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Abstract: The paper is concerned with stable adaptive schemes for semi-active control of suspension
systems, which can deal with uncertainties in a nonlinear model of MR damper. To compensate
for unknown nonlinear hysteresis dynamics of the MR damper, an adaptive inverse controller is
implemented by indirect and direct methods. In the indirect method, on-line identification of a forward
model of MR damper is executed. The direct method updates the inverse controller directly. Then a
linear control scheme is designed and applied to the nonlinearly compensated system to give the desired
damping force by taking into account the passivity of the MR damper. The effectiveness of the proposed
adaptive semiactive control scheme is validated and the stability of the obtained total adaptive system is
analyzed.

1. INTRODUCTION

Magnetorheological (MR) damper is a promising semi-active
device in areas of vibration isolation for suspension systems
and civil structures. The viscosity of MR fluid is controllable
depending on input voltage or current. Since the MR damper in-
herently has uncertain nonlinear hysteresis dynamics, its mod-
eling is an important issue in realization of semi-active vibra-
tion isolation control. In the present paper we give a stable
robust adaptive inverse controller which can compensate for
uncertain nonlinear hysteresis dynamics of the MR damper.
The robust LQ controller is also employed to generate desirable
damper force to attain vibration isolation of suspension system.
The main purpose of the paper is to analyze the stability of the
total system consisting of the adaptive inverse controller and
robust LQ controller.

The adaptive inverse controller is realized by identifying a
forward model of the MR damper or by directly adjusting the
inverse model of MR damper without identification of the for-
ward model. Many efforts have been devoted to construction of
forward models of MR damper from static and dynamic points
of view (Spencer et al. [1997], Yang [2001], Choi et al. [1998],
Pan et al. [2000]). The Bouc-Wen model and its variations
are typical models which can express the hysteresis dynamics
explicitly (Spencer et al. [1997], Yang [2001]), and Ham-
merstein class of nonlinear model was also investigated (Song
et al. [2005]). However, they include too many parameters in
nonlinear forms to identify in an on-line manner. Alternative
modeling is based on the LuGre friction model (René et al.
[2005]) which was originally developed to describe nonlinear
friction phenomena (Canudas et al. [1995]). It has rather sim-
ple structure and the number of model parameters can also
be reduced, however, it is not adequate for real-time design
of an inverse controller by using the obtained forward model.
We have obtained the new MR damper model by modifying
the LuGre model and given an analytical method for adaptive
inverse controller design (Sakai et al. [2003], Terasawa et al.
[2004]). However, since some adjusted parameters appear in
the denominator of the adaptive inverse controller, the stability

of the total system is only assured in restricted conditions. In
this paper, we also give an adaptive scheme to directly adjust
the inverse controller with linearly parameterized form without
using the forward model.

The LQ controller can give the desired damping force to
match the seat dynamics to a desirable reference dynamics.
The previous works based on deterministic control schemes
were by the clipped-optimal control (Dyke et al. [1996], Lai
et al. [2002]), LQ control (Zhang et al. [2006]), gain-scheduled
control (Nishimura et al. [2002]), and H∞ control (Shimizu
et al. [1999], Du et al. [2005], Sakai et al. [2006]), where
any adaptive schemes were not employed. One of the main
purposes of the paper is to give the LQ control scheme taking
into account the dissipativity of the MR damper and to clarify
the stability condition of the total semi-active control system
considering interaction between the adaptive inverse controller
and LQ controller. Finally the validity of the proposed control
scheme is discussed in numerical simulation.

