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Abstract: Resource-transition circuits (RTCs) and siphons are related to the deadlock problem and
liveness control problem in Petri net models of automated manufacturing systems. This paper will
concentrate on a particular type of Petri nets called systems of sequential processes with resources (S’PRs)
and solves the RTC and siphon enumeration problems. A graph-based technique is first used to find all
elementary RTC structures. Any RTC can be expressed as a union of some elementary RTCs. Then, an
iterative method is developed to recursively construct all maximal perfect-resource-transition circuits
(MPCs), which can lead the system to deadlock, from the elementary RTCs. Finally, by the one-to-one
correspondence between strict minimal siphons and MPCs, a new algorithm is obtained to compute strict
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minimal siphons in S’PRs.

1. INTRODUCTION

In the Petri net models of automated manufacturing systems
(AMS), there are two kinds of structural objects, siphons and
resource transition circuits (RTCs), which are related to the
liveness properties of Petri net models (Ezpeleta ef al., 1995,
Chu and Xie 1997, Fanti and Zhou, 2004, Huang et al., 2001,
Li and Zhou, 2006, Park et al., 2001, Wu and Zhou, 2007,
Xing et al., 1996, 2005, 2007b). They can be used to
characterize and prevent/avoid deadlocks.

A siphon is a place set whose input transition set is included
in its output transition set. A siphon is said to be minimal if it
does not contain other siphons. A Petri net is deadlock-free if
no strict minimal siphon (SMS) eventually becomes empty.
The deadlock avoidance policy determines the set of minimal
siphons that can be emptied and introduces additional places
that constrain the behaviour of the systems.

A RTC is a circuit in Petri net models of AMS, which
contains only resource places and transitions. Deadlocks are
linked to particular RTCs called maximal perfect-resource-
transition circuits (MPCs). The system liveness is
characterized as no MPCs can reach its saturated states.

Most Petri net-based methods for avoiding deadlocks in
AMS’s are to add some control places and related arcs to
strict minimal siphons or MPCs such that no siphons can be
emptied (Ezpeleta et al., 1995, Chu and Xie 1997, Fanti and
Zhou, 2004, Huang et al., 2001, Li and Zhou, 2006, Park et
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al., 2001, Wu and Zhou, 2007) or no MPCs can reach
saturated states (Xing ef al., 1996, 2005, 2007b).

Although SMSs and MPCs are different structural objects, it
has been proved that there exists a one-to-one
correspondence between them in S’PRs (Xing et al., 2007a).
Deadlock prevention methods based on a siphon or RTC rely
on the computation and enumeration of SMSs or RTCs. But
since the numbers of siphons and RTCs are exponential with
the number of the size of the system (the numbers of
resources, processed parts, and operations of parts), the
computation of these structural components can be very time
consuming. Many different methods have been developed for
the computation of families of siphons (Boer and Murata,
1994, Ezpeleta, 1991, Jeng and Peng, 1996, Lautenbach, 1987).

This paper will concentrate on a particular type of AMS,
which can be modelled by means of S’PR. A graph-based
technique is developed to solve the MPC enumeration
problem. A well-known method for elementary circuit
computation is adapted to get all elementary RTC structures
in S’PRs. An MPC can be expressed as the union of some
elementary RTCs. Hence, an iterative method is developed to
recursively construct all MPCs from the already-found
elementary RTCs. By the one-to-one correspondence
between SMS and MPC in S*PR, an algorithm to enumerate
SMS in S*PRs is obtained.

The rest of this paper is organized as follows. Section 2
reviews basic definitions of Petri nets and S’PRs used
throughout the paper. In Section 3, structures and properties
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of MPCs and some useful results on siphons and MPCs in
S*PRs are introduced. The MPC and siphon enumeration
algorithms are introduced in Section 4. An illustrative
example is provided to illustrate the presented method and
algorithm in Section 5.

2. PETRI NET PRELIMINARIES AND S’PR CLASS

This section is a brief presentation of Petri nets and S*PRs.
For a complete study of this subject, the reader is referred to
Murata 1989 and Hruz and Zhou 2007.

