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Abstract: We study flatness of two-input control-affine systems, defined on an n-dimensional
state-space. We give a complete geometric characterization of systems that become static
feedback linearizable after a one-fold prolongation of a suitably chosen control. They form a
particular class of flat systems: they are of differential weight n + 3. We provide a system of first
order PDE’s to be solved in order to find all minimal flat outputs. We illustrate our results by
two examples: the induction motor and the polymerization reactor.
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1. INTRODUCTION

In this paper, we study flatness of nonlinear control
systems of the form
2: &= F(z,u),

where x is the state defined on a open subset M of R™
and wu is the control taking values in an open subset U of
R™ (more generally, an n-dimensional manifold M and an
m-dimensional manifold U). The dynamics F' are smooth
and the word smooth will always mean C*°-smooth.

The notion of flatness has been introduced in control
theory in the 1990’s by Fliess, Lévine, Martin and Rou-
chon (Fliess et al. [1992, 1995], see also Martin [1992],
Jakubczyk [1993], Pomet [1995]) and has attracted a lot
of attention because of its multiple applications in the
problem of trajectory tracking and motion planning (Fliess
et al. [1999], Pomet [1997], Pereira da Silva and Cor-
réa Filho [2001], Martin et al. [2003], Respondek [2003],
Schlacher and Schoeberl [2007], Lévine [2009]). The fun-
damental property of flat systems is that all their so-
lutions may be parametrized by m functions and their
time-derivatives, m being the number of controls. More

precisely, the system E : & = F(x,u) is flat if we can
find m functions, y;(z,u,..., u(’“)), for some r > 0, called
flat outputs, such that

2=, ) and uw=68(p,..., ™), (1)

for a certain integer s, where ¢ = (¢1, ..., @mn). Therefore
all state and control variables can be determined from the

flat outputs without integration and all trajectories of the
system can be completely parameterized.

It is well known that systems linearizable via invert-
ible static feedback are flat. Their description (1) uses
the minimal possible, which is n + m, number of time-
derivatives of the components of flat outputs ¢;. For any
flat system, that is not static feedback linearizable, the
minimal number of derivatives needed to express x and u
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(which will be called the differential weight) is thus bigger
than n + m and measures actually the smallest possible
dimension of a precompensator linearizing dynamically the
system. Any single input-system is flat if and only if it is
static feedback linearizable (and thus of differential weight
n+1), see Charlet et al. [1991], Pomet [1995]. Therefore the
simplest systems for which the differential weight is bigger
than n 4+ m are systems with two controls linearizable
via one-dimensional precompensator, thus of differential
weight n + 3. They form the class that we are studying
in the paper: our goal is to give a geometric character-
ization of two-input control-affine systems that become
static feedback linearizable after a one-fold prolongation
of a suitably chosen control.

The paper is organized as follows. In Section 2, we recall
the definition of flatness and define the notion of differen-
tial weight of a flat system. In Section 3, we give our main
results. We characterize two-input control-affine systems
linearizable via one-fold prolongation, that is, flat systems,
of differential weight n+3. We give in Section 4 a system of
first order PDE’s to be solved in order to find all minimal
flat outputs. We illustrate our results by two examples in
Section 5 and provide sketches of the proofs in Section 6.

2. FLATNESS

Flat systems form a class of control systems, whose set
of trajectories can be parameterized by a finite number of
functions and their time-derivatives. Fix an integer [ > —1
and denote M! = M x U x R™ and @' = (u,u,...,u®).
For [ = —1, we put M~! = M and @~ ! is empty.
Definition 2.1. The system Z : & = F(z,u) is flat
at (zo,u}) € M!, for I > —1, if there exists a neigh-
borhood O' of (zg,@)) and m smooth functions ¢; =
iz, u,a,...,u®), 1 <i < m, defined in O, having the
following property : there exist an integer s and smooth
functions 7;, 1 <7 < n, and §;, 1 < j < m, such that
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zi = %i(, 4y, 9)) and uy = 0;(, @, )
along any trajectory z(t) given by a control u(t) that sat-
isfies (z(t),u(t),...,u(t)) € O', where p = (¢1,...,¢m)
and is called a flat output.