2. SEMI-ACTIVE SUSPENSION SYSTEM

Fig.1 illustrates a simple suspension system installed with MR
damper between the car chassis and the wheel assembly. The
dynamic equation is expressed by

Msẍs +Cs(ẋs − ẋu)+ Ks(xs − xu) = −FMR (1)

Muẍu +Cs(ẋu − ẋs)+ Ks(xu − xs)+ Kt(xu − xr) = FMR (2)

where Ms is the sprung mass, which represents the car chassis,
Mu is the unsprung mass, which represents the wheel assembly;
Cs and Ks are damping and stiffness of the uncontrolled sus-
pension system, respectively; Kt serves to model the compress-
ibility of the pneumatic tyre. xs and xu are the displacements
of the sprung and unsprung mass, respectively; xr is the road
displacement input; FMR is the damping force supplied by the
MR damper. This can be represented in the state-space form as

ẋp = Axp +bFMR +eẋr (3)

where
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Fig. 1. Suspension system with MR damper
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xp = [xs − xu xu − xr ẋs ẋu]
T
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b = [0 0 −1/Ms 1/Mu]
T

e = [0 −1 0 0]
T

Fig.2 and Fig.3 show schematic diagrams of the proposed
adaptive semiactive control for the suspension system. The
adaptive algorithm consists of two controllers: the first is a
linear quadratic (LQ) controller with full-state feedback that
generates a command damping force FA, when the parameters
of the suspension system are known; the second is an adaptive
inverse controller which can give required input voltage v to
MR damper so that the damping force FMR is equal to FA. If the
adaptive inverse controller is designed so that the linearization
from FA to FMR can be attained, that is, FA = FMR, we can
realize almost active control performance. For construction
of the inverse controller, the forward model of MR damper
is identified and then the input voltage to MR damper is
calculated as shown in Fig.2. Fig.3 gives an alternative scheme
in which the inverse controller is directly updated without
identification of MR damper. Since the MR damper is actually
a nonlinear semi-active device, it is difficult to make it work as
an active device, and it needs very fine and complicated tuning
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Fig. 3. Proposed direct adaptive semiactive control scheme based on inverse

modeling

of both the adaptive inverse controller and adaptive reference
controller.

3. ROBUST LQ CONTROL WITH DISSIPATIVITY

This paper uses robust LQ control to design the active damping
force FA. The semi-active constraint of the MR damper signi-
fies that FMR 6= FA and therefore it is necessary to define the
following disturbance term

δMR = FMR −FA (4)

which is assumed to be bounded by

‖δMR‖2 ≤ ∆MR (5)

Restating (3) in terms of FA and δMR,

ẋp = Axp +bFA +bδMR +eẋr (6)

The robust control objective becomes

J∞ = sup
δMR∈L2

‖z‖2

‖δMR‖2
< γ (7)

where

z =

[

(

Q− r−1ssT
)

1
2

0

r−
1
2 sT r

1
2

]

[

xp

FA

]

(8)

where Q = qI and s =
[

0
T s1 s2

]T
, while q > 0 and r > 0.

Therefore

‖z‖2 =

∫ ∞

0

[

xT
p FA

]

[

Q s

sT r

][

xp

FA

]

dt

=
∫ ∞

0

(

xT
pQxp + 2xT

psFA + rF2
A

)

dt (9)

Assuming that the road perturbation ẋr is a random signal with
zero mean, the active control force considering the disspativity
is given by

FA = −kT xp (10)

k =
Pb+s

r
(11)

and P is the solution of the corresponding Riccati equation:

Q+PA+ATP −Pb
(

1− γ−2
)

bT P = 0 (12)

If all of the states are not available, the observer can be designed
from the sensor data, for instance xs − xu and ẍs, and an output
controller is implemented.
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4. ADAPTIVE INVERSE CONTROL SCHEMES

4.1 Indirect Adaptive Control via Forward Modeling

MR damper is a semi-active device in which the viscosity of the
fluid is controllable by the input voltage or current. A variety
of approaches have been taken to modeling of the nonlinear
hysteresis behavior of the MR damper. Compared to the Bouc-
Wen model (Spencer et al. [1997],Yang [2001]), the LuGre
model has simpler structure and smaller number of parameters
needed for expression of its behavior (René et al. [2005]). We
have also modified the LuGre model so that a necessary input
voltage can be analytically calculated to produce the specified
command damping force FA (Sakai et al. [2003]).

