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Abstract: This paper will consider the control of spacecraft in a leader-follower formation using
attitude measurements only. To analyze the formation under non vanishing disturbances, the
concept of uniform practical exponential stability is defined. To ease the Lyapunov analysis
a new theorem is provided, giving sufficient conditions for systems that present a cascaded
structure to satisfy this definition. Finally, output control is applied to both the leader and
follower spacecraft and the stability of the overall system is analyzed through the application

of this new result.

1. INTRODUCTION
1.1 Background

There are several reasons for spacecraft formations gaining
so much interest from the research community in the last
decade. The most important is the desire to place mea-
suring equipment further apart than what is possible on a
single spacecraft. This is desirable because the resolution
of measurements are often inversely proportional to the
baseline length, meaning that either a large spacecraft, or a
formation of smaller, but accurately controlled spacecraft
may be used. Large spacecraft that satisfy the demand
of resolution are often impractical and are both costly
to develop and costly to launch. Smaller spacecraft on
the other hand, may be standardized and have a lower
developmental cost. In addition, they may be of a lower
collective weight and/or smaller size such that cheaper
launch vehicles can be used. This also allows for the
possibility of them to piggy-back with other commercial
spacecraft.

1.2 Previous work

The following is a presentation of some of the works done
on output control of spacecraft using quaternion measure-
ments. A globally convergent angular velocity observer can
be found in Salcudean [1991] and is highly referenced in the
later works on output control of spacecraft. In Lizarrald
and Wen [1995] a nonlinear filter is used to compensate for
missing velocity measurements. The passivity properties of
the system are exploited in an output controller so as to
achieve asymptotic stabilization of the closed-loop system.
A nonlinear quaternion based feedback control law is used
in Joshi et al. [1995] to achieve similar stability results.
The controller does not depend on system parameters, and
therefore robustness to modeling errors and parametric
uncertainties are ensured. Two schemes for output attitude
tracking are presented in Caccavale and Villani [1999)].
The schemes are based on results achieved for output
control of robot manipulators, see Berghuis and Nijmeijer
[1993], but as mentioned in Caccavale and Villani [1999]
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the extension is not straight forward due to the nonlin-
ear mapping between the orientation variables, the unit
quaternions. In Bondhus et al. [2005] output control is ap-
plied to the synchronization of a leader /follower formation
of spacecraft. Nonlinear observers are used to estimate the
angular velocities based on quaternion estimates, and the
rotation matrices representing the attitude error between
the reference trajectory and the leader and the follower
spacecraft are shown to converge to the identity matrix
from any initial condition. The tracking control problem
of a follower spacecraft with coupled rotational and trans-
lational motion is addressed in Wong et al. [2005]. Conver-
gence of the position and tracking errors are proven, using
only position and attitude orientation measurements. In
Tayebi [2006] a spacecraft is stabilized without the use
of velocity measurements. A unit quaternion observer is
used together with linear feedback in terms of the vector
parts of the actual unit quaternion and the estimation
error quaternion. Asymptotic stability is proven through
Lyapunov analysis. The model of the relative dynamics
used in this paper has also been treated in Kristiansen
et al. [2006] and Krogstad et al. [2007].

1.3 Contribution

The contribution of this paper is twofold. First, we present
a theoretical contribution consisting of a new theorem for
a system to be uniformly practically exponentially stable
(UPES), provided that the system is of cascaded structure.
This theorem assumes each subsystem to be UPES and a
specific growth of the interconnection term.

Second, the stability of a leader/follower formation is
analyzed taking into account external disturbances, and
using a controller observer scheme originally designed for
the control of robot manipulators. As opposed to most
other papers on the topic, the control of both the leader
and follower spacecraft are considered, and the solutions
of the system are proved to be exponential convergent to
zero, up to a steady-state error that can be arbitrarily
reduced by a convenient tuning of the control gains.
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2. MATHEMATICAL PRELIMINARIES
2.1 Notation

We use the notation & for the time derivative of a vector z,
i.e. # = da/dt. Moreover & = d%x/dt?. The identity matrix
in R™*™ is written I, x,. We use |- | for the Euclidean
norm of vectors. We define Bs := {z € R" : |z| < ¢}.
The minimum and maximum eigenvalue of a matrix A are
denoted by A, (A) and Aps(A), respectively.