When necessary to indicate the number of derivatives of
u on which the flat outputs ¢; depend, we will say that
the system Z is (z,u,--- ,u(")-flat if u(") is the highest
derivative on which ¢; depend and in the particular case
v; = wi(x), we will say that the system is z-flat. In
general, r is smaller than the integer ! needed to define
the neighborhood O! which, in turn, is smaller than the
number of derivatives of ¢; that are involved (in our
study 7 = —1 and [ = —1 or 0). The minimal number
of derivatives of components of a flat output, needed to
express x and u, will be called the differential weight of a
flat output and will be formalized as follows. By definition,
for any flat output ¢ of the flat system = there exist
integers s1,..., Sy, such that

T = 7(S017¢17-~-,SD(&SI)),...,@m7¢m’,..7¢£sTVL))
= 0(01, P15, O Omy Py e 085,
and let (A1,...,An) be the smallest m-tuple of integers

verifying this property (which always exists, see Respon-
dek [2003]). We will call > 1" (X\; + 1) the differential
weight of . A flat output ¢ of = is called minimal if
its differential weight is the lowest among all flat outputs
of =Z. We define the differential weight of a flat system to
be the differential weight of a minimal flat output.

Consider a control-affine system
m
ra=fz)+ Zuigi(x)v
i=1

where f and g1, -, ¢gm are smooth vector fields on M.
The system X is linearizable by static feedback if it is
equivalent via a diffeomorphism z = ¢(z) and an invertible
feedback transformation, u = «a(z) + S(z)v, to a linear
controllable system A : 2 = Az + Bv. The problem of
static feedback linearization was solved by Jakubczyk and
Respondek [1980] and Hunt and Su [1981] who gave the
following geometric necessary and sufficient conditions.
Define the distributions D! = D! + [f, D?], where D° =
span{gi,- - ,gm}. % is locally static feedback linearizable
if and only if for any i > 0, the distributions D’ are of
constant rank, involutive and D"~ ! = T'M. Therefore the
geometry of static feedback linearizable systems is given by
the following sequence of nested involutive distributions :

D'cpD'c-.-CcD" ! =TM.
A feedback linearizable system is static feedback equiva-
lent to the Brunovsky canonical form

(Br) 70

Z.f'ipi = Uy

where 1 < i <m,1<j<p —1 and " pi = n,
see Brunovsky [1970], and is clearly flat with ¢ =
(211, , Zm1) being a minimal flat output (of differential
weight n + m). In fact, an equivalent way of describing
static feedback linearizable systems is that they are flat
systems of differential weight n 4+ m.

In general, a flat system is not linearizable by invertible
static feedback, with the exception of the single-input case
where flatness reduces to static feedback linearization. Flat
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systems can be seen as a generalization of linear systems.
Namely they are linearizable via dynamic, invertible and
endogenous feedback, see Fliess et al. [1992, 1995], Martin
[1992], Pomet [1995, 1997]. Our goal is thus to describe
the simplest flat systems that are not static feedback
linearizable: two-inputs control-affine systems that become
static feedback linearizable after one-fold prolongation,
which is the simplest dynamic feedback. They are flat of
differential weight n + 3. In this paper, we will completely
characterize them and show how their geometry differs
but also how it reminds that given by the involutive
distributions D’ for static feedback linearizable systems.

3. MAIN RESULTS

Throughout, we will consider two-input control-affine sys-
tems of the form

i = f(@) + urgr(x) + uaga(2), (2)
where z € M, u = (ug,u2)’ € R? and f, g1, and go are
smooth vector fields on M. We deal only with systems that
are not static feedback linearizable. This occurs if there
exists an integer k such that D* is not involutive. Suppose
that k£ is the smallest integer satisfying that property
and assume tkDF — 1k D¥~1 = 2 (see Proposition 7, in
Section 6, asserting that the latter is necessary for dynamic
linearizability and thus for flatness). From now on, unless
stated otherwise, we assume that all ranks involved are
constant in a neighborhood of a given zy € M. All results
presented here are valid on an open and dense subset of
M x U x R™ (the integer [ being large enough) and hold
locally, around a given point (zg, %)) of that set.

