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Abstract: We consider left-invariant control affine systems evolving on Lie groups. In this
context, feedback equivalence specializes to detached feedback equivalence. We characterize
(local) detached feedback equivalence in a simple algebraic manner. We then classify all
(full-rank) systems evolving on three-dimensional Lie groups. A representative is identified
for each equivalence class. Systems on the Heisenberg group, the Euclidean group, and the
orthogonal group are treated in full, as typical examples. In these three cases, simple algebraic
characterizations of the equivalence classes are also exhibited. A few remarks conclude the paper.

1. INTRODUCTION

Invariant control systems are smooth control systems
evolving on (real, finite-dimensional) Lie groups, whose
dynamics are invariant under translations.

A wide range of dynamical systems from fields as diverse
as classical and quantum mechanics, elasticity, electrical
networks, robotics, and molecular chemistry can be mod-
eled by invariant control systems on (matrix) Lie groups.
Many variational problems (with constraints) can be for-
mulated in the geometric language of modern optimal
control theory. Treatments of various invariant optimal
control problems can be found, for instance, in Agrachev
et al. [2004], Bloch [2003], Jurdjevic [1997]. See, also,
Jurdjevic [2011], Sachkov [2009], Puta [1996].

2. INVARIANT CONTROL SYSTEMS AND
EQUIVALENCE

2.1 Invariant control affine systems

Invariant control affine systems were first considered in
Brockett [1972] and Jurdjevic et al. [1972]. An {-input
left-invariant control affine system Y takes the form

g=g9g(A+wu B+ - +wBy), geG, u € RE
Here G is a connected (matrix) Lie group with Lie algebra

g, and A, Bj,...,By are elements of g. The (affine)
parametrization map
2(1,):R =g, w— A+uy By +---+wBy

is assumed to be injective. The trace I' =im=(1,-) C g
of the system X is the affine subspace

A+T%=A+(By,...,By).
The system ¥ is called homogeneous if A € T9 and

inhomogeneous otherwise. ¥ is said to have full rank if
its trace I' generates the whole Lie algebra g.

When the state space G is fixed, we specify the system %
by simply writing
Y:A4+wuB1+ -+ uBy.
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Remark 1. For systems evolving on three-dimensional Lie
groups, it is a simple matter to characterize the full-
rank condition. A single-input inhomogeneous system has
full rank if and only if A, Bj, and [A, By] are linearly
independent. A two-input homogeneous system has full
rank if and only if B, Bs, and [Bj,Bs] are linearly
independent. Any two-input inhomogeneous system or
three-input (homogeneous) system has full rank.

2.2 Detached feedback equivalence

Two (invariant control affine) systems ¥ and X’ are
(locally) feedback equivalent if there exists a (local) dif-
feomorphism ¢ = ¢(g) between their state spaces and
an invertible transformation v’ = ¢(g,u) such that the
diffeomorphism ®(g,u) = (¢(g), (g,u)) brings ¥ into
Y. Feedback equivalence (of smooth control systems) has
been extensively studied in the last few decades (see Re-
spondek et al. [2006] and the references therein).

We specialize feedback equivalence, by requiring that the
transformation v’ = ¢(g,u) is constant over the state
space. Such (feedback) transformations ® are exactly
those that are compatible with the Lie group structure
(cf. Biggs et al. [2012a]). ¥ and X’ are called (locally)
detached feedback equivalent if there exist neighbourhoods
N and N’ of (the unit elements) 1 and 1’, respectively,
and diffeomorphisms ¢ : N — N’, ¢ : R — RY such that
¢(1) = 1" and Ty¢ - E(g,u) = E'(¢(g),p(u)) for g € N
and u € R, (Here Z(g,u) = g=(1,u).)

Theorem 2. Two full-rank systems ¥ and Y’ are de-
tached feedback equivalent if and only if there exists a
Lie algebra isomorphism v : g — g’ such that ¢ -T =T".

