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Abstract: State feedback design for linear parabolic systems with in-domain actuation and
general Robin boundary conditions is considered. To this end the system is shown to be state
equivalent to a boundary controlled system. By means of the well established backstepping
transformation this latter system is feedback equivalent to a stable parabolic equation. Within
the contribution previous results concerning systems with Neumann boundary conditions are
generalized by means of functional analytic methods. Existence of the involved transformations
is discussed by means of the Fredholm theory while a late lumping approach is proposed for the

numerical implementation.
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1. INTRODUCTION

Over the past decade the so-called backstepping method
has proven to be an efficient tool for feedback design for
distributed parameter systems with boundary control (cf.
Krstic and Smyshlyaev, 2008, and the contained refer-
ences). Originally developed for spatially one-dimensional
linear parabolic systems the approach has been general-
ized to a broader class of distributed parameter systems
comprising particular higher-dimensional equations (cf.
Meurer, 2012, and the contained references), nonlinear
equations (see, e.g., Vazquez and Krstic, 2008), and hyper-
bolic equations (Smyshlyaev et al., 2010). However, results
concerning systems with more general actuation are very
rare: Systems with a (very particular) distributed control
operator are discussed by Tsubakino et al. (2012), while
interior point control for parabolic 1D systems with con-
stant coefficients has been emphasized by Wang and Woit-
tennek (2013). The latter contribution relied on the equiv-
alence of a system with in-domain control and a boundary
controlled system under certain additional assumptions.
This equivalence was established using algebraic methods
relying on the parametrization of the solution by a flat
output (cf. Woittennek and Mounier (2010)). Contrary to
the hyperbolic case, where flatness can be immediately
used in order compute a transformation to the hyperbolic
controller form!, these methods allow the consideration
of (particular) smooth solutions of the considered systems
only 2. Therefore, the equivalence of the given interior

* Financial support by the Deutsche Forschunggemeinschaft (Grant
Wo1601/1-2) is gratefully acknowledged.

I See Russell (1991) for the introduction of the hyperbolic controller
form and Woittennek and Rudolph (2012), Woittennek (2013) for the
relation of the controller form with flatness

2 Note, that such time domain interpretations of the obtained results
have not been emphasized to in Wang and Woittennek (2013).
Instead these results rely on formal computations in the Laplace
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controlled system and the boundary controlled system
has to be carefully checked when considering the usual
spaces of square integrable functions as the state space.
In the above cited reference this equivalence has been
discussed for Neumann boundary conditions while the
case of the more general Robin boundary conditions was
only partially treated. Aside from the presentation of the
numerical approximation scheme the main result of the
present contribution lies in bridging this gap.

The paper is organized as follows. In the following section
an outline of the proposed method is given. This includes
a more detailed sketch of previously obtained results. In
Section 3 the main results of the present contribution
are presented and proven. Section 4 is devoted to the
numerical approximation of the transformation and the
stabilizing feedback controller with modal analysis.

2. A SHORT SUMMARY OF THE METHOD

2.1 Models considered and design goal

X, « ult) X,

=~ =~y

a b A

Fig. 1. The parabolic system with in-domain control

Parabolic boundary value problems involving a distributed
variable z(z,t) defined on the spatially one-dimensional
domain Q = [0,¢] and a lumped control variable w(t)
acting at a € Q are considered (cf. Fig. 1). Dividing
into the disjoint subdomains ©; = [0,a] and Q2 = [a, /]
the mathematical model reads:

domain. A detailed discussion of these computations in the time-
domain is postponed to a forthcoming publication.
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0. 0?
%(z,t) = 8:21 (z,t) + cx1(2,t), z€ (1a)
0 0?
%(z,t) - 3522 (2,t) + cxa(z,t), 2€Qs  (1b)

with ¢ an arbitrary constant parameter and the variables
x1 and xo corresponding to the restrictions of z to the
intervals 2; and (), respectively:

Jzi(zt) z€D,
o(zt) = {xg(z,t) z € Q.
The model is completed by the compatibility conditions
(9331 - 8:52
E(a, t) = E(a, t) + U(t), (2&)
x1(a,t) = z3(a,t), (2b)
and the boundary conditions
ox
Br1(0,1) = —2(0.1), (2c)
—azs(l,t) = %‘” (€,1). (2d)

Depending on the values of the constant parameters a, 3
Neumann (¢, 8 = 0) or Robin boundary conditions (a, 8 #
0) can be obtained at z = 0 and z = ¢, respectively.