The damping force FMR is expressed by

FMR = σaz+ σ0zv + σ1ż+ σ2ẋ + σbẋv, (13)

ż = ẋ−a0|ẋ|z (14)

x = xs − xu (15)

where z is an internal state variable [m], x is the relative dis-
placement between the car chassis and the wheel assembly [m],
σ0 stiffness of z influenced by v [N/(m·V)], σ1 damping coeffi-
cient of z [N·s/m], σ2 viscous damping coefficient [N·s/m], σa

stiffness of z [N/m], σb viscous damping coefficient influenced
by v [N·s/(m·V)], and a0 constant value [V/N]. The model was
validated in experimental data (Terasawa et al. [2004]).

Substituting (14) into (13) gives the nonlinear input-output
relation as

FMR = σaz+ σ0zv−σ1a0|ẋ|z+(σ1 + σ2) ẋ + σbẋv

= θT
f ϕ f +θT

g ϕgv (16)

where θ f = (σa, σ1a0, σ1 + σ2)
T and ϕ f = (z, −|ẋ|z, ẋ)T ,

θg = (σ0, σb)
T and ϕg = (z, ẋ)T . Since the internal state z

of the MR damper model cannot be measured, the regressor
vectors should be replaced with their estimates as

ϕ̂ f = [ẑ −|ẋ|ẑ ẋ]
T

(17)

ϕ̂g = [ẑ ẋ]
T

(18)

where the estimate ẑ is given later by using the updated model
parameters. The output of the identification model is now
described as

F̂MR = θ̂T
f ϕ̂ f + θ̂T

g ϕ̂gv (19)

where θ̂ f and θ̂g are the parameter estimates. By using the

damping force estimation error defined by εm ≡ F̂MR−FMR, and
the identified parameter â0, the estimate ẑ of the internal state
can be calculated as

˙̂z = ẋ− â0|ẋ|ẑ− lεm, (20)

where l is an observer gain such that 0 ≤ l ≤ 1/σ̂1max, and
the upper bound is decided by the stability of the adaptive
observer Terasawa et al. [2004]. The adaptive laws for updating
the model parameters are given as

˙̂
θ f = −Γ f ϕ̂ f εm −σ f Γ f θ̂ f (21)

˙̂θg = −Γgϕ̂gvεm −σgΓgθ̂g (22)

where Γ f and Γg are positive definite matrices, σ f and σg

are positive design constants. Though Γ f and Γg may vary
with time, it is defined by this paper as constant for practical
implementation.

The role of the adaptive inverse controller shown in Fig.2 is
to decide the control input voltage v to the MR damper so
that the actual damping force FMR approaches the specified
command damping force FA, even in the presence of uncertainty
in the MR damper model. The input voltage giving FA can be
analytically calculated from the identified forward model of
MR damper. Actually using the identified model parameters,
the input voltage v is obtained from (16) as

ρ = θ̂T
g ϕ̂g (23)

dρ =

{

ρ for ρ < −δ , δ < ρ
δ sgn(ρ) for − δ ≤ ρ ≤ δ

(24)

vA =
FA − θ̂T

f ϕ̂ f − lεm

dρ
(25)

v = sat(vA), 0 ≤ v ≤Vmax (26)

where FA is the optimal control force as determined by the
LQ controller. vA is assumed to be fixed near ρ = 0 to avoid
division by zero. Due to these saturation effects, the semi-active
force FMR may not fully match the active optimal control force
FA. Stability analysis results are similar to the case of indirect
adaptive control via inverse modeling, which is presented in the
appendix.

