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Abstract: This paper presents the results of an engine air-path H∞ state feedback switched
linear controller. The main advantage of this approach is that controller gains are calculated
offline, with the robust specifications allowing fast calculation and is cost-effective in calculation
and resources.
The air-path system dynamics are governed by the Saint-Venant equations, difficult to handle
in control synthesis due to its nonlinear properties (states - control inputs coupling, nonlinear
functions). To employ advanced control techniques, a switched linear state space representation
is proposed. The model is simplified considering that slow dynamics are quite constant.
The proposed approach provides a robust state feedback control toward perturbations (model
error, unmodeled dynamics...) by considering these disturbances as unknown inputs.
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1. INTRODUCTION

Nowadays, severe norms impose car manufacturer strict
pollutant emission regulations (like EURO normative in
Europe). To meet future pollutant emission standards and
customer request of performances (fuel consumption re-
duction with the same engine power), manufacturers need
to develop new technologies, but also more sophisticated
engine control strategies. A promising way to achieve this
goal is the engine downsizing, reducing fuel consump-
tion without degrading final delivered power. Additional
systems such as supercharger or turbocharger, electronic
actuators (for example, throttle valve or Variable Valve
Timing) complicate the air path system of downsized en-
gines, where more and more advanced control techniques
have to be involved.

During the last decade, the air path system has become
a crucial part in engine development. Indeed, air path
control is strongly linked to engine performances, since
torque is directly related to the injected air quantity, and
also on engine pollutant emission control. The objective
of the air path control is to provide the driver’s torque
request while injecting accurate amount of mass flow air,
and so pressure to ensure pollutant emission control.

The air-path system dynamics are governed by the Saint-
Venant equation, difficult to handle in control synthesis
due to its nonlinear properties (states - control inputs
coupling, nonlinear functions). To manage these nonlinear
equations, many use nonlinear techniques using several
methods: input-state linearization controller as in Moulin

and Chauvin [2008] or Leroy et al. [2008], predictive con-
trol as in Iwadare et al. [2009]. Authors in Moulin and
Chauvin [2008] present a strategy consisting of constrained
motion planning and feedback linearization but properties
of the closed loop system (convergence, stability, con-
straints) are harder to prove. In Nguyen et al. [2012b],
the control is based on Takagi-Sugeno (TS) model. Such
an approach is interesting to cope with nonlinear systems,
since, using the sector nonlinearity concept, the TS model
is a convex combination of local linear models where the
non linearities are included in the membership functions.
However, such approach is still heavy to implement since
nonlinear functions are still present.

In this article, a H∞ state feedback switched linear con-
troller is proposed, providing robustness to perturba-
tions (disturbances, unmodeled dynamics...) by consider-
ing these disturbances as unknown inputs. It is important
to note that the switching control approach is completely
linear and easy to handle and to implement in a car
embedded controller. Even if this approach seems rather
similar to the TS one presented in Nguyen et al. [2012a], no
nonlinear membership functions have to be computed in
switching control, which makes this approach interesting
in the case of low-cost systems design where cost calculator
constraints limit the use of computing resources. Here, the
study is focused on the control of the intake air path
system of a Spark-Ignition (SI) engine, composed of a
throttle valve, a supercharger with a bypass valve.

The paper is organized as follows. In section 2 the nonlin-
ear model of the air path system is presented. A switched
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linear state space representation is proposed from the
Saint-Venant equations. This model has been validated
on simulation results. In section 3, a robust H∞ switched
linear controller is designed by solving multiple Linear
Matrix Inequality (LMI) and the obtained gains guar-
antee the stability and the robust specification whatever
the switching sequence, and section 4 is devoted to the
simulation results of this air-path switching control on a
nonlinear model.

Notations: (.)T stands for transpose matrix, (.) > 0 de-
notes a positive definite matrix and (∗) stands for sym-
metric terms.

2. SPARK IGNITION ENGINE AIR-PATH SYSTEM

The quantity of air injected to the cylinder during a motor
cycle is delivered by the air-path system. The studied
system is an spark-ignition engine air-path composed of a
throttle valve and a supercharger equipped with a bypass
valve.