The goal of the design process lies in the computation of a
continuously invertible linear transformation w = ®x and
a state feedback v = u— Kz such that that the transformed
state satisfies the differential equation

ow 0w

E(z,t) o2 (z,t) — cw(z,t), z€Q, (3a)
with boundary conditions
%0 0.1) = pu0,), (30)

ow
5, (L) =v(t)
which is exponentially stable for v(¢
the constant design parameter ¢ > 0.

) = 0 when choosing

2.2 Design method

The idea proposed in Wang and Woittennek (2013) basi-
cally consists in splitting up the calculation of the state
transformation ® into two steps: Firstly, a transformation

x = TZ is computed in such a way that, in the new
coordinates, the system (1), (2) appears as
Oy =t ver(en. zen ()
5 % 52 7 cz(z z a
with boundary conditions
P
5-(0,1) = B2 (0, 1), (4D)
oz
8”3 (6,8) = u(t) — ai(l,1). (4c)

As already pointed out in the introduction a candidate
for the transformation T has been derived in Wang and
Woittennek (2013) by means of algebraic computations
in the Laplace domain. However, the invertibility of this
mapping has been roughly examined for the case a = 8 =
0 only. The detailed discussion of the properties of T" in
section 3 constitutes one of the main results of the present
contribution and is omitted for the moment.

Now assume that the transformation T exists and is
known. Then the “classical” backstepping approach de-
veloped for boundary controlled systems can be applied in

the second step: The main ingredient of this second step
is the application of the Volterra integral transformation
w = VT defined for z € Q by

wzt) = 2(zt) - / k(- ORCHA ()

along with the feedback

¢ K
olt) =ult)= (8. O+ a)a(t,t) - [ T Qa(c.0 . (6)

The computation of the kernel function (z,¢) — x(z,()
defined on the triangle {(2,¢{) € Q2|¢ < 2} has been
extensively studied in the cited literature (cf., e.g., Krstic
and Smyshlyaev, 2008; Smyshlyaev and Krstic, 2004) and
is omitted for brevity.

The feedback law for the original system with in-domain
control and the associated state transform to the target
system (3) are obtained from (5) and (6) by expressing
in terms of the original coordinates x:

@)t) = ()0 - [ RO (e
and the feedback operator K defined by

(K2)(0) = (6(6,) + 0T~ ) (4,1
[ 2 @t @
0

3. STATE EQUIVALENCE TO A BOUNDARY
CONTROLLED SYSTEM

This section is devoted to the careful analysis of the
following candidate for the transformation T piecewise
defined by (cf. Wang and Woittennek, 2013)

a b—z
x(z) = % [f(z—i—b)—i—:f(b—z)]—a/b Z(¢)d¢

+z

b—=z
_8) /0 PN, ze (0, (8a)

+
Q

b—z

(b 2)+7((+a—2)]— ;/@ (C)de

+a—=z

z—b

1
2
b—z
Ha-p) [ SEDVnOdg, zelat] (3
0

1 « _

— 5ot raltra=2)-5 [ a0

2 2 l+a—=z

z € [b,4). (8¢)

which aims to establish the equivalence of the system of
p.d.e. (1) with b.c. (2) and the b.v.p. (4). Therein, without

loss of generality a < I — a =: b is assumed.
8.1 Problem formulation

In order to proof the main result the boundary value
problem (1), (2) is rewritten as an abstract differential
equation on the Hilbert space X = Ly(€):

&(t) = Ax(t) + Bu(t). (9a)

Therein, the unbounded self-adjoint system operator A is
given by

A=Z ve:D(A) = X,

= {z e H*()|52(0)=

(91)
ZL»; 0), —az(f)= %(Z)}
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l T

Fig. 2. Supporting sets ©1, 05 C Q2 of the integral kernel
k of the operator T..

and the unbounded input operator B reads
B=6,:R— D(A).

