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Abstract: In this paper, we state the positive real lemma and the strictly positive real lemma
(KYP lemma) for non-minimal realization systems. First we show the positive real lemma for
stabilizable and observable systems under only the constraint on the regularity of the systems,
by using the generalized algebraic Riccati equation. Moreover we show that the solution of the
Lyapunov equation in the positive real lemma is positive definite. Next we similarly derive the
KYP lemma for stabilizable and observable systems with only the above constraint and show
that the corresponding solution in the KYP Lemma is positive definite. Finally, as the duals of
these problems, we show that the positive real and KYP lemmas for controllable and detectable

systems have both positive definite solutions.

1. INTRODUCTION

The positive real lemma is well-known as a useful criterion
for determining positive realness in the state space repre-
sentation [2, 9]. On the other hand, the strictly positive
real lemma (or Kalman-Yakubovich-Popov (KYP) lemma)
is also well-known as a significant criterion for determining
strictly positive realness of transfer functions [2, 8, 9].
There are many researches on the KYP Lemma [3, 5, 14].
Both the positive real lemma and the KYP lemma are
used in analysis and synthesis of control systems [4, 7].
In particular, Lur’e systems are made stable by using
observer based control in Reference [6, 10], where the
KYP lemma was required for stabilizable and observable
systems since the observer is uncontrollable. In Reference
[3], Collado et al. gave the KYP Lemma for stabilizable
and observable systems. However, the systems that they
discussed had the constraint that the set of controllable
modes and the set of uncontrollable modes do not inter-
sect. On the other hand, In Reference [14], Zhang et al.
provided the conditions that descriptor systems without
infinite zeros are regular, stable, impulse-free and strictly
positive real. In the present paper, we derive the positive
real and KYP lemmas for stabilizable and observable state
space systems without the above mode constraint, by using
the descriptor form.

We state the following four cases. First, we discuss the
Positive Real Lemma in the case where o(4) C C_,
(A, B) is stabilizable and (C, A) is observable. Second, we
discuss that lemma in the case where o(A) C C_ U Q,
(A, B) is stabilizable and (C, A) is observable. Next, we
discuss the Strictly Positive Real Lemma in the case where
o(A) C C_, (A, B) is stabilizable and (C, A) is observable.
Finally, Finally, we discuss the duals of the above three
cases.

The notation is fairly standard in this paper. In particular
the descriptor form of a transfer function matrix is denoted

978-1-1234-7890-2/08/$20.00 © 2008 IFAC

5868

by

¢ |D

When E = I, the system has a proper transfer function
matrix and can be represented in the state space form.
However, to avoid any confusion, the above notation with
E = I will be used.The notations C_ and C, represent
the open left and right half complex plane, respectively;
denotes the imaginary axis. Furthermore, o(A) is the set
of the eigenvalues of A, and o;(sE — A) denotes the set of
the finite eigenvalues of sE — A. A generalized eigenvalue
of (E, A) is defined to be a scalar A satisfying [A\E—A| = 0.
Const denotes some constant matrix.

{A_SE B} =C(sE—A)'B+D

2. PRELIMINARY

In this section, we consider a proper square transfer matrix
G(s) with a minimal realization as follows:
A—sI|B

G(s) == [ C D} (1)
where A € R"*"™, B €¢ R"™™, C € R™™, and D €
R™*™_ Note in this paper that we do not assume the
nonsingularity of D+ DT namely G(s)+G*(—s) can have
infinite zeros.

2.1 Positive Realness

Definition 1. A mxm transfer matrix G(s) is positive real
if the following inequality is satisfied.

G(s)+GT(5) >0 "Re(s) >0 (2)
Lemma 1. (Positive Real Lemmal[2])

Assume (A, B) is controllable and (C, A) is observable.
Then a proper matrix G(s) is positive real if and only if

there exist real matrices P > 0, L, and W that satisfy the
Positive Real Lemma Equations (PRLE):
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PA+ATP=-L"TL (3a)
C-BTP=wTL (3b)
D+ DT =wTw (3c)

Then G(s) has the following spectral factorization:
G(s) +GT(=s) = VI (=s)V(s) (4)

where

V(S):|:ALSI VJ?/] (5)

2.2 Strictly Positive Realness

Definition 2. A m x m transfer matrix G(s) is strictly
positive real if there exists a scalar € > 0 such that G(s—¢)
is positive real.