Proof. Suppose ¥ and Y’ are detached feedback equiva-
lent. Then T1¢-E(1,u) = Z'(1’, p(u)) and so Ty¢-I' =T".
As Ty ¢ is a linear isomorphism, it remains only to show
that it preserves the Lie bracket. Let w,v € R, and let
2y = Z(,u) and E, = E(+,v) denote the corresponding
(local) vector fields. Then ¢.[Z,,Z,] = [PxZu, d+=,] and

so Tro - [Ea(1).E,(1)] = (2, (1) Bl (V)] = (126
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=.(1),T1¢ - E,(1)]. As ¥ has full rank, the elements
Z.(1), u € R® generate the Lie algebra g. Hence Ti¢ is
a Lie algebra isomorphism. Conversely, suppose we have a
Lie algebra isomorphism 1) such that ¢ -T' = I'V. Then
there exist neighbourhoods N and N’ of 1 and 1/,
respectively, such that ¢ : N — N’ is a (local) group
isomorphism with T3¢ = ¢ (see, e.g., Knapp [2002]).
Also, the equation ¢ - Z(1,u) = Z'(1’,¢(u)) defines an
affine isomorphism ¢ : R — RY . Consequently T,¢ -
E(g,u) = T1Lg(g) - ¥ - E(1,u) = E'(¢(9), ¢(u)). Hence ¥
and Y are detached feedback equivalent.

Henceforth, we shall refer to detached feedback equivalence
simply as equivalence.

3. CLASSIFICATION OF SYSTEMS

We classify all full-rank systems evolving on three-
dimensional Lie groups. More precisely, for each three-
dimensional Lie algebra g, we classify all systems evolving
on a corresponding (connected) Lie group G.
/

Remark 3. If ¥’ is a system on G’ and g’ & g, then
Y’ is equivalent to some system Y on G. Therefore,
it is sufficient to consider only one Lie algebra from
each isomorphism class. Moreover, only one connected Lie
group need be considered for each Lie algebra.

Remark 4. By theorem 2, the classification problem essen-
tially reduces to the classification of the affine subspaces
of each Lie algebra g.

The classification of real three-dimensional Lie algebras is
well known (see, e.g., MacCallum [1999], Krasiriski et al.
[2003], Mubarakzyanov [1963]). There are eleven types
of three-dimensional Lie algebras (in fact, nine algebras
and two parametrized infinite families of algebras). In
terms of an appropriate ordered basis (Fi, Es, E3), the
commutator operation is given by

[EQ, Eg] = 77,1E1 — aEg

(B3, E1] = aEy + na ks

[El, EQ] = 713E3.

The (Bianchi-Behr) structure parameters are given by

| |

| Type |Bianchi| a|ni | no |

ns
301 I 0| 0| 0| © R3
g21 @01 | III 1| 1] =1] 0]af®aRr
93.1 11 0| 1 0 0 bs
03.2 A% 1| 1] 0] 0
93.3 |4 110 0 0
994 Vi 0| 1|-=1| 0] se(1,1)
944 VI, |9 1| -1| 0
95 VIl 0 1| 1| 0] se(2)
955 VII, [ae>0| 1| 1| 0
93.6 VIIT 0 1| 1|-1] sl(2,R)
93.7 IX 0] 1 1 1| so0(3)
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An enumeration of all (connected) three-dimensional Lie
groups can be found in Onishchik et al. [1994]. However,
we shall not make explicit reference to the connected Lie
groups involved in the statements of the classification.

8.1 The solvable case

The classification procedure is as follows. First the group
of automorphisms is determined; a standard computation
yields the result (see, e.g, Harvey [1979], Ha et al. [2009],
Popovych et al. [2003]). Equivalence class representatives
are then constructed by considering the action of an
automorphism on the trace of a typical system. Lastly, one
verifies that none of the representatives are equivalent.

Theorem 5. (Biggs et al. [2013b,c]). Let ¥ be a full-rank
system evolving on a solvable group G.

(0) If g = 3g;, then ¥ is equivalent to exactly one of the
following systems

» .
»(3:0) .

E1 + U1E2 + UQE3
w1 By 4+ ug By + us Es.

(1) If g = g3.1, then ¥ is equivalent to exactly one of the
following systems

O By +uFs

»(2.0) . u1 By + us Fg

Y By 4w By + usFs
222’1) s By 4+ ui By +usEy
23O w1 By + us By + us Fs.

(2) If g = gs.2, then ¥ is equivalent to exactly one of the
following systems

(WY By uBs
S0 BEs + uby

»(20) . us Fo + us B3

2V B 4w By 4 ug B
252’1) By +ui B3+ us By
53 BEs + w By + us B
Y0 By + usEo + usEs.

(3) If g = g3.3, then ¥ is equivalent to exactly one of the
following systems
252,1) B+ ui By +usEs
S92 BEs + w By + us By
»G0) . u1 B 4+ us By + ugEs.