Above, H?(Q) corresponds to the Sobolev space of twice
(weakly) differentiable functions with second derivative in
L?(Q) and 6, is the Dirac distribution centered at z = a,
i.e., dop = p(a) for any ¢ € D(A).
Similarly, the target differential equation (4) to be satisfied
by the transformed state can be written as

z(t) = AZ(t) + Bu(t), (10a)
with B = 6, : R — D(A)’. Since the ordinary boundary

value problem Az = y has a unique solution in D(A) for
all y € X, A is onto.

A linear continuous transformation

T:X—X, z=T% (11)
associating the solutions of (9) with those of (10) must
satisfy the well known conditions

TA= AT, (12a)
TB =B. (12b)

This can be easily seen by substituting (11) into (9a)
Ti(t) = ATZ(t) + Bu(t) = TAZ(t) + TBu(t).

Moreover, in order obtain a state transform 7" has to be a
bijection.

3.2 Transformation from target to original coordinates

In this section it will be shown that the map (11) defined
by (8) or, equivalently, by
Tz =Tz +1.x (13)
with
(Toz)(2) = = (h(a 2)Z(240) + h(b—2)Z(b—2)

+h(z— )£(€+a—z)+h(z—b)§:(z—b)> (14)

DN —

and

(T.7)(2) = / Bz OR(C)dC (15)

satisfies (12). Therein, h is the Heaviside function and the
integral kernel of T is given by

k(z,¢) = (2,¢)e =),

Xel(z Q) + (= B)xes

where yg denotes the characteristic function of the set O.
Moreover, O, is the rectangle

01 ={(z0) e b<(+2z<l+a}n
{(Z,<)€Q2:—b<<—2<b}
and O is the triangle
@22{(Z,C)EQ2:C+Z<b}.
Lemma 1. The operator T defined by (13) is self-adjoint.

Proof. The compact integral operator T, is clearly self-
adjoint by the symmetry of its integral kernel. Moreover,
for y,z € X

a b
2y, To) x = / y(2)a(z4+b)dz+ / y(2)2(b—2)dz+
¥/
/y Z(l+a— z)dz+/ y(2)Z(z—b)dz

a

/beyz—b dz—i—/ y(b—2)Z(z)dz+

L

y(l+a—2z)z(z )dz—}—/oa y(z + b)z(2)dz

= 2<T0y7 j>X
Therefore, T} is self-adjoint as well and so is T'= Ty + 1

Theorem 2. The restriction of the map T € L(L?(Q2))
defined by (13) to D(A) belongs to L(D(A)) where D(A) is
equipped with the graph norm ||z|| p(a) = [|z| x + || Az| x.
Moreover, AT = T A and TB = B.

Proof. Firstly, it has to be checked that TD(A) C D(A).
To this end define

X = {x € C2(Q) : 2(0) = Bx(0), (1) = —agz(o)}.

and assume that z € X. It will be shown that T : X — X.
The piecewise definition (8) of T" immediately shows that
Tz is twice differentiable on each of the sections (0,a),
(a,b) and (b,£) (cf. (13)). The corresponding differentia-
bility properties at a and b as well as the fulfilment of the
boundary conditions at 0 and ¢ follow by evaluating the
corresponding derivatives of (8) at 0, a, b and ¢, respec-
tively. It is not hard to show that T' is continuous on X
with respect to the graph norm of A. Since, moreover, X is
a dense subspace of D(A), T can be uniquely extended as a
continuous operator on D(A). Now the equality AT =T A
can be verified by substituting (13) or (8) into the claim.
These simple but tedious computations are omitted for
brevity.

In order to check the equality of TB € D(A) and B €
D(A)’ both operators have to be applied to an arbitrary
element ¢ € D(A). By the fact that T is self-adjoint,
evaluating (8c) at z = ¢ (with T = ¢) immediately shows
that

(T'6¢, 0) p(ay,p(ay = (06, TP) p(ay,D(4) = Pla),
with (-, -) the duality pairing in D(A)" x D(A).
The above calculations show that T is an endomorphism
on L%(Q) satisfying (12). In order to show that it is

indeed a state transformation its invertibility remains to
be proven.
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3.8 Spectral decomposition and injectivity

Injectivity of T is a necessary condition for the invertibility
of T'. This property is discussed on the basis of the spectral
decomposition of the operator T

Lemma 3. Assume that no eigenfunction of A vanishes at
z = a. Then the map T € L(L?(Q)) defined by (13) is a
continuous injection.