Lemma 2. (Strictly Positive Real Lemma[2])

Assume (A4, B) is controllable and (C, A) is observable.
Then a proper matrix G(s) is strictly positive real if and
only if there exist real matrices P > 0, L, W and a
scalar € > 0 that satisfy the Strictly Positive Real Lemma
Equations:

PA+ATP=-LTL —¢cP (6a)
C-BTP=wTL (6b)
D+ DT =wTw (6¢)

3. MAIN RESULT

Instead of G(s) given by (1), the following descriptor form
of G(s) with D, nonsingular is used in the sequel:

A—sI 0O B
G(s) = 0 I‘aI—D _. [AeasEe ge} @)
C I‘ ol e e
where « is a positive scalar such that By := ol — D is
nonsingular.

3.1 A new characterization of Positive Realness

We propose a new characterization of positive realness
using a generalized algebraic Riccati equation (GARE)
instead of the PRLE (3).

Theorem 3. Assume that (A, B) is controllable and (C, A)
is observable. Then a proper transfer matrix G(s) is pos-
itive real if and only if the following generalized alge-
braic Riccati equation has a solution X € RP*P with
MTETXM >0

XTA 4+ ATX +y72(C. - B'X)'(C. - B x) =0
(
ETx = XTE, (8b)
where p :=n+m, M := [I,, Opxm]” and 7% := 2a.

Proof: (Sufficiency) It follows obviously from MTET X M
> 0 and (8b) that a solution X satisfying (8) takes the
following form

_ Xll Onxm _ T
X = |:X21 Xos :| , X117 = X11 >0 (9)

Then (8a) becomes

XA+ ATX, +LTL =0 (10a)
X+ LI =0 (10b)
Xop+ Xoo+LiLy =0 (10c)

where L := v 1(C — BTXy; — BY¥Xy), Ly := v }(I —
BT X35). By (10b) we obtain (v —BILY)L = C— BT X;.
Since W := yI — LyBy satisfies WIW = D + DT (see
Appendix A), there exists a triple of P := X;; > 0, L and
W satisfying (3).

(Necessity) Since G(s) is positive real, there exist P > 0,
L and W satisfying (3). Without loss of generality W is a
square matrix (See Appendix B), we can define Ly := (vI—
VV)B;1 and choose X1; := P > 0, Xo1 := —LI'L and
Xgo = By (I — vLy). By WI'L = C — BTX;; and
Xo1 = —B;T(fyl — WT)L, we obtain yL = C — BT X, —
BQTXgl. Therefore we can see that L and Ly can be written
by L = ’}/_1(0 — BTX11 — Bngl) and Ly = ’}/_1(] —
BQTXQQ), respectively. With these matrices X171, X1, Xoo
and Lo, it is easy to show that (3) implies (8a), and hence
the X of the form (9) associated with these X1, X5 and
X9 satisfies (8) and MTEX XM > 0. [

Although the GARE (8) in one variable X is replaced from
the PRLE (3) in three variables P, L and W in Theorem
3, it is only the change of an algebraic relation and nothing
changes essentially. However, since the GARE (8) reduces
to generalized eigenvalue problems; it could be solved like
algebraic Riccati equations.

3.2 Positive Real Lemma for stabilizable and Observable
systems

In this subsection, we show that P > 0 (L, W) satisfying
(3) even if (A, B) is stabilizable and (C, A) is controllable.

Below, we consider a system (A, B, C, D) such that (A, B)
is stabilizable and (C, A) is observable. Without loss of
generality, the system (A, B,;C,D) can be represented
as in the following Kalman canonical decomposition [15]
using a minimal realization system (A, B,C,D) with a
controllable pair (A, B).