Fig. 1. Studied air path system architecture

The throttle valve adjusts the intake mass flow by varying
the throttle valve angle, i.e. the effective opening area. The
supercharger speed is proportional to the engine speed,
and increases the intake air pressure. The supercharger
is equipped of a bypass valve, which is actuated when
intake supercharger pressure is less than the one at his
outlet to avoid surge situation. In the studied case, the
difficulty for control synthesis is to take into account of the
supercharger dynamics, since the supercharger is located
after the throttle valve (see Fig.1).

2.1 Supercharged Air System Model

The presented model is obtained from energy conservation
law and Saint-Venant equation giving the mass flow rate
through a section (see Heywood [1988], Guzzella and
Onder [2004]).

The pressure dynamics along the air path are governed by
the following non linear equations:

Ṗ1 =
r T1
V1

[Qthr −Qcomp +Qbyp]

Ṗ2 =
r T2
V2

[−Qbyp −Qman +Qcomp]

Ṗ3 =
r T3
V3

[Qman −Qcyl]

With: Pi, the pressure, Ti, the temperature, Vi, the volume
and Qi, the mass flow rate.

Notations:

1, 2, 3 stand for the volumes after throttle
valve, after supercharger and before intake
cylinder, resp.
thr, byp, comp, man, cyl denote resp. the
throttle, the bypass, the supercharger, the
manifold (before intake cylinder) and the in-
take cylinder.

The mass flow rates Qi are given by the Saint-Venant
equations:

Qcomp is obtained by an experimental 2D lookup table.

Throttle: Qthr, X = x1
Patm

X > Xc Athr
Patm√
rTatm

( x1
Patm

)
1
γc

√
2γc
γc−1

(
1− ( x1

Patm
)
γc−1
γc

)
X ≤ Xc Athr

Patm√
rTatm

( 2
γc+1

)
1

γc−1

√
2γc
γc−1

(1− 2
γc+1

)

Bypass: Qbyp, X = x1
x2

X > Xc Abyp
x2√
rT2

(x1
x2

)
1
γc

√
2γc
γc−1

(
1− (x1

x2
)
γc−1
γc

)
X ≤ Xc Abyp

x2√
rT2

( 2
γc+1

)
1

γc−1

√
2γc
γc−1

(
1− 2

γc+1

)
Manifold: Qman, X = x3

x2

X > Xc Aman
x2√
rT2

(x3
x2

)
1
γc

√
2γc
γc−1

(
1− (x3

x2
)
γc−1
γc

)
X ≤ Xc Aman

x2√
rT2

( 2
γc+1

)
1

γc−1

√
2γc
γc−1

(
1− 2

γc+1

)
Cylinder: Qcyl, X =

Pcyl
x3

X > Xc Acyl
x3√
rT3

(
Pcyl
x3

)
1
γc

√
2γc
γc−1

(
1− (

Pcyl
x3

)
γc−1
γc

)
X ≤ Xc Acyl

x3√
rp3

( 2
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)
1
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√
2γc
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(
1− 2
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)
Table 1. Mass flow equations at different sec-

tions of the air system

with:

Athr, throttle opening effective area, depends
on the valve opening angle θthr = u1.
Abyp, bypass effective opening area, depends
on the valve opening angle θbyp = u2.
Aman, manifold effective area.
Acyl, mean intake cylinder effective area.

Xc, critical pressure ratio: Xc =
(

2
γc+1

) γc
γc−1

γc, heat capacity ratio: γc =
cp
cv

r, gas constant.

Finally, the temperatures are given by the following ex-
pressions which have been obtained by assuming that
temperature dynamics are slow compared to the pressures
dynamics, so:

Ṫ1 = Ṫ2 = Ṫ3 = 0

Leading to:
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T1 = 300K

T2 =
T1βcomp(x1, x2)Qcomp + h2S2

Cp
Twall

Qman +Qbyp + h2S2

Cp

T3 =
T2Qman + h3S3

Cp
Twall

Qcyl + h3S3

Cp

2.2 Switched linear representation

In order to use advanced linear control techniques, the
previous model is linearized around several chosen operat-
ing points. The obtained model is written under switched
linear system representation.