Proof. Since the system operator A in (9b) is self-adjoint
its spectrum contains only isolated real eigenvalues A\, k €
N with corresponding orthogonal eigenfunctions ¢ € X
constituting an orthogonal basis of X. Since T' commutes
with A it maps eigenfunctions of A to eigenfunctions of A
(up to a scaling):

Aok = Apr = M(Tor) = A(Tor) = Tk = crpr-
By the continuity of T" one obtains for an arbitrary z € X

Tz = TZ Trpr = ZﬂfkT% = Zﬂkak@k-
keN kEN ieN

Therefore, assuming Tz = 0 for some & # 0 yields for all
jeN

<T.’f$, (Pj>X =zZ;c; = 0.
Since £ # 0 not all of the coordinates Z; are zero. As
a consequence, the non-injectivity of 7' implies Tp; =
cjo; = 0 and therefore ¢; = 0 for some j. Since the
converse is obvious, 7" is an injection iff ¢; # 0 for all j € N.
To check this condition the scalar parameters c; € R,
j € N will be determined from the condition TB = B. To
this end the operator B is applied to ¢ € D(A) which,
thanks to self-adjointness of T', leads to

(B.er) = (TB,pr) = (B,Tpr) = (B, cxep) = cx(B, o).

with (-, -) the duality pairing in D(A)’ x D(A). As a result
¢y, vanishes iff

(B, pr) = (0a, o) = ¢r(a) =0,
which completes the proof.

Lemma 4. Let a = = 0. Assume that ¢/a is rational, i.e.,
¢/a = n/a with n,d € N co-prime. Then T is an injection iff
n is odd.

Proof. For a = § = 0 the eigenfunctions of A are given
by

vr(z) = cos(wgz), wp= k%, keN

The zeros zj;, 0 < i < k of ¢y, satisfy (i41/2) = k5% with
i € N. Consequently, in order to ensure that ¢ vanishes
at z = a, 2k/2i+1 = 7/d must hold for some integer i. If n is
odd this can never happen which implies the injectivity of
T by Lemma 3. Moreover, since n even implies d odd by
the coprimeness of n and d the condition n even implies
the existence of zeros zj ; = a for k = mn/2 and | = (md-1)/2
for arbitrary odd m which finally shows the non-injectivity
of T for even n.

3.4 Invertibility

The main result of the contribution is the invertibility
of the transformation T defined by (13) under some
additional assumptions:

Theorem 5. Assume that ¢/a is a rational number satis-
fying the assumption formulated in Lemma 4. Then the

kernel of T is of finite dimension p € N. Moreover, if u =0
then the map T defined by (1) is a continuous bijection on
X.

Before the main result is proven a similar result for the
operator Ty has to be obtained.

Lemma 6. Under the assumptions of Theorem 5 Tj is a
continuous bijection on X.

Proof. Since Ty coincides with the operator T' obtained
for a« = 8 = 0, Ty is injective by Lemma 4. Defining
(Rz)(2) = x(¢ — z) the operator Ty corresponds to the
restriction of the injective operator

TO2 (X2 5 X2 Toz(l'l,l'g) = (Tyx1, RTyRx2)
to the closed T@-invariant subspace
Xeym = {(#1,22) € X% 1 39 = Ry} C X2
On Xy one has T3 (zy, x2) = T¢ (w1, x2) where
T3 : X2 = X2, (Z1,%2) = Tg(T1,22) = (21, 72)
is pointwise defined by

1(2) = %(h(a—z)fl(wb) + h(b—2)Fa(2+a)

+ h(z—a)Z2(z—a) + h(z—b):ﬁl(z—b)) (16a)
1
22(2) = 5 (h(z—b)fg(z—b) + h(z—a)z1(2—a)
+ h(b—2)71(24a) + h(a—z):fg(z—i—b)). (16b)
In order to proceed it is advantageous to decompose the

elements of X into n pieces of length £y. To this end let
= = L?([0, 4p]) and define the bijective operator

D:X?-52"x E" (x1,me) — €= (S{afg)T

€= %o, i)', i=1,2.
by (121,2,.]:0’7”_1)
i,j(2) = 2 (jlo + 2), 2z €[0,4].