2.2 Rotation Matrices and Unit Quaternions

We use the rotation matrix R{, to transform vectors
represented in coordinate frame F, to Fy, while preserving
the length of the vectors. Rotation matrices are special
orthogonal matrices in R3*3, that is, they belong to the
space

SO(3)={ReR>® | RTR=I3y,det(R)=1}.

We will repeatedly use the fact that (Rl‘j)T = (R§)71 =Rt
(where R? is equivalent to the opposite rotation of RY),
that the rotation matrix of a composite rotation is given
by the product of the rotation matrices (i.e. R = RZR?),
and that )
b =S5 (wap) By

The vector w, is the angular velocity vector. The subscript
denotes the angular velocity of reference frame F;, relative
to frame F,, where as the superscript shows that the
vector is decomposed in frame F,. Given a vector w =
(Wg, wy, w;), the matrix S is the skew-symmetric operator

defined as
0 —w, wy
Sw)=|w, 0 —ww]
—wy wy 0
ie. S(w) = =97 (w). Two important properties of the
indexed angular velocity representation are w@, = —wj,

a __ a a
and wi, = wi + wyp..

The quaternions are a generalization of the complex num-
bers, and the set of quaternions, denoted by H, is defined
as, see Ma et al. [2004]:

H=C+Cj, withj*=-1
and where the set of complex numbers is defined as

C =R + Ri with i2 = —1. Furthermore, an element of H,
that is a quaternion, is of the form

Q=n+ei+ej+ek
with n,€1,€2,e3 € R and k = ij = —ji. In this paper we
will focus on a subgroup of H, the unit quaternions:

s'={Qem | |QF=1}. (1)

The unit quaternions (or Euler parameters) can be used
to represent rotation matrices, and this representation
has the advantage of avoiding singularities (as opposed
to rotation matrices represented with Euler angles). We
will in the following use the vector g to represent the
quaternions, with its elements being the real elements of
Q, i.e. ¢ = (n, €) where € = (€1, €2, €3). The rotation matrix
for the unit quaternions is (see Hughes [1986])

R(q) = I3xz + 215 (€) + 252 (e).

Therefore, ¢ and —g represents the same orientation. We
use ¢ to denote the complex conjugate of ¢, i.e. § = (1, —¢€).

The quaternion product between two vectors ¢, = (14, €4)
and ¢, = (m,€p) is defined, see Egeland and Gravdahl
[2002], as

Na"lb — G;I—Eb :|

® =
a0 |:7]a€b + myéa + S (€a) €

We define the matrix
E(q) = nlzxs + S(e).
The kinematic differential equation can now be derived as

.1 |:—€T:|
= — w,
T3 B
relating the time derivative of the quaternion to the
angular velocity. We will use the notation g4, for the

quaternion describing the orientation of a frame F relative
to a frame F,.

Perfect tracking in terms of the quaternion error ¢4 =
Gid ® qi1, where ¢;4(t) represents a possibly time varying
reference orientation and ¢;q represents the actual orien-
tation, is achived when ¢4 = (£1,0,0,0).

2.8 Stability Definition

Practical exponential stability properties pertain to pa-
rameterized nonlinear time-varying systems of the form

&= f(t,z,0), (2)
where 2 € R", t € R>p, § € R™ is a constant parameter
and f : Ry x R” x R™ — R” is locally Lipschitz in x
and satisfies Carathéodory conditions for any parameter 6
under consideration. € is a free tuning parameter, and can
for instance be a control gain.

Definition 1. Let A be a positive constant, and let © C
R™ be a set of parameters. The system (2) is said to be
uniformly practically exponentially stable on O if, given
any 6 > 0, there exists a parameter 6*(0) € © and positive
constants k(6) and v(d) such that, for any zo € Ba and
any to € R>¢ the solutions of (2) satisfies, for all ¢ > ¢,

|z (t, to, x0,0%)| < 6 4 k(8) |xg| e V(O E—to)

This property is strongly related to its asymptotic homol-
ogous introduced (and commented in detail) in Chaillet
and Lorfa [2008, 2006]. It is however a stronger property
(though only locally), as it imposes an exponential be-
havior of the solutions in the considered domain of the
state-space. We will also stress that ultimate boundedness
is a weaker property than practical stability. For a system
posessing the latter property, the vicinity of the origin to
which the solutions converge may be made arbitrary small
by convenient tuning of some parameters of the system,
typically the control gains.

