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Abstract: Ultracapacitors are popular as an energy storage device for the light rail regenerative
power system. However, the control of the DC/DC converter is a challenging problem to meet
the fast charging/discharging of ultracapacitors. In this paper, a precise discrete-time converter
model and an explicit model predictive control scheme is proposed to address this issue. A
converter model is presented by using a v-resolution method, which can capture the hybrid
nature of the ultracapacitors in the form of piecewise affine. Based on this model, an optimal
control problem with the constraints of the duty cycle and the system parameters is formulated.
Then the control law is calculated by using multi-parameter programming. The resulting explicit
solution can be easily stored and utilized in a lookup table. The proposed scheme can reduce
the amount of on-line calculation and achieve the real-time control of the system. Simulation
and experiment validate the effectiveness of the proposed scheme.

Keywords: ultracapacitors, fast charging/discharging, explicit model predictive control,
v-resolution model, optimal control.

1. INTRODUCTION

Ultracapacitors, for its characteristics of long cycling life,
fast charging/discharging rate, high power and energy
density (Lerman et al., 2012; Karangia et al., 2013), are
taken notably in light rail system as high power energy
storage devices. By absorbing the regenerative braking
energy and reusing it, the ultracapacitors energy storage
system not only improves the energy efficiency but also
stabilizes the voltage fluctuation of grid (Rufer et al., 2004;
Lajnef et al., 2007).

For the ultracapacitors must be quickly charging or
discharging with high instantaneous current (Allegre et
al., 2010), the fast current and voltage reaction in the
charging/discharging process are essential (Jae Sik Lim,
2010). However, the difficulties in controlling comes from
their hybrid nature. According their two different models
of operation, an associated linear continuous-time model
would be established. So it is a challenging to include
hard constraints when designing the controller with rapid
dynamic response, for instance, the allowable operating
voltage, and the range of the duty-cycle. Motivated by
these issues, there has been a rising research interest in
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the energy storage unit control with the model predictive
control (MPC).

Model predictive control has exhibited well performance
in handling the multiple system constraints, and directly
formulating an approximate model of the plant (Mo, Loh
and Blaabjerg, 2011; Vahidi et al., 2006). But due to the
small sampling period of such hybrid system, its rapidity
and real-time should be highlighted. In (Yanhui Xie et
al., 2009), a method to improve on-line computational
efficiency is introduced for MPC scheme. By integrating
some traditional methods like primal barrier method and
infeasible start Newton method, a fast predictive controller
can compute the control action much more efficiently than
general MPC optimizer in (Yang Wang and Stephen Boyd,
2010). The finite control set model predictive control has
been applied for current control (Rodriguez et al., 2007;
Alireza Davari et al., 2012), in which the optimization
problem can be reduced to predict the finite system
behavior. However, these methods can possibly stuck into
the local optimal point, and the optimal switching function
set is considered in just one control cycle.

In this paper, a hybrid explicit model predictive control
(EMPC) methodology (Petter THndela et al., 2003) based
on a piecewise affine (PWA) equations is proposed, it can
well meet the fast dynamic requirements and address the
local optimization issues. In this control methodology, the
system’s constraints and objectives are taken into account
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Fig. 1. The block diagram of bidirectional DC/DC converter for ultracapacitors energy storage system

based on the PWA mode. At the same time, consider
the system which derived from the DC/DC converter’s
hybrid nature, we employ the v-resolution (Ferrari-Trecate
et al., 2002) hybrid modeling techniques. It improves
the accuracy of the system and captures the nonlinear
behavior of the converter.

The key point of controller design is solving a constrained
finite time optimal control (CFTOC) problem by using
multi-parameter programming. In this paper, discharge
current is taken as the cost function and the duty cycle
range is taken as control constraints. From the proposed
method, the optimal control problem would be pre-solved
offline for every possible instance of the measured state,
and which derived its explicit solution. The on-line compu-
tation is reduced to simply evaluating the optimal control
law which has been saved in lookup table previous at each
sampling instant.

This paper is organized as follows. In section 2, we briefly
present the mathematical model and use the v-resolution
modeling approach yields a discrete hybrid converter.
Then formulate and solve a constrained finite time optimal
control problem based on this model. Simulation and
experimental results are shown in section 3, the EMPC
scheme are tested in the energy storage unit that achieve
the real-time optimization. Finally, conclusion and further
research directions are outlined in section 4.

2. SYSTEM MODEL AND CONTROLLER DESIGN

Fig. 1 shows the ultracapacitors energy storage system of
light rail vehicles. When the vehicle works in the braking
phase, it leads to the grid voltage rise; the converter
operates in buck mode charging the ultracapacitors. On
the contrary, when the vehicle is in the acceleration or
starting-up phase, the DC/DC converters change to the
boost mode and energy is fed back to the grid through the
boost inductor.

1D

gridv

cLgridi lR

2S cv
f
R

C
f

m
R

mC

s
R

C
s

leak
R

c
i

Ultracapacitor Model

+

-

+

-

Fig. 2. The equivalent circuit of the DC-DC converter of
ultracapacitors in the discharging state

In this paper, we have a detailed analysis when the
ultracapacitors unit is in the discharging process, which
means the topology operated as the boost mode; the buck
operational mode of the system can be analyzed similarly.

2.1 Continuous-time Model of the Boost Mode

The equivalent model of the DC/DC converter connected
with the ultracapacitors through a filtering inductance
(Lc, Rl) is shown in Fig. 2, and Rl is the internal re-
sistance of the inductor. The ultracapacitors is modeled
by the RC equivalent circuit (Lisheng Shi and Crow,
2008), which Rf , Cf , Rm, Cm, Rs, Cs are the resistances
and capacitances of the fast, medium and slow branches
respectively and Rleak is the leakage resistance.

The boost converter features two operation modes with
two different affine dynamics, which can be described by

Lc
dic
dt

+Rlic = vc, kTs ≤ t < (k + d(k))Ts

Lc
dic
dt

+Rlic = vc − vgrid,
(k + d(k))Ts ≤ t < (k + 1)Ts

(1)

By taking xcap = [vf vm vs ic]
T as the state vector, where

vf , vm, vs is the capacitor voltage of each branch, ic is the
inductor current, vc is the voltage of the ultracapacitors,
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and vgrid is the grid voltage. The duty cycle d(k) ∈ [0, 1]
in every switching period k, is chosen as the control input,
and the switching period equal to Ts. Thus the system
can be described by the following affine continuous-time
state-space equations.

ẋcap =

{
Acapxcap, kTs ≤ t < (k + d(k))Ts
Acapxcap +Bcap,

(k + d(k))Ts ≤ t < (k + 1)Ts
ycap = Ccapxcap

(2)

where

xcap = [ic vf vm vs]
T , ycap = [ic vc ]T ,

Acap=

[
A1 A2

A3 A4

]
,

A1 =


−Rz −Rl

Lc

Rz

RfLc
−Rz

RfCf
(

Rz

Rf
2Cf

− 1

RfCf
)

 ,
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Rz

RmLc

Rz

RsLc
Rz

RfCfRm

Rz

RfCfRs

 ,
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−Rz

RmCm

Rz

RmCmRf
−Rz

RsCs

Rz

RsCsRf

 ,

A4 =

 (
Rz

Rm
2Cm

− 1

RmCm
)

Rz

RmCmRs
Rz

RsCsRm
(
Rz

Rs
2Cs

− 1

RsCs
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 .
Rz =

(
1

Rf
+

1

Rm
+

1

Rs
+

1

Rleak

)−1

Bcap =
[
−vgrid

Lc
0 0 0

]T

Ccap =

 1 0 0 0

−Rz
Rz

Rf

Rz

Rm

Rz

Rs


2.2 v-Resolution Discrete-Time Hybrid Model

In contrast to the average state space model, the formula-
tion of the model is natural in the discrete-time domain,
which improves the accuracy of the model and achieves
much smaller error. The details can be seen in (Mayne
and Rakovi, 2003).

The period of the pulse width modulation Ts is divided
into v sub-periods of the τs = Ts/v, v ∈ N, v ≥ 1 as
showed in Fig. 3. And within the kth period, we use
ξcap(n) to denote the states at time-instants KTs+nτs, n ∈
{0, 1, ...v − 1}. By definition, ξcap(0) = xcap(k), ξcap(v) =
xcap(k + 1). For each subperiod, we introduce mode one
and mode two previously discussed and plus an additional
mode three that captures the transition from mode one
to mode two (Tobias Geyer et al., 2008). In the nth
subperiod, the state-update equation is

1 1 1 2 2

00

11

sKT ( 1) sK T
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8v 
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 switch on state switch on state

 switch off state switch off state

switching stateswitching state

31 2

Fig. 3. v-resolution modeling approach visualized for the
kth period (the example using v = 8 and each mode
means the position of the switch)

ξcap(n+ 1) =



Φcapξcap(n), d(k) ∈ [0,
n

v
)

Φcapξcap(n) + Ψcap(vd(k)− n),
n

v
≤ d(k) ∈ [

n

v
,
n+ 1

v
)

Φcapξcap(n) + Ψcap, d(k) ∈ [
n+ 1

v
, 1]

(3)

where Φcap and Ψcap are the discrete-time representations
of Acap and Bcap which defined in (1) with sampling time
τs, and the mode three is a weighted average of the modes
one and two.

For the control law depicted as the form of explicit func-
tion, in general, the model should be linear or piecewise
affine (PWA), which can be written as

x(k + 1) = Aix(k) +Bid(k) + fi; i = 1, 2......v (4)

Where Ai, Bi and fi are constant matrices. So that it
can partition the state-input space into polyhedra and
associate with each polyhedron an explicit output solution
(Anders Rantzer and Mikael Johansson, 2000).

The discrete-time state-update map of the v-resolution
model can be derived using (3) by the form of (4). From
xcap(k) = ξcap(0) to xcap(k+1) = ξcap(v), the state-update
function maps the sampled state xcap(k) from time in stant
kTs to time instant (k+ 1)Ts. In this paper, we set v = 3,
the boost operational mode of the system can be depicted
as

xcap(k + 1) = Φcap
3xcap(k)+

3Φcap
2Ψcapd(k), d(k) ∈ [0,

1

3
)

3ΦcapΨcap[d(k)− 1

3
] + Φcap

2Ψcap, d(k) ∈ [
1

3
,

2

3
)

3Ψcap(d(k)− 2

3
) + Φcap

2Ψcap + ΦcapΨcap,

d(k) ∈ [
2

3
, 1]

(5)

2.3 Constrained Finite Time Optimal Control Scheme

The main control objective is to regulate the inductor cur-
rent ic of the light rail regenerative energy storage systems
with ultracapacitor to its reference ic,ref . In this paper, we
want the inductor current charge as soon as possible. This
regulation has to be achieved in the presence of the hard
constraints on the manipulated variable (the duty cycle)
which is bounded between 0 and 1, in addition, with the
vc be controlled between 500V and 1000V. Moreover, the
controller must render a steady state operation under a
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constant duty cycle, thus avoiding the occurrence of fast-
scale instabilities.

In this paper, we assume the load capacitive reactance
is time invariant and nominal. In order to regulate the
discharge current to its reference current quickly and
with overshoot as little as possible. It is to minimize the
current error ic,err, and to respect the constraints on the
ultracapacitors voltage and the duty cycle.

ic,err(k) =

v−1∑
n=0

ic(n) + ic(n+ 1)

2v
− ic.ref (6)

Additionally, let ∆d(k) = |d(k) − d(k − 1)| indicate the
absolute value of the difference between two consecutive
duty cycles. This term is introduced in order to reduce the
presence of unexpected high input fluctuation when the
system has almost reached stationary conditions.

Define the penalty matrix Q = diag {q1, q2} and the vector

ε(k) = [ic,err(k),∆d(k)]T . Then the objective function can
be defined as:

J(xcap(k),∆d(k)) =

N−1∑
i=0

‖Qε(k + i)| k)‖2

s.t 0 ≤ d(k) ≤ 1
ic,min ≤ ic(k) ≤ ic,max

vc,min ≤ vc(k) ≤ vc,max

(7)

Where the N means the predictive horizon and the index
will penalize the predictive evolution error using the 2-
norm. This paper, we get the parameter vector.

p(k) = [vf (k) vm(k) vs(k) ic(k) d(k − 1)] (8)

The control input at time-instant k is then obtained by
minimizing the objective function (6). Starting from the
measured state vector xcap(k) from the state equation. The
sequence of control moves D(k) = [d(k), ..., d(k + L− 1)]T

subject to the model and constraints. The associated
optimization program is referred to as the constrained
finite time optimal control (CFTOC) problem (Borrelli,
2003). The resulting optimal control input d∗(k) at instant
k is then applied to the converter and the procedure
repeated at the successive sampling instant with new state
xcap(k + 1).

2.4 The State Feedback Control Law

Multi-parametric programming(Tondel et al., 2003) is
used to solve an optimization problem offline for a range of
parameters. In this paper, it solves a discrete-time CFTOC
problem for a PWA system by this multi-parametric pro-
gram (Baotic et al., 2003) with the parameters vector (7).

The CFTOC problem is not only a parametric function of
the physical state, but also depends on the last control
input d(k − 1), as the changes of the duty cycle are
penalized in the objective function; it is necessary to
solve the CFTOC problem for possible values of ic,ref .
The optimal state-feedback control law d∗(k) is a PWA
function of the state vector, it defined on a polyhedral
partition of the feasible (augmented) state space, and can
be expressed as

d∗(k) = Fjxt(k) +Gj (9)

(a)

(b)

Fig. 4. The state partitions and state feedback control law
for d(k− 1) = 0.6, Vs= 995 V and Vm= 950 V, where
dark blue corresponds to d(k) = 0 and dark red to
d(k) = 1. (a) PWA control partitions uc, ic, where
the uc = vf . (b) State feedback control law d(k).

Hjx(k) ≤ Kj j = 1...P (10)

Where Hj and Kj define the jth of the regions in the
polyhedral partition of the controller andFj , Gjassociate
with the piecewise affine control law.

The obtained state-feedback controller is implemented
online. By computing the control input amounts and
determine the polyhedron in which the measured state lies.
At last, check (10) and simply evaluate the corresponding
affine control law(9).

As the set of converter parameters show in Table 1 and
the controller parameters show in Table 2. The final
result of the optimal state-feedback control law is a PWA
function defined on a polyhedral partition of the 5-D
parameter space, of which the vs and vm vary in a
small range. Therefore, using the complexity reduction
algorithm (Geyer et al., 2004), the controller is simplified
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to 33 regions, to visualize the state-feedback control law,
fixed d(k − 1), vs = 995V vm = 950V . We compute the
state-feedback control using the multiparametric toolbox
(Kvasnica et al., 2004). Now the 2-D space shown in Fig.
4(a) depicts the regions of lookup table and Fig. 4(b) show
the control input d(k) as a PWA function of x(k).

Table 1. Converter parameter setting

parameter value parameter value

Rl 0.1Ω Lc 0.56MH
Rf 0.03Ω Rleak 31.15kΩ
RS 107.13Ω Rm 40.92Ω
Cm 35.16F Cs 8.26F
Cf 35F

Table 2. Controller parameter setting

parameter value parameter value

v 3 N 2
q1 4 q2 0.3
fs 1kHZ

3. SIMULATION AND EXPERIMENTAL RESULT

3.1 Simulation

In this section, the EMPC controller is evaluated in sim-
ulation for variations in the inductor current is presented.
The simulation set up was built using Matlab/Simulink.
Where the parameters has been given in Table 1. We
have considered the scenario where the reference inductor
current with the value of iref = 1000A.

We uses the same parameters as the physical plant model.
The choice of v = 3 subperiods make the v-resolution
model captures the nonlinear discrete-time dynamics in
a sufficiently accurate way.

The simulation response of the system is illustrated in Fig.
5. And we assume all the parameters are measured. Where
Fig. 5(a) show the inductor incurrent, Fig. 5(b) show
the variations of the capacitor voltage. At the beginning,
the voltage is stabilized and the inductor current raised
for which the EMPC controller been used. As show in
Fig. 5(c), the controller switches the duty cycle in order
to perform a good tracking of the reference and also
guarantee the systems constraints. While after only about
30 ms, the controller is stabilizing. So it is easy to see that
the system’s stabilizing time is rising fastly for the EMPC
controller.

3.2 Experimental Results

The proposed controller in this paper has been implement-
ed in a light rail vehicle’s energy storage system, which
verified the algorithms effectiveness. System parameters
have been defined as follows: the ultracapacitors are 400
cells in series of each capacitor 3500F with ESR 9.8mΩ,
and the convert switching frequency is 1kHZ. Regarding
the optimal scheme, the penalty matrix chosen to be
Q = diag {4, 0.3}, getting a small weight on the changes
of the manipulated variables.

The response of the current and voltage in both charging,
discharging process are shown at Fig.6. As can be seen
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Fig. 5. Simulation results. (a) inductor current. (b) varia-
tions of the capacitor voltage. (c) the duty cycle.

from 0km/h to 60km/h, the controller increase the induc-
tor current and decrease the output voltage, the constrains
is reached to discharge the ultracapacitors to the reference
inductor current as fast as possible. Once the inductor
current reaches its reference, the ultracapacitors quickly
discharge its energy and the voltage to the limit value to
avoid any overshoot.

The hybrid nature of the system is reflected by using the
EMPC controller, as show from the experimental results,
its fast response are not degraded compared with the
results of the simulation. In the presented case, both the
simulation and experiment of the converter is made at a
small frequency of 1KHz, which slows down the closed-loop
systems dynamics. The differences between the simulation
and experimental results can be reduced when the DC/DC
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converters operating at a higher frequency. So when the
DC/DC converter operating at a higher fixed-frequency,
the control scheme can satisfy its requirement of rapidity
and real-time better.

0km/h 60km/h 0km/h

Fig. 6. Experimental results of the grid voltage vgrid, gird
current igrid, ultracapacitors voltage vc and ultra-
capacitors charging/discharging current ic with the
vehicle speed from 0 km/h to 60 km/h, and 60 km/h
to 0 km/h.

4. CONCLUSION

In this paper, an explicit model predictive control scheme
is proposed for ultracapacitors energy storage system. Due
to its hybrid nature of the DC/DC converter, an extension
of the v-resolution model is developed to describe its
topology in the form of piecewise affine. The controller can
be based on this model, and is derived. The calculation of
the explicit control law is a constrained finite time optimal
control problem. It was solved by using multi-parametric
programming offline. The proposed EMPC makes it feasi-
ble to incorporate the hard physical constraints on the
duty cycle and reduced the online computational com-
plexity. The state-feedback controller is of piecewise affine
form, which can be used by an effective lookup table.
The experimental results demonstrated that the controller
could respond to fast current changes, and could make
the grid voltage to adapt to the load changes rapidly.
The design guideline and stability analysis of the proposed
EMPC will be the future work.
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