Proceedings of the 17th World Congress
The International Federation of Automatic Control
Seoul, Korea, July 6-11, 2008

[FAC

Stabilization of 2-D Linear
Parameter-Varying Systems using

Parameter-Dependent Lyapunov Function:
An LMI Approach*

Sung Wook Yun* Yun Jong Choi* PooGyeon Park *

* Electrical and Computer Engineering Division, POSTECH, Pohang,
Korea (Tel: +82-54-279-5588, e-mail: {wook2000, scope75,
ppg} @postech.ac.kr)

Abstract: This paper proposes a parameter-dependent state-feedback controller for the 2-D
discrete linear parameter-varying (LPV) system with the Fornasini-Machesini (FM) first model.
To find the stabilizing conditions of the system, we first transform the closed-loop system to a
Roesser-type model, and then derive the conditions to linear matrix inequalities (LMIs) using
a parameter-dependent Lyapunov function (PDLF) and a relaxation technique. The simulation
results show that the designed controller is valid and the system asymptotically converges to

the origin.
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1. INTRODUCTION

For several decades, there has been much interest in
the analysis of two-dimensional (2-D) systems, which
has introduced some 2-D dynamic models: for examples,
Fornasini-Machesini (FM) first (Fornasini and Marchesini
[1976], Kar and Singh [2003], Tong Zhou [2006]) and sec-
ond model (Fornasini and Marchesini [1978], Hinamoto
[1997], Ooba [2000]), Roesser model (Roesser [75]) and so
on. These 2-D system theories can be applied not only
to the theoretical areas such as iterative learning control
(ILC) and signal processing but also to the practical sys-
tems such as thermal processes, water steam heating, etc
(Bose [1982], Kaczorek [1985], Du and Xie [2002]).

Many of practical systems have included non-linearities
such as sector-bounded conditions, input saturations or
other non-linear functions. In this case, these systems can
be often modeled in the linear parameter-varying (LPV)
systems. Thus, in the paper, we consider that the 2-D
system has a certain non-linearity, which is described as
the LPV system (Becker et al. [1993], Apkarian et al.
[1995], Apkarian and Tuan [2000], Park and Choi [2001]).
Here, our goal is to propose a method for stabilizing the
2-D LPV system using a parameter-dependent Lyapunov
function (PDLF), where the system is regarded as the FM
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first model and the controller is designed as the state-
feedback. To the best of our knowledge, not much academic
research has been studied on this area.

The resulting conditions for stabilization can be expressed
with linear matrix inequalities (LMIs) using the relaxation
technique in Park and Choi [2001], which is solved by
the LMI toolbox in MATLAB. In addition, the numerical
example shows that the proposed controller is valid.

The paper is organized as follows. Section 2 describes
the system handling in the paper and explains the prob-
lem. Section 3 explains a new approach and designs the
controller for stabilization of 2-D LPV system in detail.
Section 4 shows the simulation results. Finally, section 5
concludes the paper with summarization.

2. PROBLEM FORMULATION

Consider the 2-D discrete LPV system with the FM first
model:

o(t+1L,k+1)=A1(0)x(t, k + 1) + Ax(0)z(t + 1, k)
+A3(9t)x(t7k) +B(9t)u(t7k)v (1)

where z(t,k) € R™ is the state vector, u(t,k) € R™ is
the control input, and 6, € R" denotes a time-varying
parameter vector of time-varying parameters 60;; with
respect to the index t such that, fori=1,--- ,r,

et:[et,la"' 79t7T]T7 (2)
which satisfies the following condition

Zet,i =1, 0<6,; <1, 0 —0i—14] <. (3)

=1
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Then, the system matrices can be described such as
A(6:) = 0riAri, As(0) = 0riAas,
i=1 i=1

Asz(0y) = Z 0:,iAs,:, B(0;) = Z 0:,:8;. (4)
i=1 i=1

The objective of the paper is to design a parameter-
dependent state-feedback controller for stabilizing the sys-
tem (1), which is chosen as

U(t, k) = Kl(gt; Gt,l)x(t, k + 1) + K2(9t, Qt,l)x(t + ].7 k)

+K3(0:,001)x(t, k), (5)
where 6;_1 denotes the one-step-past vector of time-
varying parameters 6.