2.4 Lyapunov Sufficient Conditions

Sufficient conditions for UPES are given in the following
theorem:

Theorem 1. Let © be a subset of R™, A > 0 and suppose
that, given any § > 0, there exist a parameter 0*(0) € ©, a
continuously differentiable Lyapunov function Vs : R>g x
Ba — Rsg and positive constants x(9), k(d), ®(J) such
that, for all z € Ba \ Bs and all ¢ € R,

£(0) |z” < Vs(t, x) < F(9) |=|” (3)
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oV )%
S (ta) + S (@) f(te,0) < —(@) 2", (4)

where p denotes a positive constant. Assume also that
®(0)6P
lim F(9)
6—0 ﬁ((;)
Then the system & = f(¢,z, ) introduced in (2) is UPES
on the parameter set ©.

The following result establishes UPES for systems present-
ing a cascaded structure:

Theorem 2. Under Assumptions 1-3 below, the cascaded
system
T :fl(tax1791)+g(t7x79) (5)
By = fa(t, x2,02) (6)
is UPES on @1 X @2.
Assumption 1. There exists a continuous function gg :
R>g — R>g and, for any 0 = (0] ,6; )" € O, there exists
a class K function Ggl independent of 03 and such that,

for all 2 = (] ,29 )T € Ba, x Ba, and all t € Ry,

l9(t,2,0)| < go(|z1]) G, (|2]) -

Assumption 2. Let A be a positive number. Given any
91 > 0, there exists a parameter 67(d;) € Oi, a con-

tinuously differentiable Lyapunov function Vs, : R>g x
Ba, — Rs( and positive constants x(d1), k(d1), ®(d1),
¢(d1), n(d1) such that, for all z; € Ba, \Bs, and all t € R>o,
£(01) |1]” < Vo, (¢, 1) <F(d1) |21 (7)

a‘/él 8‘/61 *
P (1) + S 1) o (0 01,09) < —(0) 7 (9

Vs
‘ 8;11 (t,z1)| go(|z1]) < c(d1) +n(61) [a1”,  (9)
R(61)0%
= 1

61 —0 @(51) 0 ( O)

where p denotes a positive constant.

Assumption 3. The system @9 = fo(t, x2,02) is UPES on
Os.

The proofs are omitted due to the lack of space.

3. MODEL
8.1 Model of Leader Spacecraft

The model for the leader spacecraft is (Hughes [1986]):

qir = L s wj

T2 | E(qu)] T

Jily + O (Wh) Wl =7+ dy (12)

with J; € R3%3 being the leader spacecraft inertia matrix,

wzl-l the angular velocity of the spacecraft relative to the

inertial frame, C; (wﬁl) = -5 (leﬁl) and 7; and d; the

input and disturbance moments on the leader spacecraft,
respectively.

(11)

3.2 Model of Follower Spacecraft

The model used for the follower spacecraft is similar to the
one found in Kristiansen et al. [2007], where the model of

the relative attitude in a leader-follower formation can be

written as )

Ql'[_eg}wf (13)
T2 [ E(ap)] ™V
walerCf(Wlf)wlfernf( zl7wlf) Fo+Ta (14)
with Jp € R3*3 being the follower spacecraft inertia
matrix, wlf 7 the angular velocity of the follower spacecraft

relative to the leader spacecraft, Cy = fS(walff) and
ny =(S(R{wi) T RY = Jp RIS (@) Ty

(=S(JrR{wh) + JpS(R]Wh) + SR why) Jp)wi,
Furthermore,
T,=71l—JR J 7 (15)
a f AT
and
Ty =d} — JyRlJ7\d] (16)

with 7 and dy as the input and disturbance moments on
the follower spacecraft, respectively.

Remark 1. Note that the matrices C;, i € {l, f} satisfy
the inequalities

|Ci (a)b] < [Ji] |al 0]
and are linear in their arguments, i.e.
Ci (¢1a + d2b) = ¢C; (a) + ¢C; (b)
for any vectors a,b € R? and any constants ¢, ¢s € R.