T > A—sl A,, |B
G(s) = A-sl|B = 0 A,—sI|O0 (11)
¢ D c G, |D

where A, € R and o(4,) € C_, Ay, € R™! and
C, € Rm*!,

In the following two theorems, we first state the case of
o(A) C C_, and then the case of o(A4) C C_ U Q.

Theorem 4. Assume that o(A) C C_, (A, B) is stabiliz-
able, (C, A) is observable and |G(s) + GT(—s)| # 0. Then
G(s) is positive real if and only if there exist P > 0, L and

W satistying the following equations.

PA+ATP4+ILTL =0 (12a)
C-B"P=WTL (12b)
D+DT =wTw (12c)

Proof: (Sufficiency) Since there exist P, L and W satis-

fying (12), G(s) + GT'(5) becomes as follows:
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_ {(H—A)_T {0 i CT—T] (sI—A)_l}
I C D+ D I
o [51- 271" [PA+ A"P PB] [(s1 - A)”!
= ([s + s)IBT(J &T)BlTJI;(sI (34)} [ ' ](13)
Since s+35 > 0 for "Re(s) > 0and P > 0, G(s)+GT(3) > 0

for YRe(s) > 0.

(Necessity) Case 1: Having no controllable part in (A, B).
By the assumptions, B = 0, |D+ D”| # 0 and o(4) C C_
in Case 1. Also D + DT > 0 due to the positive realness
of G(s). Here, W := (D + DT)"/2 and L := W~TC satisfy
(12b) and (12c) respectively. Since o(A4) C C and (L, A)
is observable, there always exists P > 0 satisfying (12a).
Hence there are P > 0, L and W satisfying (12).

Case 2: Having a controllable part in (A, B).
As in the case with (7), let’s consider the following descrip-
tor form.

A—sI 0 B _ o
Gis)=| 0 Ilal-D|= AegsEe g‘f (14)
é I‘ e e

where « is a positive scalar such that By := al —D = By is
nonsingular. By Theorem 3, it is enough to show that there
exists a solution X € REFDX0+H) with MTE.XM > 0
satisfying the following GARE.
XTA, 4 ATX 44 2(C. — B'X)"(Co — BTX) = 0
(15a)

Er'X = X"E, (15b)
where M :=
due to (15b).

(L1 O(n_H)Xm]T. X has the following form

X = | fu 0<n+l>xm], Xn=XL (6)

Xo1 Xoo

I Xll Xa
Xg; X,@ O(n+l)><m
| [X21 X Xo2

Here, let T' ¢ be the left hand side of (15a). Then
-Xll Onxm |:Xa:| |:

TIXT, = | [Xo1 Xo2 | |Xu

X7 01im]  Xg

T A _ Ae Aun 1 . Aun
S )
B

By
0

T,'B = , CT,=[C I Cy

where

T,:=|10 0 I
0 I, O
Here I' ¢ can be transformed as follows:

I'x [x(1,2)
I'%(1,2) Ix(2,2)
where 'y (1,2) := (AT + v 2XTB, BIX, + XTAp +
ETX, A, +772CTCy, Tx(2,2) == XTAp + ALX, +

InOO]

Ly :=T'T4T, = [ (17)

Y 2XTB.BTX, + XpA, + AL X5 +~772CTC, and A, :=
A, — v ?B.C..

With the above preliminaries, we first consider I'x. Since
the minimal realization part G(s) = C(sI — A)"'B+ D
of G(s) is obviously positive real, there exists a solution

X with MTET XM > 0 to the GARE (8) by Theorem 3,
which indicates I'x = 0.

Next we show an existence of X., satisfying T ¢(1,2) = 0.
The pair (E., A + 7 2B.BTX) can be transformed into
the following Weierstrass form.

2 T A0 I o
S(A. + v 2B.BTX)T = [o I} SE.T = {0 N] (18)

where o(A) C C_UQ and N is a nilpotent matrix. Note
that there exists X such that o (sE.—A.—y 2B.BT X) =
o(A) € C_UQ in (8) (See Appendix B). Multiplying S
from the left hand side of ' ¢ (1,2) = 0 yields the following
equation.