The switched system obtained by linearization is a prac-
tical way to take account of the two expressions of the
Saint-Venant equations describing the mass flow rates.

Let consider the following discrete time switched system:
x̃k+1 =

n∑
i=1

αi(k)(Aix̃k +Biũk)

ỹk = Cyix̃k
z̃k = Czix̃k

(1)

where:

Ai =
∂f(x, u)

∂x

∣∣∣∣
xi,ui

, Ai ∈ Rm×m,

Bi =
∂f(x, u)

∂u

∣∣∣∣
xi,ui

, Bi ∈ Rm×p,

Cyi = Cy, Cy ∈ Rt×m,
Czi = Cz, Cz ∈ Rh×m
x̃ = x− xi, x ∈ Rm,
ũ = u− ui, u ∈ Rp,
ỹ = y − yi, y ∈ Rt
z̃ = z − zi, z ∈ Rh

z is the controlled output and y is the measurement. xi
and ui are the chosen operating points, (Ai, Bi, Cy, Cz)
are the state, input, measure and control output matrices
respectively, and: xk+1 = f(xk, uk)

In the case of switched model application on air path
system, let denote:

x =

(
P1

P2

P3

)
u =

(
θthr
θbyp

)
αi(k) is the switching signal and satisfies the following
convex properties: 

n∑
i=1

αi(k) = 1

0 ≤ αi(k) ≤ 1

αi specifies which subsystem is activated at each time k.
This variable is constant and equals to 0 or 1 according
to switching variable value, for example, if ai(k) = 1,
aj 6=i(k) = 0, meaning that the matrices (Ai, Bi) are
activated.

One can remark in the case where the switching variable
is not measured, this switched linear model can be ex-
tended with an estimation of the switching variable. This
approach is presented in Ichalal et al. [2010] and Ichalal
et al. [2012].

Each model represents an operating point depending on
the values of the control input and the pressure ratio. In
this application, the switch sequence is computed on two
levels:

• According to the value of the control input, the
operating points (xj , uj) are selected.

• Then, comparison of the pressure ratio value X =
Pdown
Pup

and the critical pressure ratio value of each

considered section of the air path system give the
adequate mass flow equation (see Table 1) to compute
(Ai, Bi).

The following figure illustrate how operating range are
chosen with the throttle valve characteristic. The variation
of the opening area is proportional to the intake pressure.
We chose to fit the characteristic by tangent lines on the
5 chosen operating points.

Fig. 2. Throttle valve characteristic

The switched linear model has been validated using com-
parison with the nonlinear model. It is important to
mention that even if the nonlinear model has not been
validated on experimental data, it was already validated
on the engine simulation software GT-POWER.

Let x = [P1, P2, P3], u = [θthr, θbyp] denoting respectively
the states and the control inputs. Throttle valve signal
is a step between the maximum opening area percentage
values of θthr = 5% and θthr = 50% (above 40%, pressure
is quite constant), and θbyp = 0% to θbyp = 10%.

Fig.3 and Fig.4 show the results of the model validation.

Good results are obtained by this switched model although
simple, the complex dynamics of the air path system on the
chosen operating points are well modeled. Modelization
error of the pressures remain small but tend to increase
at small throttle opening value and far from the chosen
operating points. Very few noise from switches is present,
which is a good point for the actuators since saturation
limits are not reached.
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Fig. 3. Throttle (blue) and Bypass (red) valves signals from
the switched linear model

Fig. 4. Pressures comparison between non-linear model
(blue solid line) and switched linear model (red
dashed line) simulation

In the following, unknown inputs for controller synthesis
are considered to take account of the leak of model
precision at small throttle opening value and operating
area far from the linearization points.

3. H∞ STATE FEEDBACK CONTROL FOR
SWITCHED LINEAR SYSTEM ROBUST TO

UNKNOWN INPUTS

The main advantage of the linear switching approach is
that controller gains are calculated offline, with the robust
specifications allowing fast calculation and is cost-effective
in calculation and resources.