3.8 Model Assumptions

We pose the following assumption on the spacecraft mod-
els:

Assumption 4. The inertia matrices J;, i € {l, f} are sym-

metric and positive definite, and satisfy the inequalities
ay, < |Ji| < By,

with as,, 85, € R being positive constants.

Assumption 5. The disturbance moments d;, i € {l, f} are
bounded

|di| < Ba,
with B4, € R being positive constants. Furthermore, we
assume that

|Tl + dl' < ﬁ("’ﬂrdl)
with B, 44,) being a positive constant.

4. CONTROLLER-OBSERVER DESIGN
4.1 Leader Spacecraft

The desired angular velocity of the leader spacecraft is
usually given with reference to the inertial frame as w;,.
In the leader spacecraft frame it is

zd - Rl id
where as its time derlvatlve is
zd - R’L id + R’L id
=-5 ( Wi ) Wid + R1 id
We see that to evaluate the derivative we need to know

the actual velocity of the leader spacecraft wﬁl, so we will
therefore use the modified acceleration Vector

(ld:—S( : ) ’Ld+RZ id
Rz id
Let us assume the following:

(17)
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Assumption 6. The desired angular velocity and the de-
sired angular acceleration of the leader spacecraft are
bounded, i.e. |w§d’ < ﬁw@d and ‘d)ﬁd| < ﬂud.

The following controller-observer scheme is the same as in
[Caccavale and Villani, 1999, Theorem 1]:

Controller 1. Let the control law be

7 = Jiar 4 Ci(we)wr + ky(wp — w,) — kpear (18)
1

ar = aq — */\dE(qcze)wde (19)

Wy —w — Ad€de (20)

We = w — Ae€el (21)

with k., kp, )\e, Ad € R constants to be defined, €4 as the
vector part of the quaternion product qg = @iq ® i1, €4e as
the vector part of gge = @iq ® Gie, €e; and 7, as the vector
and scalar part of go; = Gie ® qi1, respectively, wée = wﬁe —
wﬁd and F(qge) = Nael + S(eqe). Here, g;q represents the
orientation of the desired frame, g;. the orientation of the
estimated frame, and finally ¢; the actual orientation of
the leader spacecraft, all relative to the inertial frame. Let
the observer be

i =a, + I (lp€er — kpear + lyAemei€er) (22)
wﬁe =2+ A€l + 2Jlfllveel (23)
with [,,1, € R constants to be defined.
Let us first define the sliding variables
04 =wh —w, (24)
= w(ljl + Ad€de (25)
and
oo = wh — wo (26)
= w4+ Aeear (27)
Define g == 1 — ng and 7 = 1 — ng. Let xo :=

(0ds Tdls €dly Ocs ety €ct)- The error dynamics can be written
on state space form &y = f5 (¢, x2, 62), where

e
L)
5 E dl
fo (b, 0) = |2 LE 00 (28)
Ji
1 [ €el } l
2 E(Qel) el
with
5 = Cl( 11)0—d k‘vo—d - kpedl + kvae - Cl(ae)wr
— JlS (wld) Wiq + dl (29)
64 = - (lvE(qd) —k I)Je - lpeel - kvgd - Cl(o—e)wr
- Ci(wi)oa + di (30)

Remark 2. Note that we have chosen to characterize per-
fect tracking in terms of the quaternion error to when
ng = +1 and ne = +1, cf. the discussion about perfect
tracking in Section 2.2. We could just as well have used
na = —1 and g = —1, or both - that is, defined tracking
error in terms of the scalar part of the quaternion product
as 1 — |ng| and 1 — |ne|. Throughout the literature it has
been common to use the signum function in the control
law for efficient maneuvers. Such an approach would not
fit our framework, since this would violate the assump-
tion of our system to be locally Lipschitz and satisfy the

Charathéodory conditions. A thorough analysis of stability
with respect to sets using discontinuous Lyapunov func-
tions can be found in Fragopoulos and Innocenti [2004].
Proposition 3. Let Assumption 4, 6 and 5 hold. Then, the
system &9 = fo (t,29,02) is UPES.