2.1 Basic Definition of Petri Nets

A Petri net is a 3-tuple N = (P, T, F), where P and T are finite
and disjoint sets. P is a set of places and T is a set of
transitions. Fc(PxT) U (TxP) is a set of directed arcs.

Let N= (P, T, F) be a Petri net. Given a vertex x€ PU T, the
preset of x is defined as “x = {y EPUT | (y, x) EF}, and the
post set of x is defined as x" = {y EPUT | (x, y)EF}. The
notation can be extended to a set, for example, let X < PUT,
then *X = U,cx'xand X "= U,cyxx". Nis pure if V(x, y) EF,
then (y, x) ¢ F. A state machine is a Petri net in which each
transition has exactly one input place and exactly one output
place.

A marking or state of N is a mapping M: P — Z, where Z =
{0, 1, 2, ...}. Given a place pEP and a marking M, M(p)
denotes the number of tokens in p at M. Let SCP be a set of
places. The sum of tokens in all places of S at M is denoted
by M(S), i.e., M(S) = Z,=s M(p). A Petri net N with an initial
marking M, is called a marked Petri net or simply, a Petri net,
denoted as (N, M,).

A transition 7€ T is enabled at a marking M, denoted by M[r>,
iff Vp €°t, M(p)>0. An enabled transition ¢ at M can be fired,
resulting in a new marking M', denoted by M[>M’, where
M(p)=Mp) -1, VpE N'; M(p) = M(p) + 1, VpE\'t; and
otherwise M'(p) = M(p), for all p € P. A sequence of
transitions oo = tt,...t, ET, i=1, 2, ..., k, is feasible from a
marking M, if Mj[t;>M;.,,i=1,2, ..., k, where M} = M and
M;’s are called reachable markings from M. Let R(N, M)
denote the set of all reachable markings of N from the initial
marking M,. (N, M,) is bounded iff IkEZ\{0}, VMER(N,
M), VpE P: M(p) < k holds. We assume that in this paper all
Petri nets are bounded and pure.

The incidence matrix of N is a matrix [N]: Px T — {-1,0, 1}
such that [N](p, ) = -1, pE°t\ ¢ [Nl(p, ) = 1, pE°\ °t; and
otherwise [N](p, ) = 0 for all pE P and tET. A nonzero |P|-
vector I: P — Z is a P-invariant if I > 0 and I’ * [N] = 07,
where Z is the set of integers. The support of a P-invariant 1
is the set of places: ||/]| = {pEP | I(p) # 0}. A P-invariant / is
minimal if there does not exist a P- invariant I’ such that ||/'||

< [

A nonempty subset of places S < P is a siphon if and only if
‘S < S, i.e., an input transition is also an output transition of
S. A siphon is minimal if and only if there does not exist a
siphon contained in S as a proper subset. A minimal siphon is
strict if it does not contain the support of any P-invariant in N.
For short, strict minimal siphon is written as SMS.

Let X € PUT. The subnet generated by X is a Petri net N[.X]
= (P)(, Tx, F)(), where PX: Pﬂ)(, TX: TﬂX, FX: Fﬂ(XXX)

A Petri net N is a bigraph in which the vertex set consists of
the set of places, P, and the set of transitions, 7. A path in N
is a sequence of vertices and arcs a,, = (4 = X1, Xz, ..., X1 =
v), where x,EPUT and (x;, x;+)) €F,i=1, ..., k, and k is the
length of a. A circuit is a path in which the first and last
vertices are identical. A vertex may appear more than once in
a circuit. Two circuits are same if the sets of their vertices
and arcs are the same, respectively. A circuit o can determine
a unique subnet whose vertices and arcs are in the circuit a.
We call this subnet a circuit too, for simplicity. Hence a
circuit is a strongly connected subnet. A path is elementary if
no vertex appears twice. A circuit is elementary if no vertex
but the first and last appears twice in it. Any a circuit is the
union of some elementary ones.

