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Abstract: The problem of delay-dependent robust H,, control for uncertain singular systems
with time-varying delay is addressed in this paper. The uncertainty is assumed to be norm
bounded. By establishing an integral inequality based on quadratic terms, a new delay-dependent
bounded real lemma is derived and expressed in terms of linear matrix inequality(LMI). A
suitable robust H,, state feedback control law is presented, which guarantees that the resultant
closed-loop system is regular, impulse-free and stable with disturbance attenuation level ~ for
all admissible uncertainties. Two numerical examples are given to demonstrate the applicability

of the proposed method.

1. INTRODUCTION

Time-delays are frequently encountered in many fields of
science and engineering(Hale and Lunel [1993], Gu et al.
[2003]). Many significant results have been reported in the
literature, see Cao et al. [1998], Gao and Chen [2007], Gao
et al. [2004], Han [2004], Han [2005], Jiang and Han [2006],
He et al. [2007], Zhang et al. [2006] and references therein.
In the past few years, there have been various approaches
to reduce the conservatism of delay-dependent conditions.
For a system with small delay, a model transformation
technique or bounding cross terms technique is often used
to reduce the conservatism. But the model transforma-
tion may introduce additional dynamics(Gu and Niculescu
[2000], Gu and Niculescu [2001]). Using bounding tech-
nique requires that some matrix variables should be lim-
ited to a certain structure to obtain controller synthe-
sis conditions in terms of LMIs(Park et al. [1998], Park
[1999]). This limitation introduces some conservatism.

On the other hand, singular systems, which are known
as descriptor systems, implicit systems, generalized state-
space systems or semi-state systems, have received much
attention since singular model can preserve the struc-
ture of practical systems and can better describe a large
class of physical systems than regular ones (Dai [1989)],
Lewis [1986]). The objective of robust H., control for
uncertain singular systems is to design a state feedback
control law such that the resultant closed-loop system
is regular, impulse-free(for continuous singular systems)
and causal(for discrete singular systems), and stable with
a given disturbance attenuation level for all admissible
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parameter uncertainties. For continuous singular time-
delay systems, some sufficient conditions were obtained
for the problem of robust Ho, control (Xu et al. [2002],
Shi et al. [2000], Yang and Zhang [2005], Fridman and
Shaked [2002a]). However, the conditions obtained in Xu
et al. [2002] are delay independent, which are conservative,
especially for small delay. Shi et al. [2000] assumes that the
nominal system is regular, impulse-free and stable, which
limits its application. The criteria obtained in (Yang and
Zhang [2005], Fridman and Shaked [2002a]) were under
the assumption that the delay was constant, when the
delay is time-varying, they are inapplicable. In practical
systems, the time-delay is usually time-varying such as in
networked control systems (Yue et al. [2004], Yue et al.
[2005]). To the best of our knowledge, the class of uncer-
tain singular time-varying delay systems has not yet been
fully investigated. Particularly delay-dependent sufficient
conditions of robust H, control are few even not existing
in the literature.

In this paper, the problem of robust H., control is consid-
ered for a class of singular systems with time-varying delay
and norm-bounded uncertainties. With the introduction
of a new integral inequality, which is used in obtaining
controller synthesis condition for singular systems for the
first time, a strict LMI delay-dependent bounded real
lemma for singular time-varying delay systems is obtained.
The robust H., control problem is also solved and an
explicit expression of the desired state feedback control law
is given, which can be obtained by solving the feasibility
problem of a strict LMI. Two examples are given to show
the effectiveness of the proposed method.
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2. PROBLEM FORMULATION AND
PRELIMINARIES

Consider the uncertain singular system with time-varying
delay described by
Ei(t) =(A+ AA)x(t) + (Aqg+ AAg)x(t — d(t))
+ (B + AB)u(t) + B,iw(t) )
=(t) =C(t) + Du(t) + Buaw(t) (1)

w(t) =¢(t),t = [~d, 0]

where z(t) € R™ is the state vector, u(t) € R™ is the
control input vector. w(t) € RP is the disturbance input
vector and z(t) € R? is the controlled output vector.
E A Ay,B,B,1,B,2,C and D are constant matrices of ap-
propriate dimensions, where E may be singular and we
assume that rankFE = r < n. AA,AA; and AB are
unknown and possibly time-varying matrices representing
norm-bounded parameter uncertainties and are assumed
to be of the following form,

[AA AA; AB)= MF(t) [Ny Ng Ny (2)
where M, N,, Ng, Ny are known constant matrices of ap-
propriate dimensions, and F(¢) is an unknown matrix
function satisfying FT(¢t)F(t) < I. d(t) is time-varying
delay with known bound in system (1) such that

0<dt)<d, dt)<d< oo (3)
¢(t) is a compatible vector valued initial function.

The nominal unforced singular system of (1) can be
written as

Ei(t) = Ax(t) + Aqz(t — d(1)) (4)
Definition 1. (Dai [1989], Lewis [1986], Xu et al. [2002])
1) The pair (E, A) is said to be regular if det(sE — A) is
not identically zero.
2) The pair (F, A) is said to be impulse-free if deg(det(sE—
A)) =rank E.
Definition 2. (Xu et al. [2002])
1) The singular system (4) is said to be regular and impulse
free if the pair (F, A) is regular and impulse free.
2) The singular system (4) is said to stable if for any € > 0,
there exists a scalar §(e) > 0 such that for any compatible
initial conditions ¢(¢) satisfying  sup [|#(¢)]|<d(€), the

—d(t)<t<0

solution xz(t) of the system (4) satisﬁes_||5s(t)|| <efort>0.
Furthermore, tlim x(t) = 0.

For the system (1), we consider the following memoryless
linear state feedback control law,

u(t) = Kz(t), K € R™*" (5)
Then the resultant closed-loop system is
Ei(t) =(Ar + AA)z(t) + (Ag
+ AAyx(t —d(t)) + Boiw(t) (6)
z(t) =Cra(t) + Buow(t)
where Ay, = A+ BK, AA, = AA+ ABK and C, = C +
DK.

The robust H,, control problem to be addressed in this
paper is to design a state feedback control law (5) such
that, for all admissible parameter uncertainties satisfying
(2) and (3), the following criteria are satisfied:

1) The closed-loop system (6) is regular, impulse-free and
stable for all admissible uncertainties when w(t) = 0.

2) For zero initial condition of z(¢) and a prescribed scalar
v>0,J = [(T(t)z(t) — YT (Hw(t))dt < 0.

We conclude this section by presenting several preliminary
results, which will be used in the proof of our main results.
Lemma 1. (Petersen [1987]) Given matrices I', A and sym-
metric matrix Q, we have Q+TFA+ATFTTT < 0 for any
FTF < I, if and only if there exists a scalar ¢ > 0 such
that Q + ¢ IITT + eATA < 0.

Lemma 2. (Kristic and Deng [1998]) Consider the function
¢ : RT — R, if ¢ is bounded on [0, 00), that is, there exists
a scalar @ > 0 such that | ¢(t) |< « for all ¢ € [0, 00), then
©(t) is uniformly continuous on [0, c0).

Lemma 3. (Barbalat’s Lemma)(Kristic and Deng [1998])
Consider the function ¢ : RT — R, if ¢ is uniformly
continuous and [ ¢(s)ds < oo, then tlim e(t) = 0.

3. MAIN RESULTS

In this section, we give a solution to the problem of robust
H, control for the system (1) formulated previously by
using strict LMI approach.

3.1 Delay-dependent Bounded Real Lemma for nominal
singular system

We first consider the nominal singular time-varying delay
system (1) with u(¢) = 0, that is
Ei(t) = Ax(t) + Agz(t — d(t)) + Boiw(t)
(7)
z(t) = Cx(t) + Buow(t).

For the nominal system (7), we introduce two vectors as
follows

£(t) = [«7(1) 2T (t —d(t) (1) ], y(t) = Ei(t).

The following lemma gives the relationship between the
vectors () and &(t), which will play a key role in achieving
delay-dependent bounded real lemma.

Lemma 4. (Integral Inequality) For any constant matrices
Ny € R™*™ Ny € R™*™ W € R" P a positive-definitive
symmetric matrix Z € R"*™ and a time-varying delay

d(t), then
il (s)ET ZEi(s)ds <¢T (t){II

- /t—dm (8)

+dt)YTZ71Y }e(t)

where
N'E+E"N, E'N,-NI'E E™W
= - ~NIYE - ETN, —ETW 9
* * 0 ( )
Y =[N Ny W|
1/2 ,—1/2
Proof. Let C = {ZO 4 0 Y], then
Z Y T
Iin YTZ_IY} =C*C>0.
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It follows ,
Joa ] L vrzone [0 o

Notice that

/t » 267 () YT Ei(s)ds = 26T (t)YT [E —E 0]&(t)

Rearranging (10) yields (8).

Based on Lemma 4, the following theorem presents a delay-
dependent bounded real lemma for the nominal singular
time-varying delay system (7).

Theorem 1. The nominal singular time-varying delay sys-
tem (7) is regular, impulse-free and stable with disturbance
attenuation level ~, if there exist positive-definite symmet-
ric matrices P, ), Z and matrices S, Sq4, S,, N1, No, W with
appropriate dimensions such that

= T
=14 C

- = T =
929 923 ng =24 O

- = = FarT
Ei1 E12 Eiz dNV;

*
= k 533 (ZV[{T Eg4 BE;Q < 0 11
- ¥ x x —dZ 0 0 (11)
* ok ok x —dZ 0
* * * * * —I

where
211 =ATPE + SRTA+ ETPA+ ATRST
+NI'E+ETN, +Q,
12 =ATRST + SRT Ay + ETPA, + ETN, — N['E,
13 =ETPB, + SRTB,,; + ATRST + E"W,
14 =dATZ, 294 = dAY Z, 23, = dB?, Z,
—(1—-d)Q+ ATRST + S4RT A,
—~ NJE-ETN,
Eo3 =S4RT B + AJRSY — ETW,
H33 = — 2 + BY,RST + S,RTB,,1,

(11 [11 [1] [1]

N
)

and R € R"*("=7") is any matrix with full column rank
and satisfies ETR = 0.

Proof. Since rankE = r < n, there must exist two
invertible matrices G and H € R™*"™ such that

- I. 0
E:GEH:[OO} (12)
Then, R can be parameterized as R = G7 {(%}, where

® € R("=")*(=7) is any nonsingular matrix.

Similar to (12), we define

A= GAH = :ﬁ_i ?g]

P=G PG = _%i izii]

M= G T = | e
N

Since =11 < 0 and @ > 0, we can formulate the following
inequality easily,
U =A"PE+SR"A+ ETPA+ ATRST
+N{E+ET"N, <0
Pre- and post-multiplying ¥ < 0 by HT and H, respec-
tively, yields
U =H"vH
=ATPE + SRTA+ ETPA + ATRST
+ NTE+ETN,
Wyy (2P
* A (DS21 + 521(13 A22
<0
Since ¥y; and ¥4 are irrelevant to the results of the fol-
lowing discussion, the real expression of these two variables
are omitted here. From (10), it is easy to see that
Aggfi)ggl + SQléTA22 <0 (14)
and thus Ay is nonsingular. Otherwise, supposing Ay is
singular, there must exist a non-zero vector ¢ € R"™",
which ensures As>¢ = 0. And then we can conclude that
C(T(AL®ST, + So1 9T Agp)¢ = 0, and this contradicts (14).
So Ass is nonsingular. Then, the pair of (E, A) is regular
and impulse-free, which implies from Definition 2 that the

system (7) is regular and impulse-free. In the following, we
will prove that the system (7) is also stable when w(t) = 0.

Considering the (7) with w(t) = 0, we define the functional

V(z(t) = Vi(x(t)) + Va(z(t)) + Va(z(t),  (15)
where
Vi(z(t)) = 2" (t)ET PEx(t),
V) = [ e 0)e(ds
/ / (s)ET ZEi(s)dsdd.
t+0
Differentiating V(z(t)) with respect to t, we have
Vi = 7 ()BT PEx(t) + o7 (1) BT PE (1),
Vo = a2 (£)Qu(t) — (1 —d(t))a™ (t — d(1))Qu(t — d(1)),

(s)ET ZEi(s)ds

t
Vs = diT (t)ET ZEi(t) — / &7
t—d

t
< di"(t)ETZEi(t) — / &7 (s)ET ZEi(s)ds.
t—d(t)

Furthermore, noting ET R = 0, we can deduce

0= 23" () ETR(STx(t) + Sy x(t — d(t))  (16)

Moreover, LMI (11) obviously implies that
Z11 E1p dN| dATZ
x Zop AN dATZ
* *x —dZ 0

x  x  x  —dZ

[1]x

<0, (17)

Then it follows from (17) and Lemma 4 that
V(a(t) < €M (=€) <0

and
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Mllz(®)]* =V (x(0))

where A\; = A\pin(ETPE) > 0,2 = —Apmaz(Z) > 0.

Taking into account (18), we can deduce that

M) + Az/o lz(s)[|*ds < V(x(0))

Therefore
1
0< fla() < )\TV(m(O)),

t
1
0< / (o) Pds <

Thus, ||z(t)|| and fo |lz(s)||?ds are bounded. Similarly, we
have that ||Z(t)|| is bounded. By Lemma 2, we obtain
Hx( )||? is uniformly continuous. Therefore, noting that

Jo ll(s)

V(x(0)).

)||?ds is bounded, and using Lemma 3, we get
thm x(t) =0.

Then, according to Definition 2, the singular delay system
(7) is stable when w(t) = 0.

On the other hand, when w(t) # 0, using the same
functional as in (15), and noting ET R = 0, we can deduce

0=2iT(t)ETR(STx(t) + STa(t —d(t) + STw(t)) (19)
Then noting the zero initial condition of z(t), we have
_ [ 2T (1) 2(t) — YT (Hw
J = / 00( (1)2(t) — 72T (D (t) dt
/ (2T (£)2(t) — 72T (B(t))dt + V(200) — V (z0)

-, o

It is easy to see that (11) guarantees J < 0. This completes
the proof.

3.2 Robust Hy, state feedback controller design

In this sequel, we give a strict LMI design algorithm for the
system (1). For notational simplicity, we first consider the
system (1) with AA = AAg = AB = 0, which, with the
control law (5), results in the following closed-loop system,

{ Ei(t) =Agx(t) + Agr(t — d(t)) + Boiw(t)

2(t) =Cra(t) + Buow(t) (20)

For this system, we have the following theorem.

Theorem 2. The singular system (20) with time-varying
delay is regular, impulse-free and stable with disturbance
attenuation level ~ if there exist positive-definite symmet-
ric matrices P,Q, Z and matrices S, N1, No, W, X, L with
appropriate dimensions such that

(Y11 Yi2 Tiz Yia dN{ 0 Bui]
# Top Tog Tou 0 dZ O
x« % Yg3 —EW AN, 0 0

T=]« x = —LdW" 0 Bu| g

* * * * —dZ Q 0
* * * * x —dZ 0

L * * * * * * -1 |

<0
where

Ty =AX + XTAT + BL+L"BT + N'ET + EN,
+Q, Tiu=(CX+DL)T + EW
Y12 =EP +SR" — XT + AX + BL, Yo3 = X" A}
T3 =XTAL + ENy — N[ ET, Yoo = —-X — X7
Yoy =(CX + DL)T, Y33 =—(1—-d)Q — ENy — NJ ET
and R € R"*("~") is any matrix with full column rank and

satisfies ER = 0. Furthermore, a suitable state feedback
control law is given by u(t) = LX ~1x(t).

Proof. Following the same philosophy as that in Fridman

and Shaked [2002b], we represent the system (20) as the
following form,

{ Ex(t) =Az(t) + Agz(t — d(t)) + Boiw(t), (22)

2(t) =CZ(t) + Boaw(t)

where
Jo []g 8] () = Bg;] G =10y 0],
e (8 4 e [4 8] e[

Then, by the result of Theorem 1, we have that the
system (22) is regular, causal and stable with disturbance
attenuation level v, if (11) holds, where E, A, A4, B,1, C,
B.o, P, Q, Z, R, S, S4, Su, Nl, No, W are replaced by
E A Adewlac Bw27P Q) ) S Sd7 SUJ7N17N27W
respectlvely Especially, we select

‘P o] - Q0] 5 Z 0
:_O/BI}’Q:{OBI}’Z:{OM}’

= [RO] & [ST| « [N O
R__OX}’S_[OI}’Nl_{O m}’

v

- Ny 0 = W & 5

O LA e

where P € R™"™ @ € R™"™ Z € R"™ ™ are positive-
definite symmetric matrices, R € R"*("~") is any matrix
with full column rank and satisfies ETR = 0, X € R**"»
is any nonsingular matrix, S € R**("=") N, e R"*"
Ny € R™*™ W e R™ P is any matrices. It is easy to see
that R is with full column rank and satisfies ETR = 0.
Then, the following condition can be obtained by using
Schur complement and letting 8 — 0,

Aip Aig Ags Ay dNT 0 Agr
* Nog XTAg XT™B,y 0 dZ 0
x o+ Az —ETWAN] 0 0
x % * —21 aw® o BZL, | <0 (23)
* % * * —dZ 0 0
* % * * x —dZ 0
* * * * * * =1

5877



17th IFAC World Congress (IFAC'08)
Seoul, Korea, July 6-11, 2008

where
Ay =AfX + XA, + N{E+E"N1+Q
Ao =ETP 4+ SRT — XT 4+ ATX, App = —X — X7T
A3 =XTA;+ETN, - N'E, A\y=XTB,, + ETW
A7 =CF, Ag3=—(1-d)Q — ETN, — NI'E

Now, consider the following singular time-varying delay
system,

ET(t) = Afs(t) + Afs(t — d(t)) + Cln(t)
2(t) =B1s(t) + Bion(t)
where ¢(t) € R" is the state vector.

Note that det(sE — Ag) =det(sET — AT), then the pair
(E, Ap) is regular, impulse-free and stable if and only if
the pair (ET, AT) is regular, impulse-free and stable and
thus, the system (20) is regular, impulse-free and stable
if and only if the system (24) is regular, impulse-free and
stable. Furthermore, following the similar line as that in
the proof of Theorem 1, the performance index of (24)
satisfies J = [ (27 (t)z(t) — v*n" (t)n(t)) < 0.

Therefore, as long as the regularity, free of impulse and
stability and H., performance are concerned, we can
consider the system (24) instead of (20). Then, LMI (21)
can be obtained by replacing F, Ay, Ag, B,1, Cx and B,
in (23) by ET, AL, AT.Cl', BL, and BZ, respectively and
introducing a matrix L = K X.

(24)

The solution of robust H,, control problem is presented
in the following theorem.

Theorem 3. Consider the uncertain singular system (1)
with time-varying delay, if there exist positive-definite
symmetric matrices P, Q,Z, matrices S, N1, No, W, X, L
and scalars €; > 0, €5 > 0 such that

[©11 Ti2 Tz Y dN{
* TQQ XTA?; T24 0
x x O3z —EW dN)
S * —~2I dw'T
* % * * —dz
* ok * * *
* * * * *
* % * * *

B * * ) * (25)
0 B, 615 XTNT
1Z 0 Oy XINT
0 0 0 0
0 B, O 0
0 0 0 0 <0

—dZ 0 0 0
* =1 0 0
* *  —el 0
* * * —eol

then, we can construct a robust state feedback control
law u(t) = LX ~'x(t), such that the resultant closed-loop
system is regular, impulse-free and stable with disturbance
attenuation level v for all admissible uncertainties satisfy-
ing (2) and (3), where ©1; = Y11 +eg MM7T, ©33 = Y33+
e MMT, ©13 = O = (NoX + N, L)T, R € R™¥("=7) s
any matrix with full column rank and satisfies ER = 0 and
Tll,Tlg,T137T14,T22,T24,T33 follow the same definition
as those in (21).

Proof. Replacing A by A + MF(k)N,,Aq by A4 +
MF(k)Ng and B by B + MF(k)N, in (21) respectively
result in the following condition,

T +T1Ft)®; + @] FT(#)r{ (26)
+ D2 F ()@, + @I FT(H)T3 <0

where

MTo000000]",

NuX + NyL N,X +N,L 0000 0].
00MT0000]",

N,X NyX 00000].

[
[
[
[

Iy
Dy
Iy
@y

By Lemma 1, it follows that (26) holds for any F(t)
satisfying FT(t)F(t) < I if there exists scalars e; > 0
and g2 > 0 such that

Y 4] ' T I + 6,070y
+ 65 'Tol'y + e0®2 @y < 0,

which is equal to (25) in the sense of Schur complement.

(27)

Remark 1. If the disturbance attenuation level 7 is given,
we can directly solve the feasibility problem of LMI (25)
to obtain a suitable feedback control law. Otherwise, we
can solve the following optimization problem

miny
s.t.LMI(25),P > 0,Q > 0,Z > 0,¢; > 0,2 >0

to obtain a minimal disturbance attenuation level.

(28)

Remark 2. The delay-dependent robust H., control prob-
lem for singular systems is solved only the case of state
feedback. When output feedback is concerned, the results
in this paper is easily to be extended for output feedback
case, which maybe supplies a further research topic for
singular systems with time-varying delay.

4. NUMERICAL EXAMPLE

In this section, we give two examples to demonstrate the
applicability of the proposed design algorithm.

Ezample 1. Consider the system (1) with the following
parameters

(10 0.5 —1 ~-11 1
E:_oo}’A:{z 0}’Ad:[ 0 0.5]’
1 =

B =B,

[ —

ﬂ ,C=[0105],D=0.3,B.s=0.1,

M =

0:2} ,N,=N;=[0202],N, =0.2.

It is clearly that (E, A) has one impulsive mode, then the
criteria in Shi et al. [2000] is inapplicable to this example.

According to Theorem 3, by selecting R = [0 l]T , and
solving the feasibility problem of LMI (25), for a given
v = 0.25 and d = 0.3, we obtain that the maximum
allowable delay bound d = 3.5047, and the resulted state
feedback gain K =[—0.2678 —1.8145].

On the other hand, when 7 is unknown, from Remark 1, for
the known d = 5, d = 0.3 the achieved H,, performances,
Ymin = 0.1001.
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Table 1. vmin and K obtained by different
methods when d(t) = 1.2

Method | Fridman and Shaked [2002a] this paper
Ymin 11 0.5874
K [ 42.6854 —0.3426 | [ —9.9460 0]

Ezxample 2. When the time-delay is constant, consider
the nominal system (20) with the following parame-
ters(Fridman and Shaked [2002a])

10 -1 0 0
e renn [ o[ 5]
Bwl = |:_(1)5:| 7C’: [1 0.2],D:O-17Bw2:0a

Fridman and Shaked [2002a] employed model transforma-
tion technique to analysis the robust H., performance for
this system, but the model transformation introduces ad-
ditional dynamics and adds conservatism. Since the time-
delay is constant, only letting d = 0 in Theorem 2, we can
obtain the robust H,, controller. When d(t) = 1.2, the
obtained v,;n, and K by different methods is presented in
Table 1, which shows the less conservation of our method.

5. CONCLUSION

The delay-dependent robust H.,, control for uncertain
singular systems with time varying delay is studied in
this paper. By establishing an integral inequality based
on quadratic terms, a new LMI based delay-dependent
bounded real lemma is derived. Meanwhile, a control law
design algorithm is also given, which guarantees that the
resultant closed-loop system is regular, impulse-free and
stable with disturbance attenuation level « for all admis-
sible uncertainties and time-delay. Finally, two numerical
examples are given to show the effectiveness of the pro-
posed approach.
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