Proof. The proof is mostly similar to the proof of [Caccav-
ale and Villani, 1999, Theorem 1]. Consider the positive
definite Lyapunov function candidate

1
Vo =504 d J10a + k(1= na)® + €gear)

1
+ *U;r]lae + lp((l - 77el)2 + GLEel)

2
Following the steps of the proof of [Caccavale and Villani,
1999, Theorem 1] we find that the time derivative of the
Lyapunov function candidate along the error dynamics are

Vo = — kyog 04 — kpAanei€g€ar + kpXanae€an
— 04 Cloe)wr +04 JZS(Wld) i
— (el — ku)o) Te — LpAee el
— ol Clo)w, — 0] C(wl)oa
From Remark 1 we have that |Cj(a)b| < 8,,]]a| |b] and we
see that the following inequalities hold:

1 2 2
U;IFC(UE)WT < §IBJZ(|0d| + |oel )(‘Will| + @uﬁd + |oal)

1
0! Cwi)oa < 5B (o + o)
o) Cloe)wr < By, |oel” (|| + Bur, + loal)

0q JiS(Wig)wia < BBt loal (7al + Aa(lect] + lear]))
We will in the following use that
ledel < lee| + learl

(31)
and

|w¢lil| < loal + Ad |€del (32)
After some intermediate calculations we end up with:

Vo < — (kv — B,(Naleae| + = |O’d|+(2+>\d)ﬂ ))\0d|

7
( vllel — 2ﬂJl ()‘d ‘€d€| + /8 l + - ‘UdD) |0€|
1
§(k Aanet = B8t Aa) lear]?
1
5( ﬁJlﬁ 1 Ad) leet]?

1 1 [leal]” kpXane —kpAa| |leal
2 |€el| *kp>\d lp>\e |€el|
+ (loal + loe|)Ba,

Let |z3| < Ay < 1. Then, for any 8y < |x3|, we define

3
k: = [ </\d + §A2 + (2 + )\d)ﬁwﬁd + ﬁ(sdl)

1 7L Ba
* o _ i
oo ey (2 (s G ) + )
o BBt
p = ——
V1= A2
. 5Jzﬁwl.d>‘d kp/\d
l; == max et =
Ae Aey/1 — A2

such that with k, > ki, I, > 5 (ky),kp, > ky and [, >
Ly (kp) condition (4) of Theorem 1 is satisfied, provided
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that n¢; does not change sign. Note that for the considered
domain of the state space, namely where |xa] < Ag,
V5 is in fact a proper Lyapunov function, i.e. its time
derivative can be bounded as in (4). To see this, let ¢;
and ¢y be positive constants. For |zo| < Ay we have that
Netsnar > 0, so —cilear]* < —1/2ci(lea]® + (1 — nar)?)
and —ealeq]? < —1/2ca(lec]® + (1 — ne)?). Condition (3)
is satisfied with V5 = Va, k(0) = min{1/2ay,, kp, 1},
R(0) = max {1/28;,,2kp, 21, }. Hence, for any x(0) € Ba,,
where Ay := /R(5)/k(8)As, we are ensured that 1.; does

not change sign. Furthermore,
R max {36, 2y 20, )83
52—0 K (02) min{%aJl,kp,lp}
and we can conclude UPES with 8 = (kp,l,, ky, 1) as

tuning parameter.

= lim
52 —0

4.2 Follower spacecraft

In the design and analysis of the follower spacecraft, we

will overline the subscripts to distinguish vectors from the

vectors related to the leader spacecraft. The subscript d
denote the desired frame and é the estimated frame of
follower spacecraft. E.g. w?- will be the desired angular
velocity of the follower spacecraft relative to the leader
spacecraft.

Consider the control law:

Controller 2.

Tf =Jrar + Cp(ws)wr + ks (wr — ws) — kpeqy (33)
ar = ag — */\d‘E (dde)ws, (34)
Wy = wf >‘d€de (35)
Ws fwle Ae€ef (36)

with kg, kj, A7, Ae € R positive constants, €z, as the vector
part of the quaternion product ¢z = @14 ® qif, €4; as the
vector part of ¢z = (jh;@qlé, €z as the vector part of gey =

