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Abstract: Wind turbine blade vibration is a serious problem not only because it will reduce the life of 

blade but also can it pass some unexpected frequencies to the tower, which will cause tower to vibrate. 

The aim of this paper is to develop a model for wind turbine flapwise vibration and reduce the pitch angle 

caused vibrations in flapwise direction. Lagrange’s method is used to model the blade and input shaping 

method is used to reduce the residual vibrations caused by the change of pitch angle input. Effectiveness 

of designed input shaper is verified through comparison. 

Keyword: vibration control; modeling; feedforward control; input shaping; wind turbine blade; flapwise 

deflection; pitch angle 

 

1. INTRODUCTION 

Wind turbine mechanical vibrations can pose some potential 

threat to the environment, not only can it be harmful to living 

lives, it may destroy the fundamental structure of terrain over 

considerable distances as well. Among all the mechanical 

vibrations in wind turbine, blade vibrations can be of great 

significance because blades are the first mechanical part of 

wind turbine that interacts with wind and play a key role in 

wind power generation. Also, there’s a dynamic interaction 

between wind turbine blades and tower, meaning that tower 

motion is connected to the motion of blades. Therefore, the 

suppression of wind turbine blade vibration is important.  

Researchers have developed several ways to reduce the 

vibration of wind turbine blade. John Arrigan studied the 

potential of using semi-active tuned mass dampers to reduce 

vibrations in the flapwise direction with changing parameters 

in the wind turbine. By doing the numerical simulations, they 

verified the effectiveness of this method. Victor Maldonaldo 

and John Farnsworth investigated the feasibility of using 

synthetic jet actuators to enhance the performance of wind 

turbine blade vibration reduction. The key idea of using this 

technique is to change the air flow field over the blade so the 

aerodynamic properties of the blade are altered. Recently, 

smart turbine blades are developed to reduce the loads on 

blade.  

Although researchers have developed many ways to suppress 

blades vibrations over the years, none of them explored the 

effect of fast pitch rates on the blade. Normally, when the 

pitch rates are fast, the pitch angle input can be considered as 

step input, this, of course, will cause some additional 

vibrations to the blades. In this paper, the effects of fast pitch 

rates on wind turbine blade flapwise deflection is analyzed 

and input shaping method is used to reduce blade flapwise 

deflection. 

 

There are many papers about wind turbine modeling and 

most of them are developed for power generation purpose. To 

analyze the flapwise deflection of wind turbine blade, a 

model for vibration purpose is developed in this paper with 

only flapwise deflection considered. Here, we consider wind 

turbine blade as a cantilever beam with one side fixed and the 

other side free to move. The effect of rotating, which is 

centrifugal stiffening, is also taken into account.  

This paper is organized as follow. In section 2, we explain the 

model of flapwise displacement of wind turbine blade we 

developed. In section 3, theory about input shaping is 

introduced and a suitable input shaping method is designed. 

In section 4, we analyze the model developed in this paper 

and compare the result of blade flapwise deflection when 

there’s no input shaping and when input shaper is added. 

Finally, discussions and conclusions are given in section 5.  

2. MODELING OFWIND TURBINE BLADE 

2.1 Coordinate transformation 

Fig 1 is nacelle coordinate, which is fixed on the nacelle and 

could be considered as inertial reference frame. Subscript “N” 

is used to identify nacelle coordinate. Fig 2 is hub coordinate 

which rotates with the rotor, but this coordinate does not 

pitch with blade and subscript “h” is used to identify it. The 

relationship between this two coordinates is show in Fig 3, 

from which we can see that the difference between this two 

coordinates is the azimuth angle 𝛹. Fig 4 shows the blade 

coordinate and its relationship with hub coordinate. In the 

blade coordinate,   ⃑   axis is pointing along the pitch axis 

towards the tip of blade and  ⃑⃑   axis is pointing towards the 

trailing edge of blade.   ⃑⃑   axis is orthogonal with  ⃑⃑   axis and 

 ⃑   axis such that they form a right-hand coordinate. Z axis of 

hub coordinate coincides with  z axis of blade coordinate.   

Preprints of the 19th World Congress
The International Federation of Automatic Control
Cape Town, South Africa. August 24-29, 2014

Copyright © 2014 IFAC 5617



 

Fig1. Nacelle coordinate 

 

Fig2. Hub coordinate 

 

Fig3.Nacelle and Hub coordinate 

 

Fig4. Blade coordinate 

The relationship between these coordinates can be described 

as  
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2.2 Kinetic and potential energy 

Blade is modeled as a uniform rotating cantilever Euler-

Bernoulli beam with no mass fixed at the tip and assumed 

mode method is used to determine blade flapwise deflection. 

With this technique, blade is modeled as a linear sum of 

known mode shapes and dominant normal vibration modes. 

The flapwise deflection of the blade under this method can be 

expressed as 

                           
1

( , ) ( ) ( )
n

f i i

i

y x t x q t


                     (3) 

where    is the blade flapwise displacement,    is the mode 

shape function and    is generalized coordinate. Although 

cantilever beam has many vibrations modes, only the first 

two modes are considered since the first two has the most 

dominant influences on beam’s vibration. 

According to Bramwell, the effect of rotation of a blade on 

mode shapes and natural frequency is quite small; therefore 

the non-rotating mode shapes can be served as 

approximations in the calculation of the rotating modes. The 

mode shape function we choose here is: 

    cosh cos (sinh sin )n n n n n nx x x x              (4) 

where    and    are some characteristic parameters, their 

values can be found from reference book.  

Assuming   is a point on the blade, when the blade is 

rotating, the speed of point     can be expressed as 
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where      is the hub radius,   is the distance along the 

flexible blade,   is the rotor speed,     is unit vector in     

direction,     is unit vector in  ⃑   direction,      is unit vector in 

    direction. The last term in equation (5) is axial velocity. 

From the coordinate transformation we have   

                       sin cos  
h b b

j i j                      (6) 

Therefore, the expression for the blade kinetic energy can be 

written as 
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where                  
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0
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The potential energy consists of three parts: potential energy 

associated with the distributed flap-wise stiffness of the beam, 

potential energy associated with centrifugal force and 

potential energy associated gravity: 

                       
strain rotation gravityV V V V               (10) 

The potential energy associated with strain can be expressed 

as 
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and    is the blade flapwise distributed stiffness.  

The potential energy associated with centrifugal force can be 

expressed as: 

      2 2
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and        is the axial displacement caused by centrifugal 

force. 

The potential energy caused by gravity is  
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Therefore the total potential energy is  
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2.3 Aerodynamics 

Blade element theory is used to analyze blade aerodynamics. 

Fig 5 shows blade element theory geometry on a blade 

transversal section. When airflow establishes a differential 

pressure around the blade element, two forces will be resulted, 

lift force and drag force. Lift force is perpendicular to the 

local incoming flow stream and drag force is parallel to the 

flow direction. Usually, another two forces are used in the 

analysis of aerodynamics as an alternative of lift force and 

drag force, which is, normal force and tangential force. 

Normal force is perpendicular to the chord line and tangential 

force is parallel to the chord line. Since flapwise deflection of 

the blade is perpendicular to the chord line of the blade, thus 

normal force should be responsible for the blade flapwise 

displacement. In Fig 5, θ is airflow angle, which is the 

angle between the incoming wind flow and plane of 

rotation. 

Normal force

Lift force
Drag force

Chord line

Plane of 

rotation

relV

0 (1 )V V a 

P

T




Tangetial force

 

Fig5. Blade element theory geometry 

According to virtual work principle, generalized normal force 

can be expressed as: 
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where       and       is lift force and drag force, α is angle 

of attack. 

2.4 Equation for blade flapwise deflection 

The Lagrangian of the blade can be expressed as 

                                                                      (18)                                                      

Substitute kinetic energy, potential energy and aerodynamic 

forces into Lagrange’s equation, the equation that governs the 

motion of blade flapwise deflection can be expressed as 

                  
2 2(
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where   is the generalized force. The pitch angle has an 

influence on  , but this effect can only be seen when rotor 

acceleration is nonzero. 

3. INPUT SHAPER DESIGN 

Input shaping, which has already successfully used in some 

mechanical machines, is a method of command filtering that 

is used to reduce the inducing residual vibration of oscillatory 

system. We know that an impulse input can excite structural 

resonance and cause the system to vibrate; however, if we 

apply a second impulse at a specific time, the residual 

vibration cause by the first impulse can be reduced or 
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cancelled. This is the basic idea of input shaping and it is 

shown in Fig 6. 

 

Fig6. Two impulse response 

The detailed derivation for the general case of input shaping 

can be found from reference. Here, we give the equation 

directly for simplicity. 

The amplitude of the residual vibration that results from a 

sequence of impulses can be described by  
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where    is the amplitude of the ith impulse,    is the time of 

the ith impulse.   is the damping ratio,   is the system natural 

frequency.    is the time when the input sequence ends. 

Suppression of residual vibration can be obtained by forcing 

    equals to zero, which means the residual vibration is 

totally eliminated. This is true only when the sine and cosine 

terms in     both equal to zero: 
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If   impulses are chosen to be the system input, then   terms 

must be included. 

In the input shaper we designed, we use two-impulse input 

and we assume the first impulse happens at time 0. Also, 

there is no damping in the model we developed and pitch 

angle is changed from 15 to 3 degree. With all these 

conditions, we can solve the above equation, 

                            int 0.43835ervalt                          (23) 

                               1 2 6A A                             (24) 

          is the time interval between the two impulses and    

and    is the amplitude of the first and second impulse. 

To implement the input shaper we designed to our model, we 

need to change pitch angle from 15 degree to 9 degree first 

and then change the pitch angle from 9 degree to 3 degree. 

The second pitch angle change should be happened at 

0.43835 seconds later than the first. 

To better understand how input shaping works, Fig 7 shows a 

block diagram of input shaping control scheme with 

unexpected disturbances. Obviously, the input shaping 

control is a feedforward control method, uses only the shaped 

input to control the system.  

 

Input 

shaper

Wind 

turbine blade

Pitch 

angle

Wind disturbance

 

Fig7. Input shaper controller 

 

4. RESULTS AND DISCUSSION 

This section provides analysis and discussion about the result 

we get. More specifically, natural frequency is calculated and 

centrifugal stiffening’s effect on natural frequency is 

analyzed in this section. Plus, the model we developed is 

compared with FAST, a CAE tool for horizontal axis wind 

turbines developed by NREL (National renewable energy 

laboratory). Also, the effectiveness of designed input shaper 

is verified by comparison.  

4.1 Natural frequency 

The natural frequency of the blade is calculated under 3 

different wind speed, 0m/s, 8m/s, 18m/s. We choose zero 

wind speed because we want to see how the natural 

frequency will behave when there is no rotor speed. The 

reason why we choose 8m/s and 18m/s is because we’d like 

to compare the natural frequency when wind turbine is 

working in region 2 and region 3. Wind turbine has 3 

working regions depending on wind speed. In region 2, rotor 

speed is below rated so the main objective of region 2 control 

is to capture as much energy as possible. In region 3, wind 

speed is too high and obtain constant power is the goal of 

region 3 control.   

Table 1 shows the first natural frequencies at different wind 

speeds. One may observe that the natural frequency increases 

as the wind speed increases. This is because of the 

“centrifugal stiffening”. When wind speed increases, the rotor 

speed increase. Meanwhile, the centrifugal force of the blade 

also increases as a result of increasing rotor speed. This 

increasing centrifugal force drives the blade from being 

deformed, making it stiffer. Therefore the natural frequency 

increases as wind speed increases. 

Table 1 
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4.2 . Compare with FAST 

To see how the model we developed works, we compare it 

with FAST, a widely used wind turbine analysis software 

developed by NREL. The wind speed is set to be 18m/s and 

pitch angle is set to 0. Fig 8 and Fig 9 shows the result we get 

from our model and FAST when it reaches steady state, from 

which we can observe that the flapwise deflection in our 

model is slightly different than that in FAST and the 

frequency is a little higher than FAST. Several reasons are 

responsible for the difference. First, we assume blade beam is 

a uniform beam and use assumed method to calculate 

flapwise deflection while in FAST the blade is not a uniform 

beam and finite element method is used to model the blade. 

There is twist angle in the FAST’s blade, which means 

different section’s pitch angle is different. On the contrary, 

pitch angle in our model is the same all through the blade. 

Also, parameters used in our model and FAST are different, 

thus the response get from our model couldn’t be the same as 

that in FAST. Nonetheless, the basic deflection shapes in 

these two models are similar. 

 

Fig8. Flapwise deflection in our model 

 

Fig9. Flapwise deflection in FAST 

4.3. Input shaping method in reducing vibration 

We would like to see how the blade flapwise deflection will 

react when pitch angle changes. A typical case of this is in 

region 2, where we need to adjust the pitch angle to the 

optimal angle so that it can capture as much energy as 

possible. Therefore, wind speed and rotor speed to are set to 

8m/s and 16.37m/s respectively and pitch angle is chosen at 

two different values, 15 degree and 3 degree.  We choose 

pitch angle to 3 degree is because the optimal pitch angle 

under the above wind speed and rotor speed is around 3 

degree. This conclusion is drawn from the simulation result 

from WT_Perf.  The other pitch angle is just an arbitrary 

choice different from 3 degree. 

Fig 10 shows the flapwise deflection when pitch angle is 15 

degree when it reach its steady state and Fig 11 shows the 

result when pitch angle is 3 degree. As can be observed, the 

flapwise deflection is worse when the pitch angle is set to 3 

degree than it is 15 degree. The reason why this happens is 

that the wind turbine blade we modeled is pitch-to-feather 

wind turbine blade.  

 

Fig10.  Flapwise deflection ( pitch angle 15 degree) 

 

Fig11. Flapwise deflection (pitch angle 3 degree) 

To see how pitch angle input will affect the flapwise 

deflection, we change the pitch from 15 degree to 3 degree at 

30 seconds. From Fig 12, it can be seen that some residual 

vibration is cause since the deflection after 30 seconds is 

different from when the pitch angle is fixed at 3 degree. The 

reason why the flapwise deflection cannot return to the steady 

state when the pitch angle is 3 degree is because there is no 

damping in the model that we developed.  

 

Fig12. Blade flapwise deflection when pitch angle change 

from 15 degree to 3 degree 
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Next, we add the input shaper that we design in section 3 to 

the model and observe the result. For comparison, the 

response of the system without input shaper and with input 

shaper is drawn in Fig 13. Clearly, the residual vibration is 

reduced when input shaping is added to the system, which 

verifies the effectiveness of input shaper we designed.  

 

Fig13. Blade flapwise deflection with input shaper 

5.CONCLUSION 

In this study, the use of input shaper in reducing the blade 

flapwise vibration has been investigated. First, the model of 

blade flapwise deflection of wind turbine for vibration 

analysis purpose is developed using Lagrange’s method. 

When modeling, the blade is treated as cantilever beam with 

no mass fixed at the top, assumed method is used to calculate 

the blade flapwise deflection.  Centrifugal stiffening is 

considered in the potential energy when modeling of blade 

flapwise deflection and its effect on natural frequency is 

analyzed. When rotor speed increase, the first vibration 

natural frequency tend to increase as well. Next, input shaper 

for the model is designed. The effectiveness of designed 

input shaper is verified by comparing the flapwise deflection 

with input shaping with the flapwise deflection without input 

shaping. Although the residual vibration is not zero, there is a 

good reduction in blade flapwise deflection. Future work is to 

further refine the model and design a robust input shaper 

which can tolerate some extent of natural frequency error.  
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