Substituting (5) into (1), we have the closed-loop system
as follows:
Qf(t +15 k + 1) = Al(ot,et_l)ﬂf(t, k+ 1)
+A2(6‘t, Qt,l)m(t + 1, k) + A?,(Qt, 9,5,1):6(75, k)7 (6)

where
Ay (0¢,0t—1) = A1(0:) + B(0:) K1 (0¢,6:-1),
Ag(04,0,—1) = Ax(0;) + B(6;)K2(04,0:_1),
As(0r,0;—1) = A3(0:) + B(0;) K3(04,0;—1).
Let

k1) 2 alt+ 1,k +1) — A (0, 0_1)a(t, k + 1),
then (6) can be described as a Roesser-type model:

B0 | T3 0N | = Fecen 0N ] @

where

I 0
E(0:,0: 1) = |:_A2(9t70t—1) I:| 7

_ [ A6 60) I
F(0y,0,—1) = [43(9t,9t_1) 0] '

3. STABILIZING THE 2-D LPV SYSTEM USING THE
PARAMETER-DEPENDENT LAYPUNONV
FUNCTION

Let us consider a candidate PDLF for the 2-D discrete
system such as

V(B D=k e [58] @

whose difference is given by

where

P(6i-1) 2 Py(61—1) © Pa(6,1),
P(0,) 2 Py(0,) ® Pa(6y),

and @ means the direct sum.

Using (9), in the following theorem, we provide a PDLF-
based stabilizer in terms of parameterized linear matrix
inequalities (PLMIs).

Theorem 1. The closed-loop system (7) is globally asymp-
totically stable, if there exist matrices P;(6;), P2(6:),
Py(01-1), Po(0r-1), Wi(6:), Wa(0r), W3(6:), K1(0r,0:-1),
Ko(0:,0:—1) and K3(04,0;_1) such that

P(6;-1) (%) (%)
FOu0-0)P@0-2) PO VO s,
0 wT,) P
P(6i-1) >0, P(6:)>0,
(10)
where

P(0;-1) = P1(0:-1) ® Pa(6;-1),
P(0y) = P1(0:) @ Pa(6y),
W) 0
W3 (60:) W3 (00) ]
In this case, the state-feedback controller (5) is given by

wr(0,) =

Ki(04,0;-1) = K1(04,0,—1) P (0,-1),
Ko (0;,0:—1) = Ka(0, 9t—1)W17T(9t)»

K3(04,00-1) = K3(04,0,—1) P (04-1).

Proof. From the Lyapunov difference (9), we can derive
the following PLML for P(6,_1) = P~1(6,_,), P(6,) 2

P=H(0),
P(0; *
F(et’et(—l)P)(et—l) (é,;) >0,
(11)

where

(2,2) = E(0s,0:—1)P(0:)ET (01, 0:_1).
Using the following relation for (2,2) of (11),

0<(E-WP YHYPET - P'wT),
EPET >EWT + WET —wp~ w7,

and using the Schur-complement with respect to
WP~IWT, then we have the resultant PLMIs (10). [

(12)

Unfortunately, it is extremely difficult to directly solve
the parameter-dependent conditions of the Theorem 1
because it is required to solve an infinite number of LMIs.
Therefore, it is important to reduce the solvability of PLMI
to the solvability of a finite number of LMIs. To do this,
we use the convex relaxation technique in Park and Choi
[2001] with the following assumptions:
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Z9t P, Pi(0i-1) = Zetq,ipl,i,

thlp21+zzatzgtjp2z]a

==
Py(0; 1) Zat 11P22+§;Zlet 1,01 Pasi g,
=1
K1(0;,0; 1) ZGHKWJFZ@ iK1,
Ko(6:,60;1) ZGHKQ“+Zat ViK1,
K3(0:,0:-1) ZGHKSM+Z@ Lilsy 1,