Qe ®qlf7 [é = wlfe 7“’1(1 and E(Qde) 77deI+ S(ede) Here
the desired orientation of the follower spacecraft relative to
the leader is described by g4, the actual orientation of the
follower spacecraft relative to the leader is ¢;¢, and finally
qiz is the estimated orientation of the follower spacecraft

relative to the leader. Since the states wlff and wél are
assumed unknown, we have introduced the acceleration

vector ag = wa -. Let the observer be

z= ar + J;l(lpﬁéf — kperif + l@)\éﬂéfﬁgf) (37)
Wiy =2+ Neeay + 275 sy (38)
with I3 and [; positive constants.
To ease the analysis we will define the variables:
o5= wlff — wr (39)
= wgf + /\JEJé (40)
and
aé:wlff — ws (41)
= wgf + )\gGéf (42)

Define 75, := 1 — ngp and 7gr := 1 — nep. Let zq =
(0q;Tdfs €aps Oes Tlefs €ep)- We can write the error dynamics
on state space form, as:

f1 (t 1'1,91) (t Ll?) (43)
$2:f2 (t,z2,02) (44)
where .
J’;r &1
1 { €ar } o
_ _ d
fi(t,z1,61) = 2 E(g‘ilf) !
TG
o)
2 E(Qéf) ef
with
é‘ :—Cf(wlf) — kg v0q — kﬁegf‘f'kﬁgé_Cf(O'é)Wf
+ S (wlf> Wi+ dh = I RL I 5+ )
§o = — (lﬁE(QEf) - k‘al)Ué - lp€éf —kyog — Cf(Ué)wF
- Cf(wlff)ag—‘r dy — JfRfjil(Tll + dl)
—ng(w mwzf) JfS( ) lwzl
- 0
g(t,z) =
_nf(wfl’wlff)
0

Finally, fa(t,22,602) is as in (28-30). Since w!, =
Nd€de +w'y(t) and wlff =04— )\gwlfg(t), it may happen that
g(t, ) # 0 when x5 = 0. For that reason, define g(¢,z) :=
g(tu $1,$2) - g(ta X1, 0) and fl(tyxh 91) = f(t,(El, 91) +
g(t, z1,0). Similar arguments as in Remark 2 would apply
to this system. We are now ready to state the following
proposition:

Proposition 4. Let Assumption 4 and 6 hold. Then, the
system 1 = f1(t,x1,0)+g(¢t, x), &2 = fa(t, x2,0) is UPES.

Proof. To prove this proposition we will apply Theorem 2.
We will first prove Assumption 1, i.e. boundedness of the
interconnection term g(t,x). We will in the following use
|S () | = || and |R| = 1. It can be shown that

l9(t,2)| < a1]a2| + aslzs|? (45)
with aq, as being positive constants, independent of z1, x2,

01, 02 and t. Hence, the function go and Gp, of Assumption
1 can be chosen as

go(s) =1 (46)
Gy, (s) = a15 +azs® Vs >0 (47)
Therefore, Assumption 1 is satisfied. Now we will prove

Assumption 2. Consider the positive-definite Lyapunov
function

o4 —

1
Vl = 5(7;{Jf0’g+ k'i)((l — T}Jf)Q + nged’f)

1
+§0;—Jfaé +15((1 —mep)?® + egfeéf)

This function satisfies condition (7) of Theorem 2 with

Vs = Vi, p = 2, k(6) = min{l/2ay,,kp,l5} and
R(0) = max {1/203;,,2kp, 2[5 }. Furthermore,

3V1

Ox1 71 Q
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where Q = diag(Jf, 2k§]4><4, Jf, 2l17]4><4), SO
oV,
Ox1

It will shortly be shown that Aj;(Q) depends on §; through
kp and [. Since any linear function can be upper bounded
by the sum of a quadratic function and a constant, we
conclude that condition (9) is satisfied for some constants
¢(01) and (d1) and p = 2. To prove condition (8), it should
first be noted that there exist positive constants ag, ay4
and as, independent of z1, x5, 01, 05 and t, such that for
|1’1| Z 513

2.

go(|z1]) < Am (@)1 ].

|21

1
The intermediate calculations have been left out due to
space limitations. Let |z1] < A; < 1. For any §; < |aq]
the time derivative of the Lyapunov function can be upper
bounded by:

V< _<k17

7§(t,$1,0) Sai’) +a’4|0J|2+a5|05|2 (48)
8.’E1

3_
B (Aa+ 5B+ 2+ A8 )