The composition of two Petri nets, N; = (P;, T;, F)), i€ {1, 2},
via the same elements, denoted as N,®N,, is a Petri net
N®N, = (P, T, F), where P=PUP,, T=T\UT,, and F=F,
U F,. And two marked Petri nets, (N, M) = (P;, T, Fi, My), i
€ {1, 2}, are compatible if Vp € P\NP,, M o(p) = My(p). The
composition of two compatible marked Petri nets (V;, M)
and (N,, M) is a marked Petri net (N1, M,0)®(N,, My) = (P,
T, F, My) where N\®N, = (P, T, F), and VpEP,, My(p) =
M,o(p), and Vp € P>, My(p) = Mao(p).

2.2 S*PR Class

Researchers use Petri nets as a formalism to describe AMS
and to develop appropriate deadlock resolution methods
(Ezpeleta et al., 1995, Chu and Xie 1997, Fanti and Zhou,
2004, Huang et al., 2001, Li and Zhou, 2006, Park and
Reveliotis, 2001, Wu & Zhou, 2007, Xing, et al., 1996,
2007b). This subsection reviews the basic concepts and
properties of the system of simple sequential processes with
resources (S°PRs), originally developed by Ezpeleta er al.
(1995) for AMS with flexible routings. A formal definition of
S’PR s as follows.

Definition 1: Let K= {1, 2, ..., m} be a finite set of indices. A
net of the S’PR class is a connected self-loop free Petri net N
= (P, T, F), where we have the following.

1) P=PsUP,U Py is a partition such that

Pg= U ;exPs;, where for each i € K, Py; = &, and for each i,
JEK, i#j, PsNPg =@. p € Pg;is called an operation place.

Py =U ek {poi}. For each i#j, po;7py. poi is called an idle-
state place.
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Pr={r, r, ..., 7.}, n>0.r;is called a resource place.

2) T =U,e«T;, where for each i€ K, T;#J, and for each i, j
€K, i#j, TNT,~2.

3) Vi€K, the subnet N, generated by Ps;U {py;} and the
transition subset 7; connected to these places, is a strongly
connected state machine, such that every directed cycle
contains place py;.

4) V1€ Py, there are a unique minimal p-semiflow Y,;€ {0,
1}® such that {r;} =|| ¥,; || N Pr, PoN||Y,|| = B, H(r)=PsN ||
Yy || # @, and Y, (1) = 1. VpEH(r), p™NPr="pNP
={r}.

5) Vr, 1S Pr, || YallOV || Y1l = 9, and PS=U
).

Let N=(PsUPyUPg, T, F)be a S*PR. An initial marking M,
of N is called an acceptable initial marking for N iff 1) Vp&
PyU Py, Myp) 2 1;2) Vp € P, Mip) = 0.

(I Yo |

nePp

Let (N, M) = (PsUPyUPy, T, F, My) be a marked S’PR and
a transition 1€ T, let Pt and /7 denote the input and output
operation place of #, respectively, and let ¢ and /) denote the
input and the output resource place of 7, respectively. Then °z
=®t O and £ = PUr ¥ in N. For a given marking M€
RN, M), t is process-enabled at M if M(?'1)>0, and ¢ is
resource-enabled at M if M(”7)>0. In S’PR, only transitions,

which are resource and process-enabled at the same time, can
be fired.

In S’PR, H(r) is actually the set of all operation places that
uses the resource . For a given subset of resource places R,
let HR ) = Uep H(7).

2.3 MPC in S’PRs

Definitions 2—4 and Lemma 1-2 are from (Xing, et al., 2007a,
b).

Definition 2: A directed circuit § in S’PR N is called a
resource-transition circuit (RTC) if it contains only resource
places and transitions.

Let 3[0] and R[H] denote the sets of all transitions and all
resource places on 6, respectively. Let R, = R[d]. Then 6 is
said to be with resource set R,. Let I'(R;) denote the set of all
RTCs with resource set R;.

A RTC is determined uniquely by its transition set and
resource place set. Hence, RTC 6 can be denoted as 6 =
<R[4], I[6]>.