The objective of this work is to provide a robust way to
control the air-path system on specified operating points.
The pressures along the air-path system are low, which
makes robust control essential here. Indeed, many dis-
turbances, difficult to model are present (mainly back
pressures) and also modeling errors induced by the model
reduction.

This section presents a way to control a disturbed air-
path system with a H∞ state feedback controller with

integrator effect to ensure reference tracking performance.
In the following, the controller synthesis is done with
performance analysis.

3.1 Integrator effect

Integral control is necessary to ensure zero steady-state
error during tracking process. Integrator effect is obtained
by extending the switched system state vector with the
integrator state xint:

xintk+1 = xintk + te(z
refi
k − zk) = xintk − teCzix̃k (2)

zrefik is the reference signal and te is the discrete system
sample period.

3.2 Discrete time switched robust H∞ state feedback
controller design using Lyapunov approach

To take into account the model uncertainties or unmodeled
disturbances, unknown inputs are included, the discrete
time system is then described by: x̃k+1 =

n∑
i=1

αi(k)(Aix̃k +Biũk +Wiwk)

z̃k = Czix̃k

(3)

where: Wi and Czi denote the unknown inputs and the
controlled output z̃k matrices, respectively.

Using equations (2) and (3), the extended system is
described by: x̃ek+1 =

n∑
i=1

αi(k)(Aei x̃
e
k +Bei ũk +W e

i wk)

z̃k = Cezix̃
e
k

(4)

where

Aei =

[
Ai 0
−teCzi I

]
, Bei =

[
Bi
0

]
,W e

i =

[
Wi

0

]
,

Cezi = [Czi 0] , xek =

(
x̃k
xintk

)
The expression of the discrete time controller for the
previous switched system is of the following form:

ũk = −
n∑
i=1

αi(k)Ke
i x̃

e
k (5)

The considered control problem is formulated as follows.

Problem: Considering the extended switched model (4)
and the switched H∞ controller (5), find the gains Ke

i such
that:

S1: The closed loop system x̃ek+1 = (Aei − BeiK
e
i )x̃ek is

globally asymptotically stable when wk = 0.
S2: The closed loop transfer function Gz̃w(z) from wk

to the controlled output z̃k guarantees the H∞ con-
straint ‖Gz̃w(z)‖∞ < γ, γ > 0.

Theorem: Switching H∞ controller gain

For i, j ∈ 1, 2, ..., n, if the pair (Aei , B
e
i ) is stabilizable for

all i, if there exist matrices Qi ∈ Rq×q, with q = m + h,
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positive definite and symmetric and, Ui ∈ Rq×p such that
the following LMI is verified for all (i, j):−Qi 0 (AeiQi −BeiUi)T QiC

eT
zi

∗ −γ2I W eT
i 0

∗ ∗ −Qj 0
∗ ∗ ∗ −I

 < 0

then, the discrete time switched H∞ controller (5) of
system (3) solves the problem and the gains are given by
Ke
i = UiQ

−1
i .

Proof: The proof is similar to the existing results pre-
sented in Daafouz et al. [2002] and Koenig and Marx
[2009].

To establish sufficient conditions to design the controller
satisfying the previous specifications:

Vk+1 − Vk + z̃Tk z̃k − γ2wTk wk < 0 (6)

for all k, where Vk = x̃eTk Pkx̃
e
k > 0 is a candidate Lyapunov

function, with Pk = PTk and Pk > 0, P ∈ Rq×q.

Let Pi = Pk and Pj = Pk+1, the difference (6) along the
solution of the closed loop system becomes:(

x̃e

w

)T (
M11 (Aei −BeiKe

i )TPjW
e
i

∗ W eT
i PjW

e
i − γ2I

)(
x̃e

w

)
With: M11 = (Aei −BeiKe

i )TPj(A
e
i −BeiKe

i )−Pi+CeTzi Cezi.

Using Schur’s complement:
−Pi 0 (Aei −BeiKe

i )T CeTzi
∗ −γ2I W eT

i 0
∗ ∗ −P−1j 0
∗ ∗ ∗ −I

 < 0

Pre-multiplying by: P
−1
i 0 0 0
∗ I 0 0
∗ ∗ I 0
∗ ∗ ∗ I


T

and post-multiplying by:P
−1
i 0 0 0
∗ I 0 0
∗ ∗ I 0
∗ ∗ ∗ I


The inequality is equivalent to:−Qi 0 (AeiQi −BeiUi)T QiC

eT
zi

∗ −γ2I W eT
i 0

∗ ∗ −Qj 0
∗ ∗ ∗ −I

 < 0

With Qi = P−1i and Ui = Ke
iQi.

A robust H∞ state feedback controller is designed with
a level disturbance attenuation γ for ‖wk‖ ≤ 1, and to
ensure operating points tracking, an integrator is added.

As a remark, pole placement can be used as a way to
improve the performances of the controller. To force pole

assignment in a sub-region described by a circle of center
σ and a radius r, the matrices Aei and Bei are replaced

by
Aei−σI

r and
Bei
r , respectively in the LMI to solve for

controller synthesis (see Montagner et al. [2003] for further
details).

3.3 H∞ Performance Analysis

In this section, the closed-loop system robustness perfor-
mance is studied. Unique matrices for each subsystems W
and Cz describe the unknown input and the controlled
output, let Wi = W = [0 103 0]T and Czi = Cz = [0 0 1].

Solving the LMI described in the previous theorem,
the designed controller guarantees the H∞ constraint
‖Gz̃w(z)‖∞ < γ with an attenuation rate γ of 0.67.

The following figure shows the Bode diagram of singular
value of Gz̃w(z) = Cez (zI − (Aei − BeiKe

i ))−1W e showing
the transfer w to z̃ for each activated subsystems during
the simulation scenario presented in the last paper section.

Fig. 5. Bode diagram of the transfer: w to z̃ for each
activated subsystems

The disturbance signal is rejected along all the frequency
range, with the worth case above all subsystems atten-
uation value of -3.47 dB corresponding to 20log(γ), as
expected (Fig.5),

4. APPLICATION: AIR PATH PRESSURES
CONTROL

In this section, the results of the switching robust H∞
controller are presented. Pressure control result of the
studied system is presented, showing that the controller
satisfied S1 and S2.

Let x = [P1, P2, P3], u = [θthr, θbyp], z = P3 and zref =
P3sp, denoting respectively the states, the control inputs,
the controlled output and the reference value.

Controller is validated by simulation with the nonlinear
model of the air path system. Reference signal P3sp is
a step and varies between low load value P3sp = Patm
and high load value P3sp = 1.01 bar at an engine speed
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N of 2000 RPM (note that due to actuator characteristic
maximum load is achieved for θthr = 40% and θbyp = 0%).
Fig.6 shows the results of controlled pressures signals
(red, dashed). P1 and P2 are compared with the nonlinear
model (”NL model”) data in open loop (blue, solid). P3 is
compared to the reference signal P3sp (green, solid).

Fig. 6. Reference tracking at N=2000 RPM

Fig. 7. Control signals during reference tracking at N=2000
RPM (Throttle: blue, Bypass: red)

The reference signal varies from low to high load showing
that the controller is stable.

Fig.6 shows that the controller has a good tracking per-
formance. Neither the switching rules, nor the unmodeled
dynamics or model approximation error affect the con-
trol of the air-path system over all the operating range.
Moreover, Fig.7 shows that control inputs meet actuators
constraints, avoiding saturation and signal undershoot or
overshoot. It is important for the controller to avoid signal
peaks. Indeed, short pressure variation alter the driver
comfort since brutal excess air increase quickly the torque
provoking jolts in car. The same precaution is applied
on control input overshoot since it is dangerous for the
mechanical system. In other words, compromise between
driver comfort and actuator excitation has to be found.

5. CONCLUSION

In this paper, a H∞ state feedback control for switched
linear system is treated. A switched linear state space rep-
resentation of the air path simplified model by considering
that slow dynamics are quite constant has been validated.
The extended system performance analysis have shown
the accuracy of the proposed approach for unknown input
rejection.

Successful application of the pressure tracking shows that
the switched control can be an interesting way to deal with
highly nonlinear systems control and the implementation
issues.
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