Bgf + B + a3
Yol
6 d

| 2

1
—3 (kpnel)\d' AiBi; B, 1=

) \Gdf\z

1 B as 2
—3 (lﬁ)‘é — Aab B 51) (=3

T —
1 [’Qif\] [kp’?elAEi —’fp/\d} [’Qif\]
2 | leey| —kpAd  IpAe =

where 3 := Ba; + By, s, Br,+4,)- By defining

3 _ ﬁifﬁ + B + as
k5 =B, (/\Cfr AT+ (2+ X278 f7> +ag + ————
2 “ia (51
1 B+ as
= ks +2 A=A
v m( +/8]f<d4 1+6f>+0,5+ 51
AiBi By + 5
ky ==
P11 - A2
- ag
[% :=max { )\dﬁJfﬁw{& T ksAa _ }
Aé )\é\/ ]. - A%
and choosing the control gains such that kz > &k}, Iz >

l5(kv), kp > ki and l; > I5(kp) we satisfy condition (8),
provided that x(0) € Ba, where Ay = /E(0)/k(6)A;.
Since the gains are linearly dependent on 1/07

i E(61)6) max {1/20;,, 2k, 2lp}(5p

51 —0 @(51) - 61—0 D> p} B
holds, and condition (10) is satisfied. Hence, by the same
arguments as in the proof of Proposition 3, all conditions
of Assumption 2 are satisfied. Finally, it is shown in

Proposition 3 that the system @9 = f (¢, 22,02) is UPES
and the conclusion of Proposition 4 follows. |

min {1/2ay,, k

7di
—€dl,1
—¢€dl2

€d3

?
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Ang. vel error [rad/s|

Fig. 1. Orientation and angular velocity tracking error of

the leader spacecraft
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Fig. 2. Orientation and angular velocity estimation error
of the leader spacecraft

5. SIMULATION

The spacecraft inertia matrices were chosen to be J; =
)Jf = diag{6,7,8}, where as the input torque were satu-
rated to max {Tl} = max {77} = 20. The disturbances act-
ing on the spacecraft, d; and df, were band-limited white
noise of power 0.1 and sample time of 0.1 acting about all
body frame axis. Examples of disturbances on a spacecraft
orbiting Earth are torques due to gravitational, aerody-
namic and magnetic forces. The initial conditions for the
leader spacecraft model were ¢;;(0) = (1/2,1/2,1/2,1/2)

and w;(0) = (0.2,0.3,—0.2), where as the controller
had initial conditions ¢;.(0) = (1/2,—1/2,1/2,—1/2) and
2(0) = (5,6,4) and gains k, = 24, k, = 426, [, = 2700,

l, = 144, A\q = 20 and A, = 10. The reference signal
was chosen as wi; = 0.1 x (sin g5t + 5, sin 7t,sin 5t + 7).
Figure 1 shows the orientation and angular Veloc1ty track—
ing error of the leader spacecraft. Figure 2 shows the
estimation errors. The follower spacecraft were chosen to
track the orientation and angular velocity of the leader
spacecraft. The initial conditions of the follower spacecraft
model were ¢;r(0) = (1/2,1/2,1/2,1/2) and w;f(0) =
(0,0,0). The controller initial conditions and gains were
qe(0) = (1/2,-1/2,-1/2,1/2) and 2(0) = (5,6,4) and
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Fig. 3. Orientation and angular velocity tracking error of

the follower spacecraft
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Fig. 4. Orientation and angular velocity estimation error
of the follower spacecraft

kp =kp, ks = ky, lsg =1y, I = lp, A\g = Mg and ez = A,
respectively. The gains of the controller and observer were
chosen based on the outcome of the Lyapunov analysis in
the previous sections. Figure 3 and 4 show the simulation
results.

6. CONCLUSION

We have stated a definition for UPES and theorems for
Lyapunov sufficient conditions for a systems to satisfy the
definition. Exponentially stable equilibrium points are well
known for their robustness to disturbances vanishing at the
equilibrium point and their fast convergence rate. With
the new theorems, stability of a neighborhood of such
equilibrium points can be adressed under nonvanishing
perturbations, and by a convenient tuning of parameters
such neighborhoods can be made arbitrarily small, while
still ensuring exponential convergence of the solutions.

The theorems were used to analyze the stability of space-
craft in formation using a cascaded reasoning. Both space-
craft were controlled using knowledge of their orientation
only. Simulations were performed, which support the ro-
bustness results of the stability analysis.
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