ATXo1 + X1 Ay + Const] _ (19)
Xqy2 + NX,2A, + Const

where 771X, =: [X]) X,?Q]T. The above two Sylvester
equations are feasible with respect to X,; and X5 due to
o(A) Cc C_UR, 0(A,) C C_ and o(N) = 0, respectively.
Therefore, there always exists X satisfying r %(1,2) =0.

Next we show an existence of X4 satisfying T'g(2,2) = 0.
With substituting X, for I (2, 2), I'5(2,2) becomes Lya-
punov equation with respect to Xg. Since this Lyapunov
equation is feasible due to o (A4,,) C C_, there always exists

Xp. Therefore, there always exists X satisfying the GARE
(15) if G(s) is positive real.

Finally, we show that P := X;; = MTETXM >0, L:=
v HC - BT Xy, — Bz Xo1) and W := ’Y_l(f — BF X2)
satisfy (12). Now, since o(4) C C_ and LTL > 0, we
have P > 0. By Lemma 9 (See Appendix C) a solutlon
X satisfying (15) is nonsingular since (C, A) is observable.
Hence, by |X| = | X11]|X22| # 0, we obtain X;; = P > 0.

[ )

Remark 1. The regularity of G(s) + GT(—s) is required
as a basic condition to treat a generalized eigenvector
problem of the Hamiltonian matrix pencil with respect
to the GARE (8). See Reference [13] in detail to solve the
GARE by using the generalized eigenvector problem.

Theorem 5. Assume that o(A) C C_ U Q, (4,B) is
stabilizable and (C, A) is observable. Moreover, assume
that |G(s) + GT(—s)| # 0 if o(4) ¢ Q. Then G(s) is
positive real if and only if there exist P > 0, L and W
satisfying (12).

Proof: (Sufficiency) The proof is the same as that of
Theorem 4. ~

(Necessity) The proofs in the cases of o(4) C £ and
0(A) C C_ are obvious by Lemma 1 and Theorem 4,
respectively. In the case of o(4) C C_ U, G(s) can be
represented as follows:
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(20)

Co C_
where o(A4p) C Q, (Ag, By) is controllable, (Cy, Ag) is
observable, and J(A,) C C_, (A_,B_) is stabilizable,
(C_,A_) is observable. Now, since U(Ao) CcQo0(A.) C
C_ and G(s) is positive real both Go(s) := Co(sI —
Ap)~'By and G_(s) = C_ (sI — A_)'B_ + D_ are
positive real. When Gy(s) is p081t1ve real there exist A

with Ag+ A7 = 0, and By, Co with B 79 Co [9]. Therefore,
since [G/(s 9)+GT(- )|—|G (s)+G= (= )\¢0byGo( )+
GT(=s) = Co(sI — Ap) 1 (Ag + AL)(sI + AT)"1CT = 0,

there exist P~ > 0, L_, W_ satisfying Theorem 4 for
G_(s). Here, let P, L and W be as follows:

= I0
pefl 9] r
Then P > 0 and L as well as W satisfy (12). [ )
Remark 2. In Theorem 5, note that we have |G(s) +
GT(—s)] = 0 when G( sl is positive real, o(4y) # o,
o(A_)# ¢, B_=0and |[D_+DT|=0.In this case, there
do not always exist solutions satisfying (12). In partlcular
when D_ + DT = 0, there exist no solutions P > 0, L and
W satisfying (12), where there exists P > 0 if C_ =

=[0L_], W:=W_  (21)

3.3 Strictly Positive Real Lemma for Stabilizable and
Observable Systems

In this subsection, we state the strictly positive real lemma
for stabilizable and observable systems (KYP Lemma for
stabilizable and observable systems).

Theorem 6. Assume that o(A) C C_, (A, B) is stabiliz-
able, (C, A) is observable and |G (s)+G7T (—s)| # 0 in (11).
Then G(s) is strictly positive real if and only if there exist
matrices P > 0, L, W and a scalar ¢ > 0 satisfying the
following equations.

PA+ATP 4+ LTL4+eP =0 (22a)
C-BTP=WTL (22b)
D+ D' =wtw (22¢)

Proof: (Sufficiency) Obviously o(A + (¢/2)I) C C_UQ
since (22a) can be written equivalently as follows:

P(A+ (e/2)1 ) +(A+E/2)D)"P+L"L=0  (23)
By Theorem 5, (23), (22b) and (22c) indicate that C(sI —
(A+ (e/2)I))~ 1B + D = G(s — ¢/2) is positive real.

(Necessity) G(s —e/2) = C(sI — (A+ (¢/2)I))"'B+ D is
positive real and o(A + (¢/2)I) C C_ for some sufficient
small scalar ¢ > 0 since G(s) is strictly positive real.
Therefore, by Theorem 4 there exist matrices P > 0, L
and W satlsfylng (23), (22b) and (22c), which indicates
that P >0, L, W and € > 0 satisfy (22). [ )

Remark 3. Theorem 6 gives a general result without the
constraint that the set of controllable modes and the set
of uncontrollable modes do not intersect in Reference [3].

3.4 The case with Controllable and detectable Systems

In this subsection, we state the positive real and strictly
positive real lemmas for controllable and detectable sys-

tems. Let us consider G(s) := C(sI — A)"'B + D such
that (A, B) is controllable and (C, A) is detectable. Then
we obtain two results as the dual cases of the lemmas for
stabilizable and observable systems.

Theorem 7. Assume that o(4) C C_ U Q, (4,B) is
controllable and (C, A) is detectable. Moreover, assume
that |G(s) + GT(—s)| # 0 if o(A) ¢ Q. Then G(s) is
positive real if and only if there exist P > 0, L and W
satisfying (12).

Proof: (Sufficiency) The proof is the same as that of
Theorem 4.

(Necessity) The transfer matrix G7 (s) is also positive real
when G( ) is positive real. Since (AT, CT) is stabilizable

and (B”, AT) is observable, by Theorem 5 there exist
Q > 0, L, and W, satisfying the following equations.
QA" + AQ+ LYLy=0
BT - CQ=W]L,
D" 4 b =W,
By defining P := Q~', L := —L,Q~" and W := W, we
obtain P > 0, L and W satisfying (12). [ )

Theorem 8. Assume that o(A) C C_, (A, B) is control-
lable, (C, A) is detectable and |G(s) +GT(—s)| # 0. Then
G(s) is strictly positive real if and only if there exist
matrices P > 0, L, W and a scalar € > 0 satisfying (22).

Proof: The proof is similar to Theorem 7. '

4. NUMERICAL EXAMPLE

Let us consider G(s) as follows:

G(s) = A-sI|B | _ _20_5 72175(1) _ !

where o(A) C C_, (4, B) is stabilizable, (C, A) is observ-
able. Then G(s) is obviously positive real and the following
P, L and W satisty (12).

11 ) a1
p= 117]>0,L:i[2 2}, W =0
16
By defining V(s) such that G(s)+GT (—s) = VI (—s)V(s),
we obtain
7 —sI|B | _
Vis):= E W s+2

Next, consider the dual system G7(s) of the above
C_?(s)_ Then G7(s) is positive real and the following

P, L and W satisfy (12) for (A, B,C, D) replaced by
(AT, BT CT,DT).

117!

[ 17 -6
117] _[—16 16]>0
16

b (e ]3] e s

W =0
which were calculated by using a method in the proof
Theorem 8. By defining V,.(s) such that GT (s) + G(—s) =
VI(—s)V.(s), we obtain

P =
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N +£2(s — 2)
‘/C(S) T (s 4 2)2

Note that V,(s) is minimal realization, V,(s) has no unob-
servable mode and V,(s) is a transfer function multiplying
an all-pass transfer function (2 — s)/(2 + s) for V(s).