This way according to the definition (16) of T3 the
operator S = Do T o D71 Z2" — =2" can be written
by means of a real matrix M € R2"*2n

- My M- nxn
£:M€7 M<M; Mi); MlaMQG]R x .

(M1)i; = 5 (0540 + 0ij—b)

(Mz2)i; = 5(0ij+a + ij—a)-
Here, 0; ; denotes the Kronecker symbol. It will be proven
that M is invertible. To this end assume the contrary
and chose some real vector (v, vl)T € ker M. By the
particular structure of M

v1 + Ryvo
Ryvi +vg

> € ker M,

RM’Uz' = (Ui7n_1,...,’l}i70)T, 7= 1,2
Thus, &, € =2 defined by &,(z) = v belongs to D Xsym
while M§, = 0 and, therefore, £, € ker S. Consequently,
the intersection of the kernel of 7§ with Xy is non-
empty. Since, Ty and T¢ coincide on Xy, T3 and,
therefore, T is not an injection which contradicts Lemma
4. Now, the invertibility of Ty follows from that of M.

Proof of Theorem 5. Having shown, that Ty is a
bijection on X, T can be rewritten as T = Ty o T" where
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T=1+ TO_1 oT,. Consequently, the equation To_lx =T+
Ty ' oT.7 is a Fredholm equation of the second kind. As a
consequence the kernel of T is finite dimensional and the
invertibility of T" immediately follows from its injectivity
thanks to the celebrated Fredholm alternative (cf. any text
book on functional analysis, e.g., Heuser (1982)) provided
T = T(;1 o T, is compact. The compactness of this latter
operator is an immediate consequence of the (obvious)
square integrability of the integral kernel k of T which
also implies the square integrability of the kernel of T,
(cf., e.g., Heuser (1982)).

4. NUMERICAL IMPLEMENTATION
4.1 General approximation scheme

Start with a sequence of N-dimensional subspaces Xy C
X with basis (¢},...,oN), ¢ € X such that for each
x € X there is a sequence (V) ey of finite dimensional
approximations

=Sl
k=1
converging to x € X. An approximation of the derived
transformation ® = V o T~! with V and T defined by?
(5) and (13) can be easily given provided the transformed
basis

(17)

(ny?"‘?ﬁ%)? 7]]]6\’:¢<pf€v’ k:]‘""7N
of the N*® order approximation is known. By the continu-
ity and the linearity of ®

Pz =@ ngnoo Zszlka@IICV
= ngnoo ZkN:1mkN¢)@;cv = ngnoo ZkN:1ka7711cv-
However, such approximations cannot directly used in the
feedback law (3), since the latter feedback law (7) is un-
bounded and will, therefore, in general not commute with
the limit # . Therefore, it is advantageous to decompose the
feedback law into an unbounded and a continuous part.
To this end start with the relation (6) obtained via the

backstepping approach applied to the boundary controlled
system. The new input v can be expressed as

v(t) = %(& t)= L,i‘/x(z,t)} -
T ¢ Ok
=220~ wtt gz - [ 5060

(18)
Observe that the Volterra integral operator on the right-
hand-side of this equation corresponds to a continuous
linear operator K; : X — R which alternatively can be
written as
Kiz(t) = @(ﬁ t) — (£, 0)x(l,t) — 2Vi(z t)
1 - 82,’ ) ’ ) 82 ’
Eliminating the boundary gradient of £ by means of the
boundary condition (4c) and expressing Z by means of
T~z (18) can be rewritten as

2=

3 Invertibility of T' will be assumed all over this section.

4 See also Woittennek (2013) for a discussion of a similar issue occur-
ring in connection with flatness based control design for hyperbolic
boundary value problems.