(4) If g = g9 ,, then X is equivalent to exactly one of the
following systems

25D By 4 b,
S5 aBy + uEs

»(2.0) . w1 By 4+ ug B3

PV B+ ui By + up By

23V B 4wy (By + Ba) + uaFs
Eg?;j) aF3 + u1 B 4+ usFo
2GO wy By + ua By + usFs.
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(4a) If g = g4, (resp. g = g21 © g1 = g34), then ¥ is
equivalent to exactly one of the following systems

25D By 4 uBs

S0 BEs + uby

»(20) . ur By + us K3

SCY By 4w By + ug By

252’1) i By 4 ui (B + E2) 4+ usEs
23D By 4 ui(By — Ey) + usEs

24(12,’51) t BEs +ui1 By + uaEs
2(3’0) : ’LL1E1 + U2E2 + ’LL3E3.

(5) If g = gJ;,then X is equivalent to exactly one of the
following systems

S By 4 uBs

Zg(’j) aF3 + uFs

»(20) . u1 Fo 4+ us B3

Y B 4w By + up B
Zg&l) s als +ur By 4 usEo
2O By + us By + us Es.

(5a) If g = g4 5, then ¥ is equivalent to exactly one of the
following systems

WD By 4 uEs

S35 BEs + uBs

220y By + ugFs
Y B 4 u By + up By

Eé?gﬁ) : BEs +ui By 4 ua B
2(3’0) : U1E1 + UQEQ + U3E3.

Here o > 0 and (8 # 0 parametrize families of distinct
(non-equivalent) class representatives.

Proof. We consider, as typical cases, only items (1) and
(5), i.e., the Heisenberg Lie algebra and the Euclidean Lie
algebra.

(1) The group of automorphisms Aut (gs.1), with respect
to the appropriate basis (Fj, Es, E3), is

{

Let ¥ be a single-input inhomogeneous system with trace
T =50, aiBi + (X5, b ) C gaa. Then
azbs — azbzy a1 by
,ll) —

Yw —VZ T U

0 yv] :u,v,w,x,y,zéR,ywvz#O}.
0 zZw

0 a9 bQ
0 as b3

is an automorphism such that ¢ - I'MD =T

Let ¥ be a two-input homogeneous system with trace
I'=(B;,Bs). Then ¥ : By + (Bsy) is a (full-rank) single-
input inhomogeneous system. Therefore, there exists an
automorphism ) such that ¢ - (B; + (B2)) = F2 + (E3).
Thus ¢ - (B1,B2) = (Es, F3) and so ¥ is equivalent to
»(2:0),
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Let ¥ be a two-input inhomogeneous system with trace
I' = A+TY Suppose E; ¢ IT'°. Let T' = Z?Zl a; E; +

(S0 biEs, S0, By ). Then

U1 V2 U3 ay by c
0 1 O] [’Ul Vo U3] |fl2 bg 02] = [1 0 0]
00 (%1 as b3 C3

defines an automorphism 1 such that ¥ - T' = sz,l).
(As E; ¢ TO it follows that v; # 0.) On the other
hand, suppose E; € I'°. Then I' = ayE; + asFE3 +
<E1, by Es + b3E3> Hence

bg&g — a2b3 00
P = [ 0 by CLQ]

0 b3 as

Y=

is an automorphism such that 1 - Fg’l) =T. Thus X is
equivalent to 252’1).

If ¥ is a three-input system, then clearly I' = I'®%) and
so ¥ is equivalent to X(3:0),

Clearly, no homogeneous system can be equivalent to an
inhomogeneous one. Also, if the number of inputs for two

systems differ, then they cannot be equivalent. As F; is an
eigenvector of every automorphism, it follows that ng)

and Z§2’1) are not equivalent.

(5) The group of automorphisms Aut (g9 5) is

T Yy u
-0y oT v :w,y,u,vER,mz—i—yQ;&O,U:il .
0 0 oc

Let X be a single-input inhomogeneous system with trace
I = A+T° C g9, Suppose E;(T°) # {0}. (Here E}
is the corresponding element of the dual basis.) Then
I'=a1FE1 +asFEs + <b1E1 + bo By + E3> Thus

ay aj bl
Y= |—a1 az bo
0 01

is an automorphism such that - Fgl’l) =T.8 ¥ is

equivalent to 2(11’1). On the other hand, suppose E3(I'?) =
{O} Then I’ = a1E1 + a2E2 + a3E3 + <b1E1 + b2E2> with
az # 0. Hence

a3 sgn (az)
ay

by sgn (az) by
—bisgn (as) by gty
0 0 sgn(as)

is an automorphism such that o - Fg}&l)

a = agsgn (ag).

1/) =
= I, where

Let ¥ be a two-input homogeneous system with trace
I' =(B;,Bs). Then X : By + (Bsg) is a (full-rank) single-
input inhomogeneous system. Therefore, there exists an
automorphism ¢ such that 1 - (By 4+ (Ba)) equals either
Es + (E3) or aFEs3 + (F3). Hence, in either case, we get
Y- (By, By) = (Fy, E3). Thus ¥ is equivalent to X(3:0),

Let ¥ be a two-input inhomogeneous system with trace

I' = A+ TP Suppose E;(I°) # 0. Then I' = a1E; +

a2E2 + <b1E1 + ngQ,ClEl + CQEQ + E3> Thus

’Ung ’I)le C1 o

_’U2b1 ’Ugbg Co |:Z2 bb1:| |:'U1:| = |:a2:|
0 0 1 1 2 V2 ay

Y =
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defines an automorphism 1 such that - F(12’1) =T

(We have that vy # 0 as ¥ is inhomogeneous.) Indeed,
Y- (Eg, E3) =T° and
¥+ By = vgbo By — v2b1 B
= (a1 — v1b1)E1 + (ag — v1b2) Es
=a1E1 + asEs — v (b1 E7 + b2E2) erl.

On the other hand suppose Ej(I')° = {0}. Then I' =
asFEs + (Eq, Es). Thus ¢ = diag(1,sgn (as3),sgn (a3)) is
(2,1)

5.4 forsome a > 0.

an automorphism such that ¢-I' =T

If ¥ is a three-input system, then it is equivalent to 2(3:9).

Again, most pairs of systems cannot be equivalent due to
different homogeneities or different number of inputs. As
the subspace (F7, Es) is invariant (under the action of
automorphisms), Egl’l) is not equivalent to any system
Zg&l). For A € g35 and ¢ € Aut(g);), we have that
E; (¢ - aF3) = +a. Thus Zé}&l) and Zgl’ll,) are equivalent
only if a = /. For the two-input inhomogeneous systems,
similar arguments hold.

3.2 The semisimple case

The procedure for classification is similar to that of the
solvable groups. However, here we employ an invariant
bilinear product w (the Lorentzian product and the dot
product, respectively); the inhomogeneous systems are
(partially) characterized by the level set {A € g
w(A, A) = a} that their trace is tangent to.

Theorem 6. (Biggs et al. [2013a]). Let ¥ be a full-rank
system on a semisimple group G with Lie algebra g.

(6) If g = gs6,then X is equivalent to exactly one of the
following systems

S5Y By 4 w(Ey + By)

syl aBy +uBs

Eg&l) s aB] + uFEs

8 aBy B

252’0) s ur B+ ug By

S0 wuy By 4+ ug By

23V By 4w By + us(Bs + Es)
SV aBy ui By + usBs
Egi’ll) als 4+ u By + usEo
»3:0) . w1 B + us By + usE3.

(7) If g = gs.7, then ¥ is equivalent to exactly one of the
following systems

EEXM) : aFy 4+ uFEs

»(2:0) . u1 By + ug B3

2&2,1) cal +u By + us B3
»(3:0) . w1 B + usFo + ugE3.

Here o > 0 parametrizes families of distinct (non-
equivalent) class representatives.

Proof. We consider only item (7), i.e., the orthogonal
Lie algebra gs.7. (The proof for item (6), although more
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involved, is similar.) The group of automorphisms of gs.7
is SO(3) = {g € R**3 : g¢g" = 1,detg = 1}. The dot
product e on gz7 is given by Ae B = ajb; + asbs + azbs.
(Here A = 2;3:1 a;FE; and B = 2;3:1 b;E;.) The level
sets So, ={A €50(3) : Ae A=} are spheres of radius
Vva (and are preserved by automorphisms). The group of
automorphisms acts transitively on each sphere S,. The
eritical point €*(T') (at which an inhomogeneous affine
subspace is tangent to a sphere S,) is given by

AeB
BeB

¢*(I) = A— [By By [

M) =A— B

B eB, BieB,] '[AdeB
Bl.BgBQQBQ A.BQ ’

Critical points behave well under the action of automor-
phisms, i.e., ¥-€*(T') = €*(¢»-T") for any automorphism .
(The critical point of T' is well defined as it is independent
of parametrization.)

Let ¥ be a single-input inhomogeneous system with trace
I'. There exists an automorphism 1 such that ¢ - I' =
asin@ By + «acos Es + (E3), where o = /€*(T") o €*(T).
Hence

sinf cosf 0
0 0 1

cosf —sinf 0

is an automorphism such that ' - ¢ -T' = I‘S’l).