Proposition 1. The following conditions are equivalent:

(i) X is flat at (2o, @}), with the differential weight n+3;

(ii) ¥ is a-flat at (zg,up), with the differential weight
n+ 3;

(iii) There exists, around ¢, an invertible static feedback
transformation u = «(x) + S(z)a, bringing the
system ¥ into the form ¥ : & = f(z) + @1g1(x) +
U2ga(x), such that the prolongation

$10) . [ & = f(@) +y191() + v202(x)
Y1 = 1

is locally static feedback linearizable, where y; = 1y,

vy = lig, f = f+agand §=gB, where g = (g1,92)

and g = (g1, g2).

A system ¥ satisfying (ii7) will be called dynamically lin-
earizable via invertible one-fold prolongation. Notice that
»(1.0) is, indeed, obtained by prolonging the control i, as
v1 = 41 (which explains the notation). The above results
asserts that for systems of weight n + 3, flatness and z-
flatness coincide and that, moreover, they are equivalent to
linearizability via the simplest dynamic feedback, namely
one-fold preintegration.

Our main result describing flat systems of differential
weight n+3 is given by two following theorems correspond-
ing to the first noninvolutive distribution DF being either
DY i.e., k =0 (Theorem 3) or D¥, for k > 1 (Theorem 2).
For both theorems, we assume that D* # T M, where D is
the involutive closure of D*. The particular case D* = T M
(met in applications, see Example 5.1) will be discussed at
the end of this section (Theorem 4).
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Theorem 2. Assume k > 1 and D¥ # TM. A control
system X, given by (2), is a-flat at x, with the differential
weight n + 3, if and only if

(A1) 1k D* =2k + 3;
(A2) 1k (D*+[f, D*]) = 2k+4, implying the existence of a
nonzero vector field g, € D° such that adf{“ ge € D¥;

(A3) The distributions B?, for i > k, are involutive, where
BF = D" ! 4 span {adlg.} and B"*' = B' + [f, B];
(A4) There exists p such that B? = T M.

The geometry of the systems described by Theorem 2 can
be summarized by the following sequence of inclusions:

POc...cpk-lcBkcpDkcPk=BFtlc...cBFC...CB° =TM
2 2 1 1 1 2 2 1 1

where all the distributions, except DF, are involutive and
the integers beneath “C” indicate coranks. Notice the
existence of a corank one involutive subdistribution B¥
in D* which plays an important role in our analysis. It
is easy to check that DF = B¥+1 Indeed, by definition,
Bk = Dk 4 span {adkﬂgc} and is involutive. Moreover,

rk B¥*1 = 2k + 3, otherwise we obtain B**! = DF and
D* would be involutive. Since DF  BF+! and rk BF+1 —
2k + 3, it follows that D* = B¥+1. Thus the direction
completing D* to DF has to be colinear with ad’fc“gc.

The previous theorem enables us to define, up to a multi-
plicative function, the characteristic control, i.e., the con-
trol to be prolonged in order to obtain a locally static feed-
back linearizable $(1:%). The vector field g. € D° (see (A2))
can be expressed as g. = (191 + B292, for some smooth
functions (not vanishing simultaneously) on M. We de-
fine the characteristic control as u.(t) = Bo(x(t))uq(t) —
B1(x(t))us(t) and it is the characteristic control that needs
to be preintegrated in order to dynamically hnearlze the
system, that is, we put v; = %(52111 Biug) = dt“l

If k = 0, i.e., the first noninvolutive distribution is D,
then a similar result holds, but in the chain of involutive
subdistributions B ¢ B! ¢ B? C (playmg the role
of B¥ ¢ B*1 c Bk2 C ), with BY = = span {gc} the
distribution B! is not defined as B**! but as Gt =

[DY, D] (compare (A3) and (A3)’). Moreover, flat systems
with & = 0 exhibit a singularity in the control space
(created by one-fold prolongation of the characteristic
control) which is defined by

Using(w) = {u € R? : (g1 AgeA[f +urg1+uzge, 9c])(z) = 0}
and excluded by (CR).