v(t) = u(t) + (—a — k(LONT 2) (6, t) — Ky o T a(t).
(19)
Therein the operator T~! can be decomposed as
T—l — T071 + Tcinv

where the compact part T2 of 7! is again a Fredholm
integral operator. As a consequence Ko defined by

Kox(t) = (T™x)(4,t) = (T e — Ty to)(4,1)
is a continuous operator X — R and (19) rereads with
vy=a+ k(Y1)

o(t) = ult) = ATy "2)(6,8) = (vKo + Ky o T~V (t). (20)
This way the feedback law can be divided into the un-
bounded part which is rather simple to evaluate and, there-
fore, does not need to be approximated and the continuous

part which is accessible for an approximation. The latter
reads:

N
(VK2 + Ky o T a(t) = lim > rlall (1),
N—oc0 1
oy opy . -
= =S O+ 0+ op (0 (T3 ) (0).

Above g =T 1N k=1,...,N, N €N.
4.2 Modal approximation

For the sake of feedback design the triples (o, g, nl)
can be computed offline. Therefore, this (possibly) compu-
tational problem won’t be an obstacle from an implemen-
tation point of view. However, further simplifications are
possible, if the approximation is based on a spectral ex-
pansion associated with the problem under consideration.
To this end assume that, independently of NN, (p,lcv = Yk,
k € N corresponds to the eigenfunction of A associated
with the eigenvalue Ag.

Now, reconsider the results presented in the proof of
Lemma 3 which immediately delivers the desired transfor-
mation of the eigenfunctions ¢y, k € N to the eigenfunc-
tions @ = T~ 'y} of the associated boundary controlled
system (4) (resp. ):

5 = <B7<pk>@k A0

(B, ¢k) er(a)

The subsequent transformation of the eigenfunctions of

the boundary controlled problem to the target coordinates

is achieved in a similar way. As the transformation T

has to commute with the system operator A the Volterra
transformation V' satisfies

Pk

VA=AV,
where A : D(A) — X defined by
- 02
A=—-¢
9.2 ©

D(A)={we H*(©)|8uw(0)= 42 (0),
(aV w4+ %)(Z) = 0}
is the system operator associated with the target system
(3). From
/\k(V@k) =VAg, = A(V(ﬁk), keN
it follows that eigenfunctions @y, k € N of A transform to
eigenfunctions ny, k € N of A. On the other hand, in view
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of the explicit relation (5), the eigenfunctions transform
according to

m() = oue) = [ (e Opn(Od.
0
Therefore, n,(0) = @x(0) and the eigenfunctions of the
target operator are given as the unique solution of the
initial value problem

nk(0) = @1(0), e

I (0) = 81 0).

5. CONCLUSION AND OUTLOOK

Ay, = M,

This contribution supplements the results presented in
Wang and Woittennek (2013) concerning the extension of
the so-called backstepping method to parabolic systems
with constant coefficients and pointwise interior actua-
tion. In combination with the proposed numerical control
scheme the obtained results allow for the systematic and
efficient design of exponentially stabilizing feedback con-
trol laws for these systems. In contrast to the “classical”
backstepping approach a Volterra integral transformation
is not sufficient to obtain the desired control law. Instead
more involved Fredholm transformations come into play.
Moreover, the obtained results show that the invertibility
of such transformations are not guaranteed and have to be
carefully checked.

Directions for further research are manifold. The possibly
most interesting of them will be the generalization of
the obtained results to systems with spatially dependent
parameters, i.e., parabolic equations of the form (9) with
A given by
2
(AD)(2) = 92(2) T2 (21 1) + 02(2) 9 (1) + g0()a(z, ).
z 0z

Moreover, even more general input operators B could be
considered. As the results of Section 4 suggest this would
not essentially complicate the numerical implementation,
as long as A is a Riesz spectral operator A. However,
the discussion of the existence and invertibility of the
involved transformations will most likely turn out to be
much more involved. A possible prerequisite for such
extensions is possibly a deeper and rigorous discussion of
the computations leading to the Fredholm transformation
(13) as in Wang and Woittennek (2013). Other important
models possibly accessible by the proposed method are
wave equations with Kelvin-Voight damping.
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