= Z 01,iW1,4,
i=1

= Z 0,: W3,
i1

Corollary 2. (Simplified stabilizing condition via LMI)
The closed-loop system (7) is globally asymptotically
stable, if there exist matrices Pis, Pai, Py, Kit,
Kip—14, Koy, Koo —1,is Kz, K310, Wi, W2z, W3u
A, Ay, X, Y; and Z; such that, for all ¢ = 1,-

j = 1a T

= E 01,iWa i,
i=1

T (*) (*)
[Tijlr [Qijl, (%) >0, (13)
[Qij ]r><1 [Hij L"Xr [\Ijij ]rxr
pl,i > O, PQJ' > 0, pzﬂ"j > O, (14)
A+AT >0, A+A] >0, (15)
»+327 >0 % +xT>0, (16)
2 4+E27 >0, (17)
where
T = Ny,
Fin=M;_; + N1,
Qi1 =Ma_; + No_y,
A= d Ma—i + N3 i =,
Y Mj_;; + N3_g; i # J,
. — J Ma—i + Na—ii =7,
Y My, i #
Wij =Ms_i; + Ns_ij,
© © C]
o Wi Way Wi Way
M,_; = 0 Wg,i 0 W3,i y
-
1p. 0
211 U
o o %]

-T15
itP; 0 0 0
27 Lr 2 >
M, ;= [ 0 %Pm] [P“O}@
2—i () S} e
L @ @ @
- ) () ) ()
0 *
B, K
M [B% " 0] Ag W )
3—ii = 483,80 —BiKs.; O ’
0 0
_ e} © [0 P2,i,z]
RS o ©
o (N I
3ij = i183,t,5 —Bl-Kzﬂg,j 0 ,
0 0
) © §
I [0 %P271,1:|
i o © ©
AlLiPLjJF
r BiKi41,;0 0 ’
Mi_;; = Az i P+ BiKs,i-1,; 0 o
BiKst-1,; 0
L @ 6
_ ‘O 0
_0 P2,1 J ) (*)
Ms_i;= | [0 Py ’
5—ij 0 2(7) T O (%)
) 0 06
(C) _[ ]2n><2n’
— (A+AT)+ (Z+37) 252 vE
Ni_i = (=Ai) + (=2A),
No_j = (=) + (—-2%),
N (A+AT)+ N+ A]) + (S +ED) =7,
ai=1{ i # 7,
N4—7,'L_( 2:2)’
N _JEFEN @I &+ i=,
- =57 i # J-
Proof. With the following vector:
(1, Ouil, -, 000, Opind, o, 01, 1]

PLMIs (10) can be relaxed into the LMIs conditions (13)—
(17), which are the discrete-time version of Park and Choi
[2001]. For more details of relaxation, refer to Park and
Choi [2001]. 1

4. SIMULATION RESULTS

We consider the 2-D LPV discrete-time FM first model (1)
under the conditions:
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r=2, 01 =0=1, 6= sin’t, Oi0= cos’t,

A= 8} }g] » Arg = [8? ig] ’

Az = 8} _ig} y Az = [8(2) —;8} ’

Asn = 88 ig] Az = {8(1) ;8} ’
m=t)  m=[0)

Assume that the boundary conditions {x(1, k), z(¢, 1)|t >
1,k > 1} of the state are set to uniformly distributed
random numbers between 0 and 1 except the initial con-
ditions:

2(1,1) = {15000], 2(2,1) = {12550] 2(1,2) = {17050].
(18)

By the LMI toolbox in the Matlab, solutions of (13) can
be obtained as follows:

Ki41=1[2.055 —1.919], K, 1, = [—43.253 —10.955],
Ki42=10.363 —0.608], K, 10 =[—37.886 —10.477],
Kyq=[-3.664 10.119], Ky; 1, =[—0.211 —0.140],
Koy0=1[-8982 1.925], Ky; 12=1[0.164 0.102],
K31 =[0.135 0.204], Kz, 1, =[—12.649 —9.725],
Ksio= [0 211 —0.185], Kz, 12 =[—15.149 —8.502],
P [113.512 9.945 B _ [ 99:275 11.969
PET9.945 7776 127 111.969 7.201
B [ 24.254 1.503 B, _ | 21.669 1.467 |
217 1.503  0.872 227 | 1.467 1.002 |’
B _[3143 0219 B _ | 1.5810.102]
»L1710.219 0.109 22,1 0.102 0.276 | °
B [9.465 0 P 2.054 0.130 |
20270 9.465 2227 10.130 0.120 |’
W [77.035 1.923 Wy, — | 87:760 2974
L1710.768  6.274 L2= | 7964 2.387
[2.288 0.148 1.657 0.119
Way = | 1.466 0.089} W = [0 566 0. 043]
W = [23.859 1.495 Wao — | 21.044 1.350
17 1420 0.903 3.2 1.377 1.034

Fig. 1 and Fig. 2 show the state trajectory according to
t and k. As shown in the figures, the 2-D LPV system
is asymptotically stablized by the designed parameter-
dependent controller.

5. CONCLUSION

In this paper, we proposed the parameter-dependent state
feedback controller for the 2-D discrete LPV system with
the FM first model. To find the stabilizing conditions of
the system, we first transformed the FM first model to the
Roesser model, and then using the PDLF, the relaxation

technique and constraint elimination, the conditions for
stabilization were reduced to an LMI term. Numerical
examples verified that the designed controller was valid
and the state asymptotically converged to the origin.
As further works, we shall handle the 2-D discrete LPV
system with the FM second model and the output feedback
case.
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Fig. 2. The state trajectory of x5 with respect to ¢t and k.

REFERENCES

P. Apkarian, P.Gahinet, and G.Becker. Self-scheduled H s,
control of linear parameter-varying systems: a design
example. Automatica, 31:1251-1261, 1995.

P. Apkarian, and H.D. Tuan. Parameterized LMIs in con-
trol theory. SIAM Journal on Control and Optimization,
38:1241-1264, 2000.

N.K. Bose. Applied Multidimensional Systems Theory.
Van Nostrand Reinhold, New York, 1982.

G. Becker, A. Packard, D. Philbrick, and G. Balas. Control
of parameterically-dependent linear systems: a single
quadratic Lyapunov approach. Proceedings ACC, 2795—
2799, 1993.

Ch. Du, and L. Xie. Hs Control and Filtering of
Two-dimensional Systems. Springer, Berlin, Heidelberg,
2002.

E. Fornasini, and G. Marchesini. State-space realization
theory of two-dimensional filters. IEEFE Transactions on
Automatic Control, 21:484-492, 1976.

11506



17th IFAC World Congress (IFAC'08)
Seoul, Korea, July 6-11, 2008

E. Fornasini, and G. Marchesini. Doubly-indexed dynam-
ical systems: State-space models and structural proper-
ties. Mathematical Systems Theory, 12:59-72, 1978.

T. Hinamoto. Stability of 2-D discrete systems described
by the Fornasini-Marchesini second model. IEEE Trans-
actions on Circuits and Systems, 44:254-259, 1997.

T. Kaczorek. Two-Dimensional Linear Systems. Springer,
Berlin, Germany, 1985.

H. Kar, and V. Singh. Stability of 2-D Systems Described
by the Fornasini-Marchesini First Model. IEEE Trans-
actions on Signal Processing, 51:1675-1676, 2003.

T. Ooba. On stability analysis of 2-D systems based on
2-D Lyapunov matrix inequalities. IEFE Transactions
on Circuits and Systems, 47:1263-1265, 2000.

P. Park, and D.J. Choi. LPV controller design for the
nonlinear RTAC system. International Journal of Ro-
bust and Nonlinear Control, 11:1343-1363, 2001.

R.P. Roesser A discrete state-space model for linear image
processing. IEEE Transactions of Automatic Control,
20:1-10, 1975.

Tong Zhou. Stability and Stability Margin for a Two-
Dimensional System. IEEE Transactions on Signal
Processing, 54:3483-3488, 2006.

11507