Theorem 8. Assume k = 0 and D* # TM. A system
3, given by (2), is a-flat at (zg,ug), with the differential
weight n + 3, if and only if

(A1)’ G!is involutive;

(A2) 1kG! + [f,D°] = 4, implying the existence of a
nonzero vector field g. € D° such that adsg. € G;
The distributions B?, for i > 1, are involutive, where
B! = G! and B**! = B + [f, BY], for i > 1;

(A4)’ There exists p such that B = T M,

(CR) wo ¢ Using(70)-

The conditions of both theorems are verifiable, i.e., given
a two-input control-affine system, we can easily verify
whether it is flat of weight n + 3 and verification involves

(A3)
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derivations and algebraic operations only, without solving
PDE’s or bringing the system into a normal form.

Let us now consider the case D¥ = TM. It is immediate,
by Proposition 7 (in Section 6), that n = 2k + 3. The
involutivity of DF can be lost in two different ways: either
[DF=1,D*] € D* and [ad}g1, ad}gs] ¢ D* or [D*~1, D] ¢
DF. As asserts Theorem 4 below, in the first case, the
system is flat of differential weight n+ 3 without any addi-
tional condition whereas in the second case, the system %
has to verify some additional conditions analogous to those
of Theorem 2. Since the condition (A2), enabling us to
compute the involutive subdistribution B¥, has no sense in
that case, we have to define B* in another way. To this end,
we introduce the characteristic distribution of D*, defined
as follows. For a distribution D, a characteristic vector
field ¢ belongs to D and satisfies [¢, D] C D. The char-
acteristic distribution of D is the distribution spanned by
all its characteristic vector fields. It follows directly from
the Jacobi identity that the characteristic distribution is
always involutive.

In the case k = 0 and D¥ = T M, the singular controls are
not defined by Us;ng(z) but as

U;zng( ) - {U € Rz : dimspan{glag%adfgl +u2[927gl]a
adsgs + uig1, 92]}(z) = 3}.
Theorem 4. Assume k > 0 and D*¥ = TM. Then

(i) either [D*~1 D*] C D* and then ¥ is z-flat at any
xo € M (;v flat at any (z9,u9) € M x R?, such that
uo & Ul,,.(z0), if kK =0). Moreover, if ¥ is flat, it is
flat of dlﬁqerentlal weight n + 3.

(ii) or [DF=1,D*] ¢ DF, then k > 1 and ¥ is z-flat of
differential weight n + 3 at x¢9 € M if and only if,
around xg, X satisfies:

(C1) tkC* = 2k, where C* is the characteristic
distribution of D* ;
C2) tk (CkNDF1) =2k —1;

(
(C3) The distribution B* = C* +D*~! is involutive;
(

C4) B! = TM, where B¥*1 = B* 1 [f B¥].
It can be shown that in the case [D¥~! Dk ¢ DF
(no mater whether D* = TM or not), the involutive

subdistribution B* can always be defined as above, i.e.,
the definition of B given by item (A3) of Theorem 2 and
that provided by conditions (C1) — (C3) of Theorem 4 are
equivalent if [D*~! DF] ¢ D*. This is not valid anymore
if [DF~1, D¥] C D*; indeed, in that case C¥ = DF~1, (C2)
is not verified and (C3) would give B¥ = DF1L.

4. CALCULATING FLAT OUTPUTS

In this section, firstly, we answer the question whether a
given pair of smooth functions on M forms a flat output
and, secondly, provide a system of PDS’s to be solved in
order to find all minimal flat outputs. In particular, we
will discus uniqueness of flat outputs for flat systems of
differential weight n + 3. Let © be the largest integer such
that corank (B*~! C B*) is two and p is the smallest
integer such that B” =TM.

Proposition 5. Consider a control system 3, given by (2),
that is flat at zg (at (xo,up), if & = 0), of weight n + 3.

(i) Assume D* # TM or D¥ = TM and [DF~1 D] ¢
D*. Then a pair (¢1, p2) of smooth functions on a
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neighborhood of x( is a minimal z-flat output at z if
and only if (after permuting ¢1 and 9, if necessary)
d§01 1 Bp_17 dSDQ 1 BH_17
and dpa A dp1 AdLppy A+ N dLE o1 (w0) # 0.
Moreover, the pair (¢1, ¢2) is unique, up to a dif-
feomorphism, i.e., if (P1, ¢2) is another minimal
z-flat output, then there exist smooth maps h;
and hg, smoothly invertible (hy with respect to its
first argument), such that ¢1 = hi(p1) and @y =
ha(p2, o1, Lypr, ..., L 1) if p = p, then ¢; =
hi(p1,02), 1 < i < 2, and h = (hy, he) is a diffeo-
morphism.

(ii) Assume D¥ = TM and [D¥~! DK} C DF. Then a
pair (¢1, 2) of smooth functions on a neighborhood
of zy is a minimal z-flat output at z¢ if and only if
(de1 A dps)(xo) # 0 and the involutive distribution
L = (span {dp1,dps})* satisfies

DMl cLc D
Moreover, for any function 1, satisfying dyp; L DF 1
and (Lad’;g1$017Lad’;g2<P1)($0) # (0,0), there exists

2 such that the pair (¢1,p2) is a minimal z-flat
output; given any such ¢, the choice of ¢ is unique,
up to a diffeomorphism, that is, if (@1, $2) is another
minimal z-flat output, then there exists a smooth
map h, smoothly invertible with respect to the second
argument such that @3 = h(p1, ¥2).

In the case D* = TM and [D*~!, D*] C DF, there is as
many flat outputs as functions of three variables. Indeed,
the distribution D*~! is involutive and of corank three.
According to item (ii), ¢ can be chosen as any function
of three independent functions, whose differentials span
(D*~1)L and then there exists a unique @ (up to a
diffeomorphism) completing it to a minimal z-flat output.
This reminds very much non-uniqueness of flat outputs of
two-control driftless systems, Li and Respondek [2012].

As an immediate corollary of Proposition 5, we obtain
a system of PDE’s whose solutions give all minimal z-
flat outputs. In the case D*¥ # TM or D*¥ = TM and
[DE=1 DF] ¢ D*, the vector field g. is well defined, so
depote Vi1 = ad}_lgc, for 1 < j < p+1, and vy =
adiflgl, for1 <j< o and complete them, for 1 <i < p—
Ly by Vop+1+i = adéﬁﬂ_lfha if ad?gl ¢ BM7 or by V2p+1+i =
aal’;H ge, otherwise. We thus have defined n—1 vector fields
V1,...,Up—1 satisfying B¥~1 = span{vy,...,v9,—1} and
Bf~! =gspan {vy,...,v,_1}. In this case the result follows
immediately and is stated as item (i) of proposition below.
If D¥ = TM and [D*~!, D] € D¥, thenfor 1 < j < k = 4,
denote w; = adjf71g1 and wyy; = adjfflgg. Clearly,
DF=1 = span {wy, ..., wa;} but we have to construct one
more vector field w, as described in item (ii).

Proposition 6. Consider a system X, given by (2), that is
flat at o (at (zo,uo), if k = 0), of differential weight n+ 3.

(i) Assume D* # TM or D* = TM and [D*~1,D*] ¢
D*. Then a pair (¢1, @2) of smooth functions on a
neighborhood of z is a minimal z-flat output at z if
and only if (after permuting ¢ and (9, if necessary)

ij@l = 0,
L'Uj(p2 =0,

1<j<n-1
1<j<2u-—1
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and dps Adpr ANdLgoy A=+ A dL?_“cpl(xO) £ 0.
(ii) Assume DF = TM and [D*~!,D¥] c D*. Then a

pair (¢1, 2) of smooth functions on a neighborhood

of zy is a minimal z-flat output at z( if and only if

(after permuting ¢1 and @9, if necessary) i is any

function satisfying

Luyo1 = 0, 1<j<2k,
and (Lad?glgolead?gQSol)(xo) # (070) anda for any
1 as above, @9 is given by
Ly;p2 =0, 1 <75 <2k, and Lyps =0,
where w = (Lad;;@(pl)ad]}gl — (Lad;;glgpl)ad’}gg and
(dp1 A dipa)(zo) # 0.

Clearly, the distribution £ spanned by w and D*~! is of
corank two and, as can be proved, involutive thus implying
that for any ¢; we can solve the system of equations for
2. Different choices of ¢; lead, in general, to different
involutive distributions £ and thus to different functions
2 and, as we have mentioned, there is as many choices as
nondegenerate functions of three variables.

5. EXAMPLES
5.1 Induction motor
Consider the induction motor (called direct-quadrature

model in Chiasson [1998], see also Martin and Rouchon
[1996], Delaleau et al. [2001]):

. TL

W = ppgiq — 7

Ya = —na +nMiq

. nMiq

P = Npw At ——

Srm d o

- . 77de . nMZq Uq

g = —7vig + + npwiq + + —
R a1,

iy = g = Mrwe¥a o MGl g
oLRrLg Ya oLg

where uq, u, are the inputs (the stator voltages), iq and
iq are the stator currents, 1)q and p are two well-chosen
functions of the rotor fluxes (see Chiasson [1998] for their
precise expression) and w is the rotor speed. All other
parameters of the motor (the inductances Lg and Lg, the
load-torque 77, etc.) can be supposed constant and known.
After applying a static feedback transformation (which has
also a physical interpretation, see Chiasson [1998] for more
details) the system is transformed into the form:

. . TL . nMi

w = paig — — p = npw+ .
EIM B J . . ’d}d

Ya = —mpa +nMiq  iq = vq

ig = vq

This system is not static feedback linearizable. Indeed,
the distribution D! = span{a%)d7 aiiq’ %wd, % + Zi‘é a%} is
not involutive, D' = TM and [D°, D'] € D'. Here k = 1
and we are in the case of Theorem 4(i) and the system
is flat without additional condition, a property that has
been already observed and applied, Martin and Rouchon
[1996], Delaleau et al. [2001].

According to Propositions 5(ii) and 6(ii), the system
admits many flat outputs (the choice being parameterized
by a function of three well defined variables) and let us
calculate some of them. Recall that a pair of independent
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functions (¢1, w2) is a minimal z-flat output if and only
if the involutive distribution £ = (span{dy;,dps})*
satlsﬁes Do C L C D!. Hence L has to be of the form £ =
span {-2- 81 , a ,h}, where h is any vector field of the form

h = aawd + B(aw + ”wg ap) such that £ is involutive and

(o, B) # (0,0). Let us first take £ = span{dzd, Dig” 8?%}

The associated flat outputs are independent functions of
w, p and we can take (p1, varphis) = (w, p).

Let us now give some less intuitive minimal flat outputs.
— 9 o 9 nM & .

Choose £ = span {5, 50w T o a—p}. Any two indepen-

dent functions ¢ and @9 depending on w, 14, p whose dif-

ferentials annihilate £, that is, satisfying O, —i—Zfz %“‘; =0,

for 1 <14 < 2, can be taken as minimal ﬂat outputs. Solving

those equations, we get ¢; = ©;(¥q, Z—%w — p). We can
d

choose, for instance, (1, ¢2) = (Y4, Z—%w —p).
d

Finally, let £ = span{aiid, ai@’#zd + % + Z% 8%} The

functions o1 and 2 depend on w, ¥4, p and satisfy
Doi 4 d% 4+ 1M 9 = () for 1 < i < 2. Solving those

0a pip2 9p
equations, we obtain ¢; = @;(p + ,1/1d w). We can

choose (¢1,92) = (p+ Z% »¥a = )

5.2 Polymerization reactor

Consider the reactor, Martin et al. [2003], Rouchon [1995]:

5 Cmm _ 12 Cm
Cm = —= —(1l4+&—————)— + R(Cm,C;,Cs,T
m . ( + € +Mmcm) . + m( g i )
Ci = ™C; i 1 e MK &
C( ) +Cu2 v +€u+MmC@)T
. s smg _ 1% s
¥ Cs = ug—=+ —= — (1 N =
S VRS VSGA e .,
i = —MmBRm(Cm,Ci,Cs,T) — (L +&————F—)—
T = O(Cmvc’i»CSzuzT)“ralTj
Tj = fs (T, Tj) + aquy

where w1, uy are the control inputs and Chum,, Cii,, Csi,,
Csm., M, € 7, V, a1, oy are constant parameters. The
functions R,,, k;, 0 and fg are not well-known and can
be considered arbitrary: they derive from experimental
data and involve kinetic laws, heat transfer coefficients and
reaction enthalpies. After applying a change of coordinates
and a suitable static feedback transformation, we obtain :

o]
C,

1.

H
Qx
Il

m

ém7Ci,Cs,ﬁ7T)

I
S ™

YPR
J

S _eEe

<3}

2
where b is a smooth function depending explicitly on

T =T 1If (a:?;% 68(2;;) 7& (0,0), then the distribution
1%} a

1 0ob 9 9 9
Dl = Span{ac ac ac 5 BT, , 22} is noninvolutive,

rk D' = 5 and D' # T M. Consequently, we are in the case
ek #0.
Therefore, [D°, D] ¢ D! and the corank one 1nvolut1ve
subdistribution B! can be computed in two different
ways (see condition (A3) of Theorem 2 and the comment

following Theorem 4). We will calculate B! by applying
the procedure given by Theorem 2. The distribution

of Theorem 2, with k& = 1. Let us suppose that

Copyright © 2013 IFAC

2_)1 + [f, Dl} = Span{f7 7~4, 7~., s "< ff}

is of rank 6 (provided that a%b

s

g2 = —~ is such that adgs € D'. Therefore, item (A2) of

Theorem 2 is verified and g plays the role of g.. Thus the
corank one subdistribution B! is given by

g 0 8}
aC, 8T 1 oT

and is clearly involutive. We have B2 = B! + [f, BY]

= span{ac '\ 56 B IT @} involutive and B3 = TM.

The system ZPR satisfies all conditions of Theorem 2,

hence the corresponding prolongation ig}g), obtained by

prolonging 4, is locally static feedback linearizable and
can be brought into the Brunovsky canonical form with

Cp = MpCoy + 11, C; = Cs — ‘“C’ playing the role
of top variables. Let us now compute the minimal flat
outputs (p1,¢2) of Ypr. We are in the first case of
Proposition 5, with p = 3 and u = 2. Since the differential
of o1 annihilates B2, it follows that ¢; = gol(ém) with
88%; # 0. The differential of o annihilates B! and satisfies
dpas N dpy A dLypy # 0. This yields ¢y = ©2(Cr, Ci, 1)
with 8” # 0. Hence, a choice of minimal flat outputs is

(9017 902) - (Cmv Cl)

does not vanish) and

B' =D’ + span {ad; o} = span { —

6. SKETCHES OF PROOFS
6.1 Notations and useful results

Consider a control system of the form ¥ : & = f(z) +
u191(2) + uaga (). By 19 we will denote the system X
with one-fold prolongation of the first control, that is

»(1,0) . = f(x) + y191(x) + +v2092(2)
yl = U
with y; = u; and vs = us. Throughout this section,

- 0
F= Z(fi + ylgli)aTci
i=1

stands for the drift and

G = ZQQZ

3y1 Tq
denote the control vector fields of the prolonged system. To
Y (1.0)  we associate the distributions Dg = span{G1, Ha}
and D/*' = D! + [F,Dj], for i > 0, (the subindex p
referring to the prolonged system %(1:0)).

We start by stating two results needed in our proofs.

Proposition 7. Consider ¥ given by (2), dynamically lin-
earizable via invertible one-fold prolongation and let D*
be the first noninvolutive distribution. If & > 1, then
rk DF — rk DF~1 = 2.

Proposition 8. Consider ¥ given by (2), and let D* be
the first noninvolutive distribution. Assume k& > 1 and
D* satisfies the conditions (A1) — (A2) of Theorem 2. If
the distribution B¥ = D*~! 4 span {ad’g.} is involutive,
where g. is defined by item (A2), then all distributions
£ = D! +span {adfgc} for 1 < ¢ < k—1, are involutive.
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6.2 Proof of Theorem 2

We give a sketch of the proof of Theorem 2, which is a
general result whereas Theorems 3 and 4 deal with the
particular cases k = 0 and D* = TM.

Necessity. Consider an z-flat system ¥ : & = f(z) +
u191(x) + u2ga(z) of weight n + 3. By Proposition 1, there
exists an invertible feedback transformation v = «a(z) +
B(x)a, bringing ¥ into ¥ : & = f(x)+a1g1(x) + U2ha(z),
such that the prolongation (10 is locally static feedback
linearizable. For simplicity of notation, we drop the tilde,
but we keep distinguishing ¢g; from hs (which could also
be denoted go) whose control is not preintegrated. Since
»(1.0) is locally static feedback linearizable, for any i > 0
the distributions D; are involutive, of constant rank, and
there exists an integer p such that rk Df = n + 1. It can
be proved (by an induction argument) that, for 1 <14 <k,

D;:SPaH{aTJl,gl,'“ ;adha}.
Since the intersection of involutive distributions is an
involutive distribution, it follows that
Bk = DS NTM = Span {gla T 7ad?7191a h23 T 7adl;h2}
is involutive. It is immediate that D*~' < B* C
Dk, where both inclusions are of corank one, otherwise
B* = D* and DF would be involutive, which con-
tradicts our hypotheses. The involutivity of D;f“
span{a%l,gl, e ,ad’}gl, ha, -+ ,adiﬁ“hQ} implies that of
DF 4 span {ad} " hy}. It yields D* = D¥ +span {ad} ™" hy}
and kD" = 2k + 3. This gives (Al). Recall that B" =
B~ +[f, B, for i > k + 1. We have

, ) .
Dk+z _ Y Bk-i—z P> 1.
p Span{ay1}+ , U2

aad§_1glvh27 e

Consequently, the involutivity of D’;+i implies that of
B**+i for ¢ > 1. Moreover, rk Df = n+ 1, implying that
rk B? = n, i.e., B? = T M, which proves (A3) and (A44). It
remains to show that rk (D* + [f, D¥]) = 2k + 4. We have
DE+! = span {%}—i—@k. Assume ad’}“gl € D*. Hence for
any vector field ¢ € D*, we have [f, £] € D¥, implying that
DF +[f, D¥] = D¥. Therefore, for the prolonged system we
obtain Df+? = span{%l} + D* 4 [f,D¥] = D™, thus
contradicting the existence of p such that rk Dy = n + 1
(since D* # TM) and implying that ©(1:0 is not static
feedback linearizable. By Proposition 1, the system X
would not be z-flat of differential weight n + 3 and thus
tk (D* + [f, D¥]) = 2k + 4 and (A2) holds.

Sufficiency: Consider a control system ¥ : & = f(z) +
u191 () + uzga () satistying (A1) — (A4) and transform it
via a static feedback into X : & = f(x)+ 191 (2) + t2ge (),
where g, is defined by (A2). It is immediate to see that the
prolongation (10 is static feedback linearizable. Indeed,
the linearizability distributions D; of £(19 are of the form

, 9 .
D! :span{a—}—i—é'z, 1<e<k—1,
1

i~

D,
) ) Y1 )
where £ = D'"! 4 span {ad}g.} and by Proposition 8
are involutive, for 1 < ¢ < k — 1. The involutivity of &
and B’ implies that of D,,. Moreover, rk B# = n, thus

rk Dg =n+ 1 and (19 is static feedback linearizable.
According to Proposition 1, ¥ is flat of weight n + 3.

Copyright © 2013 IFAC
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