ATfSI‘C’T
I [w

5. CONCLUSION

In this paper, we have stated the positive real lemma
and the strictly positive real lemma (the KYP lemma) for
non-minimal realization systems. First we have shown the
positive real lemma for stabilizable and observable systems
under only the constraint with respect to the regularity
of the systems, by using the generalized algebraic Riccati
equation (GARE). Moreover we have shown that there
always exist the solutions P with positive definite, L and
W. Next we have similarly shown the KYP lemma for
stabilizable and observable systems under only the above
constraint. Finally, as their dual problems, we have shown
that the positive real and strictly positive real lemmas for
controllable and detectable systems have positive definite

P, respectively.
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Appendix A. THE COMPLEMENT OF THEOREM 3

Using (10c), Bo = ol — D and yLy = I — BY Xy,, we
obtain
WTW =~2I —yBI LT — yLyBy — B (X1, + X32) B
=2al — {Bj (VL3 + X35Ls) + (vLa + B3 X22) B2}
=D+ DT

Appendix B. PROOF OF ¢(A) c C_UQ

When G(s) is positive real, G(s) + GT(—s) can be written
as
G(s) + G"(=s) = VI (=s)V(s) = II" (—=5)II(s)

Here, a square transfer matrix II(s) is defined by

A-sI| B

~Zo1 | Im — Za2
where Z51 and Zsy are the elements of Z defined by (B.1).
In Reference [13], it is known that there always exists Z
satisfying the following equations for V(s). (Note that it
is allowable that V(s) is a ¢ x m(q > m) transfer matrix

[13].)

II(s) :=

B.1
Za1  Zaz (B.1)

of(sEe — A, +B,BXZ) c C_uQ

_|A B |10
r= |0 2] =]

ZnA+ATZ + LTL =271 75 (B.2a)
B2 + WTL = —(I — Zy)" Zs, (B.2b)
WIW = (I — Zop)T (I — Z32) (B.2¢)

Let P be P := P — Z;,. By substituting (B.2) for (3), we
obtain

Z:|:Z11 0n><m:|, 211:2,{120

PA+ATP + 2575 =0
C—BTP = (I~ Z»)"Zn
WIW = (I — Zoo)T (I — Zso)
Therefore, by o;(sE. — A, — v ?B.BI'X) = of(sEe —

A, + By,BYZ), Theorem 3 and Lemma 9, we obtain a
solution X with MTET XM > 0 to the GARE (8) such

that of(sE. — Ac =y 2B.BIX)=0(A) CC_UQ. &

Appendix C. ON THE NONSINGULARITY OF
SOLUTIONS OF GARE

Lemma 9. Any solution X satisfying the GARE (15) is
nonsingular if (C, A) is observable.
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Proof: We assume |X| = 0. Then there exists a basis
matrix V with colum full rank of Ker(X). Multiplying V'
from the left hand side and V' from the right hand side
of (15a) yields C.V = 0. Multiplying V from the right
hand side of (15a) and (15b) also yields X7 A,V = 0 and
XTE.V = 0, respectively. Here, we show that a matrix
E.V is of colum full rank. If E.V is not of colum full
rank, there exists a vector y # 0 such that E.Vy = 0.
Now although [E} C_'eT]T Vy =0 by C.V = 0, we obtain
y = 0 from the fact that [E] C’E}T
rank. Therefore, E.V is of colum full rank. Next, since
dim{Ker(X7)} = dim{Ker(X)} by the fact that X is a
square matrix, we can represent E.VO = A,V by using
the full rankness of E.V. Let A and u be an arbitrary pair
(A, u) such that ©Ou = Au and u # 0. Then multiplying u
from the right hand side of E.VO = A,V yields (AE, —

A)Vu=0.By C.V = 0, we obtain the following equation.
ME, — A,

Ce
Since (C, A) is observable and V is of colum full rank, we

obtain v = 0, which contradicts u # 0. Therefore, X is
nonsingular. ®

is of colum full

]VUO, Vu#0
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