4.2 Direct Adaptive Control via Inverse Modeling

In the previous section, the inverse controller is obtained ana-
lytically from the estimated parameters of the forward model of
MR damper. However, as expressed in (25), some adjustable pa-
rameters appear in the denominator of the inverse controller and
so zero-division should be avoided. Therefore, we consider a
linearly parameterized inverse model, as shown in Fig.3. Since
the damper force FMR is given as a function of the velocity ẋ,
input voltage v and internal state z as shown in (16), its inverse
model for the input voltage v can be expressed as a function
of ẋ, z and FMR. Hence, we consider an inverse model which is
expressed by a linearly parameterized polynomial model as:

v =
n

∑
j=0

m

∑
i=0

hi+(m+1)k+1 |ẋ|
i |z| j

FMRsgn(ẋ)+ δc

(27)

where the inverse model has two inputs of ẋ and FMR, and one
output of v. z is an internal state of the MR damper, which can
be calculated as given previously by

ż = ẋ−a0|ẋ|z

where a nominal value of a0 is assumed to be known via the
forward modeling. δc represents the unknown approximation
error, which is assumed to be bounded,

sup |δc| ≤ ∆C (28)

The unknown bound ∆C can be made arbitrary small by increas-
ing the order of polynomial approximation. In simulation, an
inverse model with m = 4 and n = 1 is adopted.

The inverse model is also expressed in a vector form as

v = θT
c ϕc + δc (29)

where

θc = (h1, h2, · · · , h(n+1)(m+1))
T (30)

ϕc = (FMR sgn(ẋ), |ẋ|FMR sgn(ẋ), · · · , |z|FMR sgn(ẋ)

|ẋ||z|FMR sgn(ẋ), · · · , |ẋ|m|z|nFMR sgn(ẋ))T (31)

Then the identified model is expressed as
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Fig. 4. Road excitation, displacement xr and velocity ẋr .

v̂ = θ̂T
c ϕc + µ (32)

where the identification error εv is defined as

εv = v̂− v (33)

and µ is a robustifying term given as

µ = ∆̂cηc tanh((a + bt)εv) (34)

ηc > 1 and a,b > 0. The adaptive parameters θ̂c and ∆̂v are ad-
justed in an on-line manner so as to minimize the identification
error according to the following adaptive laws

˙̂θc = −Γcϕcεv −σcΓcθ̂c (35)

˙̂∆c = γ∆c |εv|−σ∆cγ∆c ∆̂c (36)

where Γc is a positive definite matrix, γ∆c , σc and σ∆c are
positive design constants. For practical implementation, Γc is
chosen constant.

Fig.3 describes the indirect adaptive damper control via inverse
modeling. The control input voltage v is given as

vA = θ̂T
c ϕA (37)

v =

{

0 for vA ≤ 0
vA for 0 < vA ≤Vmax

Vmax for Vmax < vA

(38)

where

ϕA = (FA sgn(ẋ), |ẋ|FA sgn(ẋ), · · · , |z|FA sgn(ẋ),

|ẋ||z|FA sgn(ẋ), · · · , |ẋ|m|z|nFA sgn(ẋ))T (39)

Again due to the semi-active nature of the MR damper, FMR

may not fully match the active optimal control force FA. Stabil-
ity analysis and results are provided in the appendix.

5. SIMULATION RESULTS

Consider a suspension system shown in Fig. 1, where the
parameters are set as Ms = 504.5 [kg], Mu = 62 [kg], Cs = 400
[Ns/m], Ks = 1.31× 104 [N/m] and Kt = 2.52× 105 [N/m].
The parameters of the MR damper are specified as: σ0 = 4.0×
104 [N/mV], σ1 = 2.0× 102 [Ns/m], σ2 = 1.0× 102 [Ns/m],
σa = 1.5× 104 [N/m], σb = 2.5× 103 [Ns/(mV)], a0 = 1.9×
102, which are all unknown. An upper limit of input voltage
to the MR damper is set at 2.5[V], so v varies between 0 to
2.5[V]. The base of the dynamic system in Fig. 1 is excited by
the road surface, which is given by a random signal sequence
with a frequency range of 0-3.5 Hz. To analyze the effectiveness
of each control schemes for various frequency ranges, the road
excitation was designed so that the bandwidth increases every
ten seconds from 1Hz, 1.5Hz, 2.5Hz to 3.5Hz. The initial period
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Fig. 5. Comparison of FA and FMR for (a,c) non-dissipative LQ, and (b,d)

dissipative LQ.
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of ten seconds has a bandwidth of 3.5Hz to allow for parameter
convergences of the adaptive schemes. The displacement and
velocity profile of the road excitation is shown in Figure 4. The
following schemes are compared: (1) Passive low damping with
0 [V] fixed, (2) Passive high damping with 2.5 [V] fixed, (3)
Active LQ-based scheme, (4) Forward modeling based scheme
(Proposed), and (5) Inverse modeling based scheme (Proposed).

