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Abstract: This paper develops a fractional-order (FO) power rate type reaching law for sliding
mode control (SMC) of nonlinear integer order systems with disturbance and uncertainty. The
proposed FO power rate type reaching law, including an FO derivative function, is proven
to ensure that the state trajectories achieve to the switching surface in a finite time. Most
importantly, the calculation formula of the reaching time under the FO reaching law is provided
for the first time. The comparisons between the FO and IO reaching laws reveal the potentiai
advantages of the FO reaching law. Furthermore, the criterion for stability of the sliding

mode dynamics is provided by solving linear matrix inequality (LMI). Finally, simulation and
experimental examples illustrate the effectiveness and advantage of the proposed control method.

1. INTRODUCTION

Growing attention has been focused on fractional calculus
[1, 2, 3] over the past three decades. FO calculus operators
have recently become an exciting research topic in control
area. The FO operators can help to design FO controllers
which have a greater flexility in improving the control per-
formance, such as robustness. This potential advantages
have motivated renewed interest in various of FO control,
such as [4, 5, 6].

On the other hand, SMC is famous to be computationally
robust and efficient with respect to matched uncertainty
and external disturbance [7, 8, 9]. The SMC includes two
parts: equivalent control law and reaching law. However,
due to the absence of appropriate mathematical methods,
most published results about the FO SMC are limited to
the FO equivalent control law, such as [10, 11, 12, 13]. It
should be studied how to obtain useful tool for designin
FO reaching law for the SMC. More importantly, it shoul
be analyzed why and how to obtain a better control
performance for %MC by using the FO reaching law.

With this motivation, an FO power rate reaching law is
designed for SMC of uncertain nonlinear systems in this
paper. A concept of the FO sign function D%sgn(s),0 <
% < 1, including an FO differentiator, is applied to
uilding an FO power rate type reaching law. Similar to
the sign function, D%sgn(s),0 < ¢ < 1, the fractional
order derivative of sgn(s), is proven to be able to extract
the sign of s. One may feel this is trivial compared with
the sign function itself; others may doubt that this is
against intuition compared with the derivative of a generic
function. It can guarantee the occurrence of the reaching
phase in finite time. Furthermore, the calculation formula
of the reaching time t,.q.;, under the FO power rate type
reaching law is obtained, for the first time. The comparison
between the FO and 10 power rate type reaching laws
reveals the potential advantages of %]‘O reaching law.
Specially, the comparison is analyzed and visualized.
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Next, the stability condition of the sliding mode dynamics
is discussed. The matrices of the controlled system are de-
rived by computing LMIs that are obtained from stability
condition. As a result, a novel stability criteria is derived
via LMIs. Finally, simulation and experimental examples
are given to demonstrate the effectiveness and advantage
of the designed control scheme.

2. PROBLEM FORMULATION AND
PRELIMINARIES

Consider the nonlinear system with disturbance and un-
certainty

#(t) = (A+5(t)x(t) + Ff(x,t) + Bu+ Cuwl(t),

y(t) = Dx(t), (1)
in which z(t) € R™ u(t) € RM,y(t) € RV denote the
state vector, the control input and the output. w(t) € R™
presents the norm-bounded external disturbance, satis-
fying |lw(t)[| < b in which b > 0. f(z,t) € R is the
nonlinear function. A € R"*" F € R"*! B € R"** C €
R™™ D € RV*™ are constant known matrices. §(t) is
time-varying uncertain, which is assumed §(t) = WG(t) N,
where W, N are constant known matrices, G(t) satisfies
IG®)| < 1,vt > 0.

We need the following lemmas to derive the main results.

Lemma 1. [15] For constant matrices 11, ITy, I3, in which
I, =107, and Il = 11’ > 0, then IT; + I3 1L, I3 < 0 if
and only if

o, 17 —I I3
[H:z _ﬁ2]<07 or {Hg 0, < 0. (2)

. t s(r
Lemma 2. Consider D%s(t) = F(llfa)%fo (th))q dr,0 <
q < 1 and sign function, one can conclude that

Dqsgn(s(t)) { > O7 if S(t) > O,t > 0,

<0, if s(t) <0,t>0.
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Proof. See Appendix A.

A concept of D%sgn(s(t)), involving an FO differentiator,
is introduced to extract the sign of s.

Lemma 3. [14] For any matrix M; and Ms of compatible
dimensions and any scalar ¢ > 0, one has M{ M, +
MMy < CM{T My + (1/¢) M3 M.

3. FO POWER RATE TSYl\g[’(EJ) REACHING LAW FOR

First, the sliding surface is choosing
s = Cix + Csyz, (3)

where 2 = Kz — z with s € R*, 2 € R*,Cy € R#*" (s €
Rr*t K € RY*™. Furthermore, C7 should guarantee C1 B
is not nonsingular. We define |s|' : R¥ — RM#*H sgn(s) :
R — RM,DYsgn(s) : R* — R/ as follows:

|5|l = diag{|51|l7 |82|l7 T |8,u|l}7
sgn(s) = [sgn(s1),sgn(s2), - -, sgn(s,)]",
Disgn(s) = [DIsgn(s1), D7sgn(sz), - -, Dlsgn(s,)]" (4)

where 1 > ¢ > 0 and 1 > [ > 0. Then, a new FO power
rate type reaching law is given by:

Ureach = —H|s|l(Dqsgn(s)),0 <g<1l,0<il<1, (5)

where H = diag(hy, ho, -+, hy), with h; >0 =1,---, ).

Remark 4. The power rate type reaching law can improve
the convergence rate when the state is away from the
sliding surface. However, it decreases the speed when the
state is close to it. Thus, it should be a low chattering and
fast reaching mode. Furthermore, we will show the better
control performance for the FO reaching law than 10 one
does in the following sections.

From (3) and (5), the SMC can be given
u=—(C1B) (C1 A+ CoK + Cy)x + C1 F f(z,t) + u],(6)

in which @ = wy; — s, with w; = (|JCiW] ||Nz| +
bIICACl Jsen(s) + Hs|' Dsgn(s).

4. REACHABILITY ANALYSIS
4.1 Finite time convergence analysis

Next, the reachability analysis of the sliding surface will
be considered.

Theorem 5. Consider the system (1) and switching surface
(3), the state trajectories via SMC (6) can reach s(t) = 0.

Proof. Consider the Lyapunov function V (t) = s (t)s(t).
Taking the differentiating with respect to time, we have

V =[Chi + Co2]Ts + sT[Cr + Coz). (7)
Substitution of (1) and (6) into (7) yields

V =[C16(t)x 4+ C1Cw — wi]T's + sT[C1(t)x 4+ CLCw — wy].

Since |G(t)|| < 1,|lw|] < d, one has from ||G(¢)|| <
L [Jw]| < d

V<Q+ QT — (sTH|s|'D9sgn(s) + (H|s|' Dsgn(s))"'s)
< —(sT H|s' Dsgn(s) + (H|s| Disgn(s))Ts), ()
where Q = sTC16(t)x+sT C1Cw—sT ||CLW || [Nz sgn(s)—
bsT ||C1C| sgn(s). From Lemma 2, one has V < 0. Thus,

the states of system (1) under the controller (6) can achieve
to the predefined switching surface in finite time.

4.2 Calculation formula of reaching time

First, we consider the sliding surface s(t) € R. Then,
we have 0.5V = s§ < —h|s|'sDsgn(s) < 0 in which
0<¢g<1,0<!<1andh is positive constant.

Let s = —h|s|'sDIsgn(s) < 0. Before deriving t,cach
under the FO reaching law, t,.cq.; under the corresponding
IO power rate type reaching law t,cqcn = —h|s|'sgn(s) will
be calculated. For the IO power rate reaching law, one has
55 = —h|s|'ssgn(s) < 0. There are two cases:

1). When the initial condition s(0) is bigger than 0,
5(t) = —hs' = 557! = —h, (9)

So one has (slfl)l = —(1 — l)h. Thus, the following
equation can be obtained

s17H(t) = s17H0) — (1 = 1)ht, (10)
Since s(treacn) = 0, one has tycqen = s77H(0)/(1 — 1)h.

2). When the initial condition s(0) is smaller than 0,
(_S)l—l !
—§(—s)'=-h=> ( - ) = —h,

So one has ((—s)l’l)l = —(1 —1)h. The integration of this
equation is given as

(—s(®)' " = (=s(0))' " = (1 = Dht,
Since 5(treacn) = 0, one has treqen = (—5(0))* /(1 — 1)h.

(11)

(12)

According to 1) and 2), one has

treach = |5(0)|' 7' /(1 = D).
Similarly, t,eqcn under the FO power rate type reaching
law can be calculated. Consider two cases:
3). When s(0) > 0, one has s~ = —hD%sgn(s). Thus,

_ _ 1—1)ht!—4
s17I() = s'71(0) = _((1—<1))1“(1—<1)'
has

(13)

Since s(treacn) = 0, one

(1= gP(1 — )5 (0)\ T
treach - < (1 — l)h ) .

4). When s(0) < 0, one has $(—s)~! = —hD9sgn(s). Thus,
one has

L ((=qra—g=so) )

reach (1 — l)h .

Therefore, according to 3) and 4), the reaching time under
the FO power rate type reaching law is

(=T — s\ T
treach - ( (1 — l)h ) .

(14)
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Table 1. Calculation formulae of reaching
time under the power rate type reaching laws

Power rate type reaching law Reaching time (trcqch)

|s(0)]*
(1-Dh

(1- T — gls©@)]*~\ ™7
1=Dh

1O power rate version

FO power rate version <

Next, for s = [s1(t),s2(t), -, s,(t)]T € RH, t!  p of
si(t), (1 = 1,2,---,u) under the FO power rate reaching
law can be obtained

i ((A=9T(d —g)(=si(0)""
reach — ( (1 _ l)hz (15)
Hence, the reach time t,cqcn = max{tmach, =1,---,u}.

4.8 The comparison of the FO /IO power rate type reaching
laws

The calculation formulae of ¢,.,.;, under the FO and 10
power rate type reaching laws are listed in Table 1. The
FO power rate type reaching law with D%sgn(s),0 < ¢ < 1
is the FO/IO reaching law synthesis (IO controller with
sgn(s) and FO controller with D%sgn(s),0 < g < 1).

Ome important aspect of the good reaching control per-
formance is to obtain a shorter reaching time. In order to
show how to obtain a faster convergence performance, the
following remark is presented in detail.

Remark 6. The FO sign function is the reason why t,cqch
under the FO reaching law can be smaller than the IO one
does. Specifically, from the proof of Lemma 2, there exists a
series of ¢ such that |D%sgn(s)| > 1 during the initial time
interval. (For exzample, when s(t) > 0, for Vt € [0,0.2], the
changes in Disgn(s) along with q,t are depicted in Fig. 1.
It shows that Disgn(s) > 1 = sgn(s),0 < ¢ < 0.98 during
the initial time interval.) Thus, the reaching dynamics
determined by the FO power rate type reaching law can
create a stronger push toward the sliding surface. The
simulation and experimental examples can illustrate the
advantage of the proposed controller.

DY sgn(s)

Mo = ® o a

Fig. 1. Relationship between D%sgn(s) and ¢, for s(t) >
0,0 < g < 0.98.

5. STABILITY ANALYSIS

In the section, the stability analysis of sliding mode
dynamics will be investigated. For simplicity, define the

matrix: N = [NlT N2T Ng NE]T.

Theorem 7. The sliding mode dynamics is asymptotically
stable if there exist P > 0, any matrices N;, (i = 1,2, 3,4)
with appropriate dimensions and €1, > 0, satisfying the
following LMI:

TWip % % % %k ok ok k]
Wor Woo k% % % % % %k
\I’31 \I’gg \1133 * * * * * *
‘1’41 ‘1’42 ‘1’43 ‘1’44 * * * * *
N 0 0 0 W¥s5 x x x x | <0, (16)
‘1’61 0 0 0 0 ‘1’66 * * *
0 Ue 0 0 0 0 Uyr x  x
0 0 \1133 0 0 0 0 \Ifgg *
L 0O 0 0 Yoy O O O O Wyg |
where
Uy = N\E+ E'N]l' + PE+ ETP +&,NTN,
Uy = NoE + WTNQLT, Wy = NogW + WINT — 11,

Uy = N3E+CTN! + CTP, U3y = NsW + CTNT,

W33 = N3C + CTN:?,\I/M = N4F — NlTa

Uy = NJW — N2 Wy = N4C NI Wy =—-Ny— NT,
W55 = —(e1]) ™, U = WP, Ugs = —eal,

U =WTP, \1:77 —eol, \1:83 =WTP, Ugg = —e51,
Voy = WTP Wgg = —eoI, E = —Cy 102K I.

Proof. Since the overall closed-loop dynamics is depen-
3ent O(rll the control law, the sliding mode dynamics can be
erive

i = (—Cy'CoK — T+ 6(t)a(t) + Cw(t).

For simplicity, define p(t) = G(t)q t) G(t)Nz(t). Then,
the system (17) is rewritten by & = Ex(t) + Wp(t) +
Cw(t), where B = —C;'CoK — 1. Deﬁne the augmented
vector n(t) = [2T(t) pT(t) wT(t) 2T (t)]T. Construct the
Lyapunov function V(z(t)) = 27 Pz, in which P > 0. The
time derivative of V' is obtained

(17)

ETP + PE % x %
_ T 0 0 * x
V=n(®) (PC)T 00 «
0 000
S()TP + Po(t) * * *

+ 0 Dl tam.  (18)
0 000

Considering the uncertainty in the second matrix of the
left side of the equation (18), from Lemma 3, one has

PWG)N + (WG({t)N)TP % x «
0 0 * %
0 00 *
0 000
PW * % WTP « % *
< i 0 W o * 0 WTp « *
“& | 0 0 PW x 0 0 WTP «
0o 0 o PWIL o o o wW'pP
NTN s % %
+e2 8 8 E; I in which €3 >0 (19)
0 000
The following inequality is obtained
pT()p(t) <0 ()NTNn(t), (20)
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where N=[N 0 0 0]. In order to get less conservative, the
zero equation is used

2T N(Ex+Wp+ Cw — i) =nTIIn = 0, (21)
where
d11 ox ox %
o — (1)21 @22 * *

D3y P3p P33 x|

Dy Pyo Py3 Oy

®1y = ME+ ETN! &y = NoE+ WINT,
By = NoW + WTJ\(ET, By = N3E + CTZ\;lT,
B3y = NsW + CT NS &35 = N3C + CTNT,
gy = NyE — N{ &40 = NyW — N,

®y3 = NyC — N, @4y = —Ny — Nj .

}Jging the S-procedure, suppose there exists £; > 0 satis-
ying

S(t)TP 4+ Po(t) * * * NTN % x «
0 0 * te 0 0% %
0 00 * 2 0 00 =
0 000 0 000
0 * =% % P ox ox %
O 61_[ * ok T (I)Ql (1)22 * *
“10 0 0x| TN aINF $31 P3p P33 *
0 00O Dy Pyo Dy3 Pyy
PwW k * * wTp  x o *
_'_i 0 W * 0 WTP « *
| 0 0 PW 0 0 WTP «
0 0 0 PWJL o 0 0o wTp
<0, (22)

then, we have V < 0. By Lemma 2, the inequality (22) can
be hold if the inequality (8) exists. Hence, it guarantees the
sliding mode dynamics asymptotic stability.

6. SIMULATION

Two examples are utilized to show the advantage and
applicability of the proposed control methods.

Example 1. Consider the double-integrator plant
j:‘l = T2,
j:‘g = u,

The initial state is set as #0 = [0.5,0.5]7, the switching
surface and the FO reaching law are proposed as

(23)

s =c1x1 + coxa, (24)
$=c1%1 + cato = slaw, (25)
in which slaw = —h|s|'D%sgn(s) is the FO power rate
reaching law, the parameters ¢; = 5,co = 1,h = 10

and ¢ = 0.2. The Hurwitz condition ¢; > 0 guarantees
the sliding mode dynamics stable. Substituting (22) into
(25), the following FO SMC can be obtained u = —5x9 —
10|s|' D7sgn(s). Using this controller, the phase trajectory
of sliding mode, the time responses of s,x1,z2 are sepa-
rately shown in parts (a), (b), (c), (d) of Fig. 2. The time
response of u is depicted in Fig. 3.

So as to show the advantage of the FO power rate type
reaching law, the simulations are performed while ¢ is

changed. x* = [z, 25]7 (i = 0,1,2,3) denote the states
of the system (22) via the SMC based on the FO power
rate type reaching law with different ¢; (i.e. go = 0,¢1 =

(b)

"o 05 1 1.5
Time(s)
05 (d)

0.4

03 : ~
= <
0.2 -

0.1 -18

-2
% 0.5 1 15 2 25 0 0.5 1 15 2 25
Time(s) Time(s)

Fig. 2. (a) Phase trajectory of the state  under the FO
power rate type reaching law and sliding surface S;
(b) the time response s; (c) the time response x; and
(d) the time response of x5.

1 15
Time(sec)

Fig. 3. The time response of SMC with FO power rate type
reaching law.

0.2,g2 = 0.34,q3 = 0. 42) The phase trajectories of z?, s’
under the FO SMC are given in Fig.4. The time responses
of x% x} are plotted in Fig.5. It shows that the FO

power rate type reaching law can have a better control
performance.

; ; ; ;
0 05 1 Time(s) 15 2 25

Fig. 4. (a)Phase trajectories of the states z*, (i = 0, 1,
under SMC with ql =0,0.2,0.34,0.42 and S ; (b
time responses of s*, (i = 0, 1, 2,3).

2,3)
)th

Example 2. Consider Chua’s circuit ([15])
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(a)

L
[ 0.5

1 Time(s) 15 2 25
05 (b)
“ os 1 Time(s) s 2 25
Fig. 5. The time responses of x¢,z%, (i =0, 1,2, 3).
18/7 9 0 1007 [ f(z1)
p=¢| 1 1 1|4+6@)sa+|010]| 0
0 —14.78 0 001 0
101
41011 @), 26
01 (t) (26)
in which f(z1) = 0.5(ng — n1)(Jx1 + @w| — |z1 — @|) with
w = 1,ng = —1/7,n = 2/7,8 = 0.2. The uncertainty
5(t) = WG(¢t)N with
100 500
W=N=|010|,G(t)=000

where & = 0.1sin(0.1t). Let

0.5639 0 0 100
Ci=—| 0 05639 0 |.co=|010],
0 0  0.5639 001

018 0 0

H=| 0 018 0

0 0 0.8

By using Theorem 7, a feasible solution of the symmetric
matrice and scalars is found using LMI Control Toolbox:

0 36941 O

43510 0 0
K=-—
0 0 15869

] .61 = 0.3278, 25 = 0.5819.

By using (11), we can obtain the following SMC law:

—5.6302 —23.2800 3.8142 10 -1
u= | —1.0000 —20.8310 2.8412 |z — |01 =1 f(=,?)
0 14.7800 —3.8412 00 1
k0 —K
+10kKk —kK|a, (27)
00 k

where k = 1.7734, 4 = 0.5639|| N z||sgn(s)+ H D%sgn(s) — s
with ¢ = 0.12. By Theorem 5, the system (26) under the
controller (27) converges to the sliding surface:

0.5639 0 0 100
s=—] 0 05639 0 |az+[010]z,
0 0 0.5639 001
43510 0 0 100
i=—| 0 36941 0 |z—|010]|z (28
0 0 1.5869 001

0 5 10 15

Time(sec)

Fig. 6. Time responses of states for the system (26) via the
FO SMC (27).

T &) T
k —u
[/ - %

4
2
0
2| B uj 1
4
6
8

of

5 Time(sec) 10 15
(b)

s

Lo

boL oo o
®
o’

o 5 Time(sec) 10 15

Fig. 7. (a) Time responses of the controller (27); (b) time
responses of the sliding surface (28).

Fig. 8. The fractional horse power dynamometer.

The initial condition is [3.2, —0.8, —1.5]7. Fig. 6 shows the
time responses of x1, z2, x5 under the controller (27). The
time responses of the switching surface (28) and SMC(27)
are drawn in Fig. 7. It is obvious that the designed
conttroller asymptotically stabilizes the unstable Chua’s
system.

7. EXPERIMENT

Experimental example is presented of applying the FO
SMC with the FO power rate type reaching %aw on a
fractional horsepower dynamoneter ([16]). In Fig. 8, the
dynamometer has a DC motor, an optical encoder, a
hysteresis brake, a tachometer. It communicates with a
Quanser Multi—Q3 terminal board for the connect with
the Matlab/Simulink Real-Time Workshop environment
through WinCon 4.0. The DC motor in dynamometer is
identified as

1.52

Gm(s) = 1o 1

(29)

In order to show the effectiveness of the FO reaching
law, we perform a position tracking control by SMC with

the FO reaching law. Let the reference signal r(t) =
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trajectory

Quanser

E_‘ Manual Switch Error
Sine Wavel | b P
|I|J—>—d T A X M3 DAC | | M3 ENC

Constant

Gaint EainZ

Analag
Filter Design

M & _dot
\K'f wd Spesd
a x
SM Contraller
Erarl
I | Quanser

h 4

M3 DAC

|

Sine Wawel

Analog Dutput!

Fig. 9. Simulink/RTW model built in the SMC experiment.

k

[SEIEEE

o

-0z
"Fss0_2700 2750 2800 20f
e

2650 2700 2750 2800

0 20 40 100 120 14070 20 40 100 120 140

Time(s60) Time(ss)
Fig. 10. Position tracking under the FO power rate reach-
ing law with ¢ = 0.1.

4sin(27/40). The FO reaching law and sliding surface are
defined as Ureqen, = —0.85]s|°1D9sgn(s) and s = e + ¢ in
which e = r — 1. The Simulink/RTW model built for the
experiment is shown in Fig. 9. The tracking is performed
in Fig. 10. As illustrated in Fig. 9, the disturbance sin(t)
is added to the Magtrol Hysteresis Brake in order to
test the robust property of the FO reaching law. The

experimental results show the applicability of the proposed
control methods.

8. CONCLUSION

The FO SMC with the FO power rate type reaching law
has been proposed for nonlinear systems with disturbance
and uncertainty. The FO power rate type reaching law has

roven to ensure the occurrence of the reaching phase in

nite time. The calculation formula of the reaching time
has been provided. The stability criterion for the sliding
mode dynamics has been derived by solving LMIs. Simu-
lation and experimental examples have been presented to
illustrate the effectiveness and advantage of the designed
control method.
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Appendix A. PROOF OF LEMMA 2

Omitted due to space limit.
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