Let ¥ be a two-input homogeneous system with trace
I' = (B;,Bs). Then X : By + (Bsg) is a (full-rank) single-
input inhomogeneous system. Therefore, there exists an
automorphism ) such that ¢ - (B; + (Bs)) = aFs + (E3).
Hence, 1 - (B1, Ba) = (Es, E3). Thus X is equivalent to
»(2.0),

Let ¥ be a two-input inhomogeneous system with trace
. We have €*(T') e €*(I') = o? for some a > 0. As
€*(l1,4) @ €*(I'1 4) = o2, there exists an automorphism
¢ such that ¢ - €*(T") = €*(I'y o). Hence ¢ -T'" and T'y
are both equal to the tangent plane of S,z at ¢ - €*(I'),
and are therefore identical.

If ¥ is a three-input system, then it is equivalent to X (3:9),

Lastly we note that none of the representatives obtained
are equivalent. (Again, we first distinguish representatives
in terms of homogeneity and number of inputs.) As o? =
e Ty eer (M) (resp. a? = ¢*(TT V) o€ (TFY)) is

,1) (

an invariant quantity, the systems E&l’l) and Zal, resp.

2&2’1) and 2512,’1)) are equivalent only if a = o/.

8.8 Characterization of equivalence classes

The equivalence classes (in the classification) may be
characterized in a simple algebraic manner. As typical
examples, we characterize the equivalence classes obtained
for the Heisenberg Lie algebra gs.1, the Euclidean Lie
algebra g3 -, and the orthogonal Lie algebra g3 7. The
appropriate characterization (or “classifying condition”)
of the class corresponding to each representative is given
below.
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Type Characterization Class
(1,1) (L)
(2,0) $2(2,0)
93.1 E, ¢ T° 252’1)
21 (2,1)
FEy € o 22 ’
(3,0) $2(3.0)
) B (1) # {0} 50
B = (0}, By(4) = +a | 55
2,0
935 2,0 220
e B3 () # {0} (D)
E3(I°) = {0}, B3(A) = +a | 2%
(3,0) 7(3.0)
L] emeem=a | s
(27 O) 2(270)
93.7
21| emeem=a | 5D
(3,0) 7(3.0)

4. CONCLUSION

We have classified, under detached feedback equivalence,
all (full-rank) left-invariant control affine systems evolving
on three-dimensional Lie groups. The presentation of the
results follows closely the Bianchi-Behr enumeration (of
real three-dimensional Lie algebras). However, due to
space limitations, we have opted to provide details only for
three groups, namely the Heisenberg group, the Euclidean
group, and the orthogonal group. (These groups rank
among the most “popular” three-dimensional Lie groups,
in terms of control-oriented applications.) In present-
day literature, one can find a sizable body of works
dedicated to the study of invariant control systems (on
lower dimensional Lie groups) and their applications. In
particular, there are a number of notable contributions
to geometric control on the three above-mentioned groups
(see, e.g., Jurdjevic [1999], Monroy-Perez et al. [1999],
Moiseev et al. [2010], Sachkov [2010], Jurdjevic [1995],
Remsing [2010], Remsing [2011]).

Apart from detached feedback equivalence, there is an-
other natural equivalence relation: state space equivalence
(cf. Jakubezyk [1990], Krener [1973]). This equivalence re-
lation is stronger and as such less promising. For instance,
on the Euclidean group, we have the following classifica-
tion of (a subclass of) systems (Adams et al. [2012]). Any
two-input inhomogeneous system is equivalent to exactly
one of the following systems

Efﬁéy taBs +uy (B + 71 E2) + u(BE>)

zg&%y :BEy + 11 E2 + 12 E3 + ui(aE3) + ug By
zg?&lgv : BBy + 1B + 2 B3 + w1 (Ea + 43 E3) + uz(aFs).

Here a« > 0, g # 0, and ~v1,72,73 € R parametrize
families of class representatives.
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Detached feedback equivalence has a natural extension to
invariant optimal control problems (Biggs et al. [2012b]).
More precisely, to an invariant optimal control problem
(with quadratic cost) we associate a cost-extended system.
(By specification of the boundary data, we recover the
problem.) Equivalence of cost-extended systems is (par-
tially) based on the equivalence of the underlying control
systems. We have the following example of a classifica-
tion under “cost equivalence.” Any controllable two-input
inhomogeneous cost-extended system on the Heisenberg
group is cost equivalent to exactly one of the cost-extended
systems

25271) . E1 + ulEQ + UQEg
L(u) = (u1 — a)® + ul.
Here a > 0 parametrizes a family of class representatives.
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