Definition 3: Let R, be a set of resource places, and 6,, 6,&
['(R)). If 0, contains 6, that is, 0, is a subcircuit of 6,
denoted by 0, < 6,, then the inclusion relation c is a partial
ordering relation defined on I'(R;). The union of any two
RTCs with resource set R; is also an RTC with the same

resource set R1. Therefore, ['(R)) is closed under the operator
“union” and has a unique maximal RTC with resource set R;.

Definition 4: A RTC 6 is perfect if (P3[6])° = 3[6]. Let 1=
3[6], 0 is perfect on t if VI/E((")tT, 1, € 3[0]. Let TI(R))
denote the set of all perfect RTCs (PRTCs) with resource set
R;.

Let 0y, 6, =TI(R,). Then the union of §; and 6, is also a PRTC
with the resource set R;, that is, ;U &, =TII(R)). Therefore,
I1(R,) contains a unique maximal PRTC (MPC), denoted as
&(R)). Then VO < TI(R)), 0 <& (R)). Let ® denote the set of
all MPCs in N.

A MPC @is called to be saturated under a reachable marking
M of (N, My) iff M(P'J[6]) = My(R[A]).

With the above concepts, liveness characterization of S*PRs
is established and stated as follows (Xing et al., 2007b).

Lemma 1: A marked S°PR (N, My) is live if and only if no
MPC of N is saturated at any reachable marking of (N, M).

Let N denote the set of all SMSs in N. In (Xing ef al., 2007a),
a one-to-one mapping between ® and N in S’PR is
established as follows.

Lemma 2: Let N = (PsUPyU Py, T, F) be a S’PR. Define the
map x: ® > N as follows

A6) = RIOTUH(R[O)\* 3[0] ), 0O,
then f'is a one-to-one mapping from © to N.

3. STRUCTURES AND PROPERTIES OF MPC IN S°PRS

The perfectness of RTC & implies that if an output transition
of an operation place is in 6, then its all output transitions are
in 6. Let Pp= {pEPs||p°| > 1}. pEPy is called as a split
operation place. A split operation place is the first node of
different processing subroutes. That is, from p, the parts
processed in the systems can choose different processing
routes.

Let 0 be an RTC in N and r=3[0]. If |(P%)°| = 1, then (P5)* =1
€ 3[0]. Hence, to check the perfectness of RTC 6, we need
only to check if p* < J[#] for all pE Py N PJ[H]. As a
conclusion, we have the following results.

Lemma 3. Let 6 be a RTC in N. If VpE Py and p" N T[0] #
& implying p° < 716], then 6 is perfect.

By Lemma 3, if an RTC contains one output transition of a
split operation place, then it contains all output transitions of
the place, such RTC is perfect.

Let 0 be an RTC in N. Then <R[6], R[O]" N “R[O]> is
connected and a maximal RTC with the resource set R[].
For simplicity, let y(6) denote <R[6], R[H]° N *R[H]>, that is,
¥(0) = <R[O], R[O]" N *R[]. Furthermore, if y(0) is perfect,
then y(6) is MPC, that is, &(R[6]) = y(6).
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Example I: Consider S*PR shown in Fig. 1, P = {p;}, and
pi° = {t, 5, to}. From p,, there are 3 different processing
routes for a part. By Lemma 2, a RTC is perfect if it contains
one transition in p;°, then it must contain all transitions in p,°.
01 = raturihorstirsters, 02 = ratsritio Fstars ters, 03 = ratsritiorsty
rateraturitiorstor itiohstyrstels, 04 = rataritorstirstsry, and Os =
ralor b o starstel atsh o stor L oF st713t31 are RTCs. The S3PR net
contains only one split operation place p;. By Lemma 3, if a
perfect RTC contains one output transition of p;, then it must
contain its all output transitions. Since Py" N 3[4;] = &, and
pi"N3[0s] = pi°, 6, and O are perfect. 65, 85 and 6, contain
one or more transitions in p,*, but do not contain all of them.
Hence they are not perfect.

0,, 6, and 6, are elementary RTCs, while 05 and 65 are not.
R[O1] = R[6:] = R[6:] = {r1, 13, 14, 15}, RO N "R[6,] = its,
ts, 17, l9, 10, 111}. 'Y(H]) = 7(02) = 03 is not perfect. The set of all
perfect RTCs with resource set R[6], I1(*R[6,]), contains
only ;. Thus 6, is an MPC. That is, E(R[0,]) = 6. R[65] =
{V], ¥V, I3, Iy, 1’5}, 05 (e 'Y(g5) = E_,(gg), and "{(es) is an MPC.

Any RTC can be expressed as a union of some elementary
circuits. Let @ be an MPC with resource set R. Then there
exists a set of k elementary RTCs, Q = {6,,i=1, 2, ..., k},
such that 0 =U ;e 6, where K = {1, 2, ..., k}. If y(6) is
perfect, then y(6;) < 0 by the perfectness and maximality of 6.
If all y(6)), 6;=Q, are MPCs, then 0 = U ;= y(0;).

Fig. 1 A simple S’PR

Because 6,£Q is an elementary circuit, if 3[0]] N Py"#*J,
then 6; is not perfect. Let ¢+ € 3[6;] N Py’. Then for each
transition t,E((”)t)', there exists an elementary circuit ,EQ
such that ;€ 3[6)], and & = U6, is perfect on ¢, that is, (V')
< 3J[6]. Hence, for each elementary circuit 0; < Q, there

exists a subset Q; of Q such that the union of its all elements
is a perfect RTC.

Hence, for each nonperfect RTC 6 contained in a MPC 6, we
can construct a perfect subcircuit « of 8, which contains 6.

4. ALGORITHMS FOR FINDING MPCS AND SMSs IN S°PRs

RTCs are only related to the transitions and resource places
of N. A transition without input or output resource place
cannot be in any RTCs. Actually, a transition in an RTC is in
Pr'N°Pg. Hence, to establish an algorithm for finding all
MPCs, we consider the subnet of N, defined as follows.

Definition 5: Let N = (PsUPyU Py, T, F) be a S’PR. The
resource-transition net of N, denoted as Ng, is a subnet of N,
which is generated by R and P;*N°*Pg, that is, Ny = N[PxU
(P"N* PR)].

In order to compute MPCs in N, all elementary RTCs in N
must be found in our implementation of the procedure. The
algorithm proposed by Johnson et al. (1975) is used to find
all elementary circuits in N Johnson’s algorithm is
extremely efficient and can find all elementary circuits in a
directed graph in time bounded by O((v + e)(c + 1)) if the
graph has v vertices, e edges, and ¢ elementary circuits.

Furthermore, in N, vertices are transitions and resource
places. The number of transitions is about equal to the
number of all operations, |Ps|, and the edge number of Ny is
twice the number of transitions. Therefore, there are about
(|Ps| + |Pg |) vertices and 2x|Pg| edges.

An MPC can be expressed as the union of some elementary
RTCs. Hence it can be obtained by an iterative method from
the already-found elementary RTCs. The general idea to find
all MPCs can be summarized as follows.

MPC Enumeration Algorithm:

Step 1 Find all elementary circuits in Ny (that is, all
elementary RTCs in N) with Johnson’s Algorithm. Let Zc be
the set of all elementary circuits in Ng.

Step 2 For each 8 = <R[0], I[0] >E Egc, if y(0) is perfect,
then add y(#) into Zgc, and delete all other §* &€ =g, where
R[O*] = R[I].

Step 3 Construct recursively the set Q¢ of RTCs from Egc
as follows:

At the beginning, Q.= .
Addall 0 € EEC into QC-

For each 6, € Egc, and for every RTC circuit 6, € Qc, if R[0;]
N N[O,] # G, and 6, U6, is not in Q, then add 6, UG, into
Qc. If y(6,U6,) is perfect, then add y(6, U6,) into Q, and
delete all other € Q(, where R[] = R[6, U 6;].

Step4 Delete all RTCs in Q¢ which are not perfect; then,
for a RTC € Qg, if y(0) = 0, move it into ®; finally, for €
Qc, add U gg)-n0 into O, and delete all RTCs with resource
set R(6) from Q.

14493



17th IFAC World Congress (IFAC'08)
Seoul, Korea, July 6-11, 2008

MPC Enumeration Algorithm can enumerate all MPCs in N.

Combining the one to one mapping from MPC to SMS in
Lemma 2 with MPC Enumeration Algorithm, an algorithm to
find all SMSs is obtained.

5. AN ILLUSTRATIVE EXAMPLE

Let us consider S’PR N shown in Fig. 2, which is used to
model an AMS in (Ezpeleta et al., 1995). MPCs and SMSs in
S’PR are only related with the structure of Petri net models,
thus, in Fig. 2, the initial marking is omitted. Pz = {p20, p21,
P22, P23, P P2s» Pas)- N contains only one split operation
place p;, P = {p7}, and p;* = {ts, 111}. Then Ny is shown as in
Fig. 3, where for programming simplicity, # or p; is
renumbered as k.

Step 1: All elementary circuits in N, found By Johnson’s
Algorithm, are listed in Table 1.

Step 2: Test the perfectness of y(#) for each 8 € Egc. Only
1(6s) is not perfect. R[6,] = R[], R[] = R[H5]. So delete 6,
i=1,2,3,4,5,7,8,9, from Egc, and then add y(8), i=1, 2, 3,
7, 8, 9 into Egc. Finally, ZEgc have 7 elements and Egzc =
(61), ¥(62), ¥(65), Os, v(67), v(6s), v(G)} .

Fig. 2 A S°PR Model N

Step 3: From Zgc, construct the set of different RTCs, Qc,
which contains 25 RTCs. They are listed in Table 2, where
only their resource sets are listed because each of them is
determined uniquely by its resource set.

Step 4: Check if a RTC € Q¢ is perfect. Since N contains
only one split operation p,4(5). If 6 contains 64 (or oy in Table
2), that is, Os< 6, but 1 R[#], then 0 is not perfect about py,
(5). Finally, there are 18 perfect RTCs and they are all MPCs
in V.

Fig. 3. The resource-transition net Ny of N shown in Fig. 2.

Table 1. All nine elementary circuits in Nz shown in Fig. 3

Erc Elementary RTCs R[] v(0) perfect?
0, 1105213206111 1356 yes
0, 28692 26 yes
0, 286194187132 2467 yes
0y 212962 26 yes
Os | 2126194187132 2467 yes
Os 3145213 35 no
0, 3206153 36 yes
Oy 4166194 46 yes
0y 4187174 47 yes

Table 2. RTCs in Qc and MPCs in Ng shown in Fig. 3

Qc %la] perfofl:ct? Qc Rla] pergzct?
ap | 1536 Y oy | 74236 Y
a |26 Y a5 | 536 N
az | 2647 Y ae | 5236 N
as |35 N a7 | 574236 N
as | 36 Y aig | 346 Y
ag | 46 Y a9 | 3246 Y
a; |47 Y o | 647 Y
ag | 35126 Y o | 4536 N
ay | 3512647 Y oy | 45236 N
a | 35146 Y a3 | 735146 Y
o) | 236 Y oy | 7346 Y
oy | 246 Y s | 74536 N
a3 | 235146 Y
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5. CONCLUSIONS

In this paper, the algorithms for enumerating all MPC and
SMS in S’PR are proposed. A graph-based technique is used
to find all elementary RTC structures of the subnet generated
by the sets of transitions and operation places. A MPC can be
expressed as the union of some elementary RTCs. Hence, an
iterative method is developed to recursively construct all
MPCs from the already-found elementary RTCs. By the one-
to-one correspondence between SMS and MPC in S°PR, an
algorithm to enumerate SMS in S’PR is obtained in this work.

Future work is to improve the presented algorithms, reduce
the required time, and perform the computational complexity
analysis.
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