First, the role of the dissipativity term in the robust LQ design
is demonstrated. This study considered the case when s = 0

and when s =
[

0 4×103
]T

. Figure 5 shows a comparison
of the active damping force FA and the measured damping
force FMR for both the non-dissipative and dissipative LQ
controllers. The dissipativity term s serves to prevent the active
control action from behaving too aggressively, thus allowing
the MR damper a greater chance to match the active damping
force. This is reflected in Figure 6, where the dissipative LQ
controller produces slightly higher RMS acceleration than the
non-dissipative LQ controller, due to its less aggressive actions.

Next, the results of the various control algorithms are presented.
The damping results are compared by the following criterions:
(1) the RMS seat acceleration in Figure 7, and (2) the RMS
positional deflection of the seat and the tire in Figure 8. The
results in Figures 7 and 8 can be analyzed as follows. The
passive low damping produces a small damping force and there-
fore is suited for higher level of frequencies. The passive high
damping provides the stiffest damping, and performs better
during the low frequency ranges. The trade off between low and
high damping can clearly be seen as the bandwidth of the road
excitation is increased. The active control meanwhile provides
the best performance regardless of the level of excitation. The
semi-active forward and inverse modeling schemes also per-
form better overall than the fixed damping, as it is able to adjust
the stiffness to account for the road excitation. It is noted that
there is a trade-off between acceleration and displacement. The
performance criterion should therefore be taken into careful
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Table 1. Ride comfort evaluation (ISO 2631).

Frequency ISO 2631-1 LQ LQ + MR LQ + MR

Range (Hz) (≤ 1 hour) Active Forward Inverse

0-1 0.8000 0.1140 0.1705 0.2221

0-1.5 0.6400 0.1936 0.2781 0.3493

0-2.5 0.5120 0.2492 0.3291 0.4385

0-3.5 0.4200 0.2346 0.2874 0.4001
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Fig. 7. Comparison of RMS seat acceleration for the entire simulation, and

divided into frequency ranges.

consideration during design of the LQ controller. The conver-
gence of the feedforward modeling parameters are shown in
Figure 9. A comparison of the active and semi-active damping
force is given in Figures 10 and 11.

The evaluation of ride comfort is conducted by comparing the
RMS seat acceleration results with the permissible acceleration
as specified by ISO 2631. The amount of RMS acceleration that
a human being can sustain while remaining comfortable is a
function of vibration time and frequency of excitation. For a
ride duration of 1 hour, ISO 2631 specifies these values as given
in Table 1. By comparing with the results for each methods, it
is noted that all values fall within the permissible range, except
for high damping at 2.5 and 3.5Hz excitation, thus ensuring that
the proposed control methods are able to guarantee ride comfort
to the human occupants.

6. CONCLUSION

The three adaptive semi-active suspension control schemes
were presented. They consist of adaptive inverse controller
which compensates for nonlinear hysteresis dynamics of MR
damper, and the LQ controller. Stability conditions of the
total semiactive control system has also been clarified, and the
effectiveness of the proposed schemes has been validated in
simulations.

REFERENCES

C. Canudas, H. Olsson K. J. Åström and P. Lischinsky, A
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Fig. 10. Comparison of FA and FMR for (a) LQ with forward modeling and

(b) LQ with inverse modeling.
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Appendix A. STABILITY ANALYSIS

A.1 Direct Adaptive Control via Inverse Modeling

This section discusses the stability of indirect adaptive control
scheme based upon inverse modeling. The stability analysis
of the forward modeling case is similar and is omitted. It is
assumed that a0 is known. From this assumption, the internal
state is directly accessible, i.e., ẑ = z.

Define a candