the individual
rotors are then capable of providing the required thrust until
their maximum is reached. At this point they are saturated and
no more thrust can be generated. In such a state the vehicle
may not be controllable.

B. Redistributed Pseudo Inverse (RPI) Method

The redistributed pseudo inverse method extends the pseudo
inverse method by explicitly accounting for actuator satu-
rations. The method is originally attributable to [21], the
method we use here is based on the description in [14]. A
similar approach, called the Cascaded Generalized Inverse
method is proposed by [28]. The process is iterative in that
a succession of pseudo inverse solutions are calculated with
position saturated control effectors removed from subsequent
pseudo inverse solutions. The algorithm is

Step 1. Set̃Λ = Λ andci = 0 for all i.
Step 2. Solve the modified pseudo inverse control allocation

problem:
Σ = −c+ Λ̃+[Γ + Λc] (32)

where·+ denotes the Moore-Penrose pseudo inverse.
Step 3. IfΣi < Σi < Σi for all i, then end. Otherwise,

• for all i such thatΣi ≤ Σi, set ci = −Σi and
remove theith column ofΛ̃ and

• for all i such thatΣi ≥ Σi, set ci = −Σi and
remove theith column ofΛ̃

and return to Step 2.
The scheme is simply adapted for a control reallocation
scheme in the event of an actuator failure by augmenting Step
1. Following a total failure in thejth actuator, remove thejth
column of Λ̃ and removecj . Then proceed as above.
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V. SIMULATIONS

In order to test the performance of the redistributed pseudo
inverse reallocation method combined with the PD controller,
simulations of a number of scenarios were carried out using
MATLAB/Simulink. All scenarios began with the vehicle in
a hover with all of the state derivatives equal to zero, and the
aim is to maintain hover despite multiple rotor failures. The
failure condition was initiated at a time oft = 3s via a switch
in the simulation. It is assumed that the time taken for rotor
fault detection and controller reallocation is0.5s.

Four scenarios were investigated:

1) Failure in rotor 7.
2) Failure in rotor 0 and 7.
3) Failure in rotor 1, 5 and 7.
4) Failure in rotor 1, 3, 5 and 7.

The flight path of the vehicle is described by its altitude (z)
and three Euler angles (φ, θ, ψ). After the failure the vehicle
should recover level flight and regain any lost altitude.

A. Altitude Recovery
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Fig. 3. Altitude Response

Figure 3 shows that as the number of failed rotors increases
the altitude drop increases. This is as expected since the
total thrust available drops. The vehicle recovers after the
reconfiguration to regain the initial altitude with a similar
performance after all rotor failures.

B. Roll Recovery

Figure 4 shows that failure in the rotor caused the vehicle
to roll towards the failed rotors. The largest variation from
level attitude was with two failed rotors that were next to each
other. This generated a large adverse rolling moment before
the vehicle recovered to level hover. When four rotors failed,
because of the symmetry, no adverse rolling moment was
generated and the failed-rotor vehicle acted like a quadrotor
with only altitude disturbance.
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Fig. 4. Roll Response
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Fig. 5. Pitch Response

C. Pitch Recovery

Figure 5 shows that the pitch responses are similar to the
roll response due to the symmetry over the x and y body
axes. The differences in response after the failures were due
to the physical location of the failed rotors. The response after
reconfiguration is similar to the roll recovery and the vehicle
regains hover. Again, with four rotor failures the vehicle only
deviates in altitude.

D. Yaw Recovery

Figure 6 shows that the yaw moment generated from a failed
rotor caused the vehicle to yaw slightly. But due to the highly
coupled nature of the octorotor dynamics (9) the roll and pitch
lead to a large adverse yaw disturbance.

The large roll and pitch generated with a failure in rotors 0
and 7 leads to a large divergence in yaw. The response of the
vehicle once reconfigured is not the same as the roll and pitch
responses due to the different gains chosen for this controller
as described in Section III

VI. CONCLUSION

The paper proposes the use of a redistributed pseudo inverse
method of control reallocation for the fault tolerant control of
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Fig. 6. Yaw Response

an octorotor VTOL aircraft. Unlike the quadrotor, the vehicle
stability and performance is resilient to single rotor failure.
Furthermore multiple rotor failures can be tolerated; control
can be maintained for up to four rotor failures. Four scenarios
were investigated by simulation and in all of them the vehicle
retained enough control authority to recover from upset angles
up to 60◦. Note that the proposed method depends on the
availability of a fault detection system, this aspect has not
been addressed in this paper.

Ongoing theoretical work is investigating the effect of redis-
tributing the rotors so they turn clockwise, counter-clockwise
alternating around the vehicle and finding an optimum con-
figuration which will maximize the resilience of the system
to multiple rotor failure. In future work, the method will be
flight tested.
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