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Abstract: In this paper we consider the problem of state estimation for linear discrete-time
non-Gaussian systems with random observation matrices. This is the model for systems with
observation losses due to propagation through unreliable communication channels. Losses may
result from intermittent failures that cause packet dropouts, as in the case of networks, or
fading phenomena in propagation channel, as in the case of wireless networks. These are common
problems in wireless sensor network, or networked control systems. In this paper, we do not make
any assumption about the distribution of the observation matrix, thus encompassing a great
variety of possible scenarios. We derive the quadratic estimate of the state by means of a recursive
algorithm. The solution is obtained by applying the Kalman filter to a suitably augmented
system, which is fully observable. The augmented system is constructed as the aggregate of the
actual system and the observable part of a system having as state the second Kronecker power of
the original state, namely the quadratic system. To extract the observable part of the quadratic
system we exploit the knowledge of the rank of the corresponding observability matrix. This

approach guarantees the internal stability of the estimation filter.
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Non-Gaussian processes.

1. INTRODUCTION

The problem of state estimation for linear systems has
been widely studied due to its crucial role in many scien-
tific applications, ranging from engineering to economet-
rics. For linear Gaussian systems the well-known Kalman
filter (Kalman, 1960) provides the optimal state estimate
in the minimum mean square error sense. However, in
many situations the hypothesis of Gaussianity does not
represent a realistic statistical description of the system,
and should be removed (Spall and Wall, 1984; Spall, 1985;
Wu and Chen, 1993; Spall, 2003). In the non-Gaussian
case, the minimum mean square error estimation, is in gen-
eral an infinite dimensional problem (Zakai, 1969), whose
solution cannot be easily computed numerically. In this
case the Kalman filter provides the suboptimal affine esti-
mate, offering a good compromise between computational
simplicity and goodness of the estimate. Unfortunately,
in many other cases this procedure is unsatisfactory, and
more accurate approaches, such as polynomial algorithms
(De Santis et al., 1995; Carravetta et al., 1996), are needed.

Another quite common case where the Kalman filter loses
its optimality is when the system is characterized by un-
certain observations or when system model parameters
are not known exactly. These conditions translate into
observation and state transition matrices that are random.
In particular, in this paper we focus on the problem of state
estimation for system with random observation matrices.

Copyright © 2014 IFAC

This is the model, for example, of communication systems
where the channel undergoes random interruptions or is
affected by fading phenomena. More in general, uncertain
observations are quite common in networked control sys-
tems, where the state of a remote plant is estimated from
measurements carried through a lossy network (Hespanha
et al., Jan.). Such systems can be described as linear dy-
namic systems with deterministic parameter matrices and
state-dependent measurement noise (De Koning, 1984).
Thus, the assumptions of the Kalman filter are violated
and the Kalman filter recursive estimate cannot be derived
directly.

In De Koning (1984) and Luo and Zhu (2008) the linear
minimum variance state estimation is derived under some
mild conditions, for linear discrete system with random
state transition and measurement matrices. It is in the
form of a modified Kalman filter.

In Nahi (1969) the problem of observation losses is in-
vestigated and the optimal linear state estimator is de-
rived under the assumption that the sequence of packet
dropouts, modeled as a Bernoulli process, is independent.
The estimator has a recursive structure very similar to the
Kalman filter. In Hadidi and Schwartz (1979) the result
of Nahi (1969) is generalized investigating the least mean-
square error recursive estimator over the class of linear
filters, when the sequence of packet dropouts is not neces-
sarily independent. The authors show that, in general, the
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optimal linear estimator is not recursive. However, pro-
vided some conditions are met, a necessary and sufficient
condition for the existence of a linear recursive estimator
is given.

In Sinopoli et al. (2004) the statistical performance of the
Kalman filter are investigated assuming that the estimator
knows exactly whether the observation contains the signal
to be estimated or contains noise alone, i.e., whether there
is a packet dropout or not. Uncertain observations are thus
modeled as a Bernoulli process. The statistical convergence
properties of the estimation error covariance are studied
and the authors show that there exists a critical value of
the dropout rate, above which the state estimation error
covariance is unbounded.

In Nakamori et al. (2003a,b) no assumptions on the state-
space model for the signal are made and the problem of
uncertain observation is tackled using covariance informa-
tion. In particular in Nakamori et al. (2003a) the linear
estimator is derived using the auto-covariance function
of the signal in a semi-degenerate kernel form, whereas
a quadratic filter is considered in Nakamori et al. (2003b).

In this paper, we consider the case of random observation
matrices, assuming to know only the moments of the
entries up to the fourth order. No assumptions are made
about the distribution of the observation matrices. Note
that, even in the case of linear systems with Gaussian
state and output noise, the presence of random obser-
vation matrices makes the overall system non-Gaussian.
Nonetheless, we assume non-Gaussian state and output
noise. Under these hypotheses, the Kalman filter or the
linear filter in Nahi (1969) are no longer optimal and
it is necessary consider better suboptimal estimates. In
this regard, polynomial algorithms (De Santis et al., 1995;
Carravetta et al., 1996; Fasano et al., 2013) are more
accurate than the linear one, and preserve the nice features
of easy computability and recursivity. To cope with the
randomness of the observation matrix, we replace it with
its mean and move the state-dependent randomness to the
noise term. Following an approach similar to the one in
Fasano et al. (2013), we construct an augmented system
as the aggregate of the original system and a suitably
devised quadratic subsystem, which is fully observable. We
derive the quadratic estimate of the state by means of a
recursive algorithm obtained by applying the Kalman filter
to the augmented system. Since this last is fully observable,
the internal stability of the estimation filter is guaranteed
(Fasano et al., 2013).

The paper is organized as follows. In Section 2, we present
the system model with non-Gaussian state and output
noise and random observation matrix. Moreover, we con-
struct the augmented system comprising the original sys-
tem and a suitably devised quadratic subsystem exploiting
the results of Fasano et al. (2013). In Section 3, we derive
the quadratic estimate. In Section 4, we evaluate the
performance of the proposed approach by a numerical ex-
ample. Finally, Section 5 follows with concluding remarks.
To improve readability of the paper, some proofs are given
in the Appendix.
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2. SYSTEM MODEL

Consider the following class of linear discrete-time systems
Tht1 = Az + fr , k>0 (1)

Yk = Crxr + gk (2)

where z, fr € R”, y,gx € R, A € R"*" and C}, € R *",

The initial state z¢ and the random sequences {f}, {gx},
{C}} satisty the following conditions for k > 0:

(2) {fr} is a sequence of independent random vectors,

(3) {gx} is a sequence of independent random variables,

(4) {Cy} is a sequence of i.i.d.! random vectors,

(5) {fx}, {gr}, {Ck}, zo are statistically independent,

(6) the components of zg, fr, Ck, and g have finite
fourth moments,

(1) Efag'} = mid, B} = m§), Blgi} = mg), for

i = 2,3,4, where mfclg, mgf)
k

mé? is a known scalar,
[¢] ol : ol
(8) E{Ck } = (C;, for i = 1,...,4, where C; are known
constant vectors,

(9) the pair (a, A) is observable, and rank O (@7 A[2]) =
rank O (a[Q], A[2]> )

are known vectors and

In condition 7 we make use of the Kronecker power zl
(Bellman, 1997), defined as 21 = z, 2(+1 = [l ® 2 where
® is the Kronecker product. Note that since g, is scalar,
g,[j = g.. Condition 6 guarantees the existence of moments
up to the fourth order (Feller, 1968). In condition 9,
O (-,-) denotes the observability matrix of the pair within
parentheses.

Hereinafter, we use the following notation to denote cen-
tered quantities R

Z=7Z-E{Z}
where Z is a random matrix or vector. This notation
improves readability and makes formulas more compact.
Moreover, assuming z a (column) random vector, we
denote by

2@ = E {Z[i]zmT} (3)
and

S0 = E {Z[i]z[j]T} —x(d) _E {z[i] } E {Z[j]T} (4)
with 4,7 > 1, the cross-correlation and cross-covariance
matrix, respectively, of the Kronecker powers of z. If z
is a row vector, it is replaced by its transpose within
expectation in formulas (3) and (4). When ¢ = j = 1,

we use
3, =
5.
to keep the notation simple.

) (5)
) (6)

(1,1
4

(1,1
z

In order to derive the quadratic estimate of the state of
the system (1)-(2), we construct an augmented system
that has as observations both y; and y7. Towards this end,
we follow Fasano et al. (2013) and derive the augmented
system considering the quadratic Kronecker power of (1)

xE-]‘rl = (Axy, + fk)m = Amxf] + mi’i) + f;§2) (7)

1 Independent identically distributed.
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where f,g2) = Az, ® fr + fr ® Az + f,£2], with ]E{f,gz)} =
0. Introducing the n? x n? permutation matrix II that
guarantees f ® Axy = (Azy ® f) (Horn and Johnson,

1994), we can write f,gQ) = (I +1I)(Az, @ fr) + f]?]. This
expression will be useful later in Section 3.

Proceeding in the same way with (2) and taking into

(2]

account that yk =y, as yj is scalar, we get

v = (Cay + gk) C[Q] [2] + g7 + 2Cz 1 gk
= Pl 4+ g2 + 20,30k

e )0
— Gl + m® + 20, gy + CPal + g2
= CzwL] + mff) + g,(f) (8)

where g,(f) = 2CLxRgK + C,f mE] + gA,%, with E{g,(f)} =0.

Rearranging (2) in a more convenient form, so that C, is
moved to the noise term we get

yr =E {Ck} T + (Ck —E {Ck})l‘k + gk
= Cray + Chay, + Gk
= Cll'k + g( ) (9)

where g,(gl) = Char + gk, with E{g,(gl)} = 0. Finally,
combining (1), (2), (8), and (9) we get the full-order
quadratic system derived from system (1)—(2)

Tp1 = Axg + fi k>0 (10)
xfj_l = A[2]xf] + mg‘i) + f,§2) (11)
yr = Cray + gy (12)
yr = C’gz[2] + m(z) ( ) (13)

()

where m5
fr

(2)

and myg, are deterministic inputs, and the

1 (2

noise terms, namely f, f( 2y 9% 9k

, are zero mean.

By hypothesis the pair (01, ) is observable, that is

rank O (a, A) = n. However, the augmented system (10)—
(13) is not fully observable, as proved in Fasano et al.
(2013). This is a consequence of the fact that the quadratic
part of the system, comprising (11) and (13), is never
fully observable when n > 1, since rank O (C, A?) =

rank O (a[zl, A[2]> < n2.

Nevertheless, exploiting the results of Fasano et al. (2013),

where a closed form expression of rank O(am, ARl s
provided, it is easy to find a coordinate transformation for
extracting the observable part of the quadratic subsystem
n (10)—(13).

Indeed, rank O (@,A[Z]), which is equal to
rank O (ﬁl[z], A[2]> by hypothesis, and partition the ob-

let r =

servability matrix of the pair (Ca, A?) as follows

o(c)- [

where R € RTX"27 Q€ R =1)xn* and rank R = r. Now,
consider the singular value decomposition (SVD) of R

R=UxVT (14)

where U € R™" and V € R"" %" are orthogonal matrices.
Using the coordinate transformation

T=v"T

it is easy to verify that the matrices Al

(15)

and Cy become

AP 0, (2
2 1 T rx(n2—r)
TAPIT=! = T AP A<2> Aé) (16)
and o o
CoT ' =CV =[C? 01y(n2r)] (17)

where A((JQ) e R™", CéQ) € R and the pair (C((Jz)7 ASQ))

is fully observable.

Denoting by 7). € R7*n’ the rectangular matrix collecting
the first r = rank O(Cy, AP) rows of T', namely

T.=T(1:r,:) (18)

using Matlab® notation, matrices A and ¥ in (16)
and (17) become

AP =1, APTT (19)
P =G (20)

The key point in the above analysis is the knowledge
of rank O (071[2],14[2]

provided in Fasano et al. (2013) as a function of the
spectrum of A.

), whose closed form expression is

It is worth stressing that the knowledge of the (exact) rank
of the observability matrix of the quadratic subsystem is
crucial to extract the observable subspace. Indeed, numeri-
cal computation of the rank of an observability matrix is an
ill-conditioned problem (Paige, 1981). Moreover, iterative
procedures for computing the observable subspace, like
the ones in Rosenbrock (1970), fail to recognize the right
dimension.

3. THE OBSERVABLE QUADRATIC SYSTEM

Using the r x n? matrix 7). defined in (18), and denoting

by f,(f) = Trxf], the state vector collecting the observ-
able states of the quadratic subsystem, (10)—(13) can be
rewritten as

Tpy1 = Axy + [ k>0 (21)

£(2) :A(2)f(2) ~(2) +f(2) (22)

= Cray, + g, (23)

y2 = 0Pz 2) + m(z) +g(2) (24)

where mﬁ) = T,.mfi), fk2) = TTfk , and o = Oy TT as

n (20).

. _ [r zor]”

Defining the extended state X; = [wk Zy } , the

extended input Uy = [m‘ﬁjT méi)} , and the extended

output Y, = [yk yi] , we get the following dynamical
System

Xk+1 = .AXk + BUk + Vk

Y, =CX, + DU, + Wy

(25)
(26)
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where
a= [t sl =] e
e=lor ) 2= e
vi= | 7], m:[g%lﬂ. (29)
2 9k

3.1 State estimate

Equation (25) represents a linear system whose state
evolves in the space R™™". Output equation (26) has
the structure we need to calculate the optimal quadratic
estimate for the state vector of system (1)—(2). The noise
sequences {Vi }, {W}} are zero mean and white. Moreover,
they are mutually orthogonal and orthogonal to the initial

state Xy = [3«"0 82)T] This is a consequence of the
following propositions.

Proposition 1. The random process {Vj} is wide-sense
stationary with zero mean and autocorrelation function

E{ViVi'} = Qrn.k (30)
where Qy, is defined in (32).

Proof. See Appendix.

Proposition 2. The random process {Wy} is wide-sense
stationary with zero mean and autocorrelation function

E{W, W'} = Rionx (31)
where Ry, is defined in (36).

Proof. See Appendix.

Proposition 3. The random processes {V4}, {Wy} are mu-
tually orthogonal, i.e.,

E{VhW];F}’ = 0 (n4r)x2

and orthogonal to X¢ = [ xg 95(2)T}

Proof. The proof is omitted due to space limitations.

The covariance matrix Q; in (30) can be computed by
exploiting conditions 1-7 of Section 2 and using some
Kronecker algebra. We get

(1,2) T
Yo XpUTE

Q= TP Qu(2.2)

(32)

with
Qr(2,2) =
=T (1 +10) [4%,, AT @ 2p,] (1 +10) + SPP 17

where II is the permutation matrix that guarantees f; ®

x = I(zg ® fr) (Horn and Johnson, 1994), whereas
Yoo =E{mpzl},  Zp =E{ffl}, (33)
2, 2T
5p” = st = BT, (34)
S22 2 2,2 2) (2T
S {f[]fk }2< ) m@m@T (35)

consistently with (3)—(4), and m E{fk }, as defined
in Section 2. Note that the entries of Yy, in (33), Eﬁ 2) |

(34), and Egi’z) in (35) are known by hypothesis since they

are the elements of m;2)7 mgflt) m;g), respectively, which are

defined in Section 2.

Working in a similar way for Ry in (31), we get

E{g,:) D1 E{gt g}

E{g g} E{g? g} (36)

with
E {g;(f)g,(f } =(C-Ci®C)E {xf]} +mg)  (37)

E{o 0"} = (G - CroT) B {a} + mf)

E{ge?} =amPGE ) + (€ -G e 0)

X E{ [4]} + m(4) mPm2

Gm@(38)
where mf}) = E{g{"}, for i = 2,3,4, and C; = E{c}'},

4, as defined in Section 2, whereas E {:cgs] },

for i = 2,3,4, can be computed recursively.

fori=1,...,

Now, the optimal linear estimate X, of X can be com-
puted using the Kalman filter, as follows
Xo = E{Xo}, Pojo=E{XoX{}
Xk‘k_lekal-f—Bkal, k>0

(

(
Xy = Xk\k—l + K, (Yk - CXk\k—l - DUk) (41
Ky = Pyj—1C" (CPyp—1CT + Rk)il (

Pyji—1 = APy 11 A" + Q1 (
Py = (I — KiC) Prjr—1 (44

= Xo — E{Xo}. It is worth stressing that (39)-
(44) provide the optimal linear estimate X}, as projection
of X} on the linear space of (n + r)-dimensional linear
functions of the vector

1y’ - YkT]T: (1L yivf - w y;%]T
This amounts to the optimal quadratic? estimate of Xj
as a function of the observations yi,...,y%x. The vector
constituted by the first n entries of X, namely Ty, gives
the required optimal quadratic estimate of the state xj of
the system (1)—(2). The n x n leading principal submatrix
of Py, is the corresponding error covariance matrix of the
quadratic estimate.

where Xg

(45)

4. SIMULATION RESULTS

In this section we evaluate the performance of the proposed

approach by a numerical example. Consider the system
(1)—(2), with

051 0
A=10 05 0] (46)
0 0 0.7
Cr [ 0.85n" 5 —n,(f’)} (47)

2 With no cross terms.
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Fig. 1. Comparison of the average MSE of four state
estimation algorithms, with confidence intervals.

where {n,(ci),kZO}, for 1 = 1,2,3, are independent

Bernoulli processes with parameter ~, i.e., E{n,(j)} = .
The state and measurement noises are non-Gaussian,
as they are discrete random processes. In particular,
fe = [f,gl) f,EQ) f,gg)]T, with i.i.d. components fk(f)

{-0.1, 0.3, 0.9} with probabilities 15/18, 2/18, 1/18, re-
spectively. The output noise gp € {0.05, —0.15, —0.45}
with probabilities 15/18, 2/18, 1/18, respectively. It is
easily verified that E{fi} = 0 and E{gx} = 0. Fig. 2
compares the performance of four different algorithms in
terms of average mean square error (MSE) as a function
of ~. The algorithms considered are: i) the Kalman fil-
ter that uses the knowledge of Cy; ii) the Kalman filter
that uses C = C = [-0.85, 1, —1]; iii) the Kalman
filter that uses as observation matrix the average C},
namely Cj = E{C\} = [-0.85v, 7, —7]; iv) the proposed
quadratic filter. Note that the first algorithm cannot be
implemented when C}, is stochastic and not know, as is
the case considered in this paper. Thus, it serves as an
ideal reference for comparison with the other algorithms.

The performance has been evaluated averaging the MSE
of the four methods over 100 realizations of N = 2 x 103
points each, for values of v ranging in the interval [0.41].
The average MSE is computed as

100

=100 ZE“ 5T
k=50

where ¢; is the MSE of the ith realization.

__xk

Fig. 1 shows that for v = 1 all the linear filters, namely
the algorithms i)-iii), have the same performance, since
Cr = E{Cy} = C. In this case, the quadratic filter has
better performance than the Kalman filter because both
have complete knowledge of C but, being the noise non-
Gaussian, the Kalman filter is no longer optimal. As
decreases, the MSE of the algorithms ii)-iv) increases at
roughly the same rate, and the quadratic filter exhibits
uniformly better performance. It is worthwhile noting
that above a certain threshold for v, the quadratic filter
outperforms the (ideal) Kalman filter of algorithm i),
which relies on the perfect knowledge of Cj that is not
available when C}, is random.

5. CONCLUSION

In this paper we consider the problem of state estimation
for linear discrete-time non-Gaussian systems with random
observation matrices. This is the model for uncertain ob-
servations resulting from losses in the propagation channel
due to fading phenomena or packet dropouts. This is
common in wireless sensor networks, networked control
systems, or remote sensing applications. In this paper,
we do not make any assumption about the distribution of
the observation matrix, thus encompassing a great variety
of possible scenarios. We derive the quadratic estimate of
the state by means of a recursive algorithm. The solution
is obtained by applying the Kalman filter to a suitably
augmented system, which is fully observable. To extract
the observable part of the quadratic system we exploit the
knowledge of the rank of the corresponding observability
matrix. This approach guarantees the internal stability of
the estimation filter.

Appendix A. PROOFS OF PROPOSITIONS
A.1 Proof of Proposition 1

Proof. From the definition of V}, in (29) it follows

E
E{Vk} = [Tr E?;%;}] = O(ntr)-

With respect the the autocorrelation function, consider

that
I, On . .
o= foln, | [ | - amece )

and in De Santis et al. (1995) it is proved that the
T
sequence {{ fkT féQ)T} } is uncorrelated thus implying

that {V}} is also an uncorrelated sequence. The correlation
(covariance) matrix @y, is computed in (32).

The autocorrelation function is
By - | S B{5s"
E{fP s} TR (PN
with

E{fnfi} = Ss.0nk (A1)

{f f(Q)T} {fh [(IJFH)(Axk ® fi) + f[ﬂ }

=E{fieT @ 1)} (AT @ 1) (I +1)+E {f fW}

taking into account that fj, and (xj ® fi) are orthogonal,
we get

=E {f fmT} = Zgi’Q)(Sh,k (A.2)

E{f7 £}

IE{ }(Lz)flgz)T} _

E{nf®"} (A3)
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exploiting that (z, ® f) and f,?] are orthogonal, we get

_ [(1 +10) (A8, AT @ Sp,) (T +10) + iff’] Shp (A4

A.2 Proof of Proposition 2

Proof. From the definition of W} in (29) it is easily
verified that

E{W;} = 0,.
The autocorrelation function is

E{g) 95} E{gy9”)
E{W,W,/}} = h
(W} = |a(glglo) eiglo)
with

E {921)9;1)} =E { [él\th + gh} {@xk + gk} }

exploiting al:rhé;xk = (6';: ® (/I'\k) (zn ® xp), we get
=E {6’; ® é\k} E{zp @z} + E{gngr}
= [tr (S870) +m@] dn (A.5)

& {gﬁl)gf)} =E {[@xh + gh] |:20kxkgk i 0[21%2] n gk”

= [E {@fkcg[f]mf]} +E {gkgi}} On,k

exploiting é\kka’,[f]xf] = (é\k ® C’,[f]> mE]7 we get

_ [tr (i(cl,f)zii’z)) +m§ﬂ Sk (A.6)
E{g?g"} =E{g" o} (A7)

E{of" 9"} = 4B {ChanCrare} E {gnn}
+E {C[Q] 200! } +E{gi9i}

exploiting ChxpCrar = (Ch @ Cy) (x, ® xp), we get
=4E{C, @ Cr} E{zr @ zx} E{gngr}

+E {O}[f] ® C,E]}E {of 0o} +E{gi0t}
- [4m§i) tr (E&;”EM) +tr (igﬁzg’?))

Fmfl) = mm) b (A8)

REFERENCES

Bellman, R. (1997). Introduction to Matriz Analysis.
Society for Industrial and Applied Mathematics, 2nd
edition.

Carravetta, F., Germani, A., and Raimondi, M. (1996).
Polynomial filtering for linear discrete time non-
Gaussian systems. SIAM J. Control Optim., 34(5),
1666—-1690.

De Koning, W.L. (1984).
discrete-time systems with stochastic parameters.
tomatica, 20(1), 113-115.

Optimal estimation of linear
Au-

De Santis, A., Germani, A., and Raimondi, M. (1995).
Optimal quadratic filtering of linear discrete-time non-
Gaussian systems. IEEE Trans. Autom. Control, 40(7),
1274-1278.

Fasano, A., Germani, A., and Monteritu, A. (2013).
Reduced-order quadratic Kalman-like filtering of non-
Gaussian systems. IEEE Trans. Autom. Control, 58(7),
1744-1757.

Feller, W. (1968). An Introduction to Probability Theory
and Its Applications, Vol. 1. Wiley, 3rd edition.

Hadidi, M.T. and Schwartz, S.C. (1979). Linear recursive
state estimators under uncertain observations. IEEE
Trans. Autom. Control, AC-24(6), 944-948.

Hespanha, J., Naghshtabrizi, P., and Xu, Y. (Jan.). A
survey of recent results in networked control systems.
Proc. IEEE, 95(1), 138-162.

Horn, R.A. and Johnson, C.R. (1994).
Analysis. Cambridge University Press.

Kalman, R. (1960). A new approach to linear filtering
and prediction problems. Journal of Basic Engineering,
82(Series D), 35-45.

Luo, D. and Zhu, Y. (2008). Applications of random pa-
rameter matrices Kalman filtering in uncertain observa-
tion and multi-model systems. Proc. 17th World Congr.
Int. Fed. Automat. Control (IFAC), 12516-12521.

Nahi, N.E. (1969). Optimal recursive estimation with
uncertain observations. IEEFE Trans. Inf. Theory, 1T-
15(7), 457-462.

Nakamori, S., Caballero-Aguila, R., Hermoso-Carazo, A.,
and Linares-Pérez, J. (2003a). New design of estimators
using covariance information with uncertain observa-
tions in linear discrete-time systems. Applied Mathe-
matics and Computation, 135, 429 — 441.

Nakamori, S., Caballero-Aguila, R., Hermoso-Carazo, A.,
and Linares-Pérez, J. (2003b). Second-order polynomial
estimators from uncertain observations using covariance
information. Applied Mathematics and Computation,
143, 319 — 338.

Paige, C. (1981). Properties of numerical algorithms re-
lated to computing controllability. IEEE Trans. Autom.
Control, 26(1), 130-138.

Rosenbrock, H. (1970).
Theory. Thomas Nelson.

Sinopoli, B., Schenato, L., Franceschetti, M., Poolla, K.,
Jordan, MLI., and Sastry, S.S. (2004). Kalman filtering
with intermittent observations. IEEE Trans. Autom.
Control, 49(9), 1453-1464.

Spall, J.C. (1985). Validation of state-space models from a
single realization of non-Gaussian measurements. IEEFE
Trans. Autom. Control, 30(12), 1212-1214.

Spall, J.C. (2003). Estimation via Markov chain Monte
Carlo. IEEE Control Syst. Mag., 23(2), 34—45.

Spall, J.C. and Wall, K. (1984). Asymptotic distribution
theory for the Kalman filter state estimator. Commu-
nications in Statistics - Theory and Methods, 13(16),
1981-2003.

Wu, H. and Chen, G. (1993). Suboptimal Kalman filtering
for linear systems with non-Gaussian noise. Approxi-
mate Kalman Filtering, 2, 113-136.

Zakai, M. (1969). On the optimal filtering of diffusion
processes. Probability Theory and Related Fields, 11(3),
230-243.

Topics in Matrix

State-Space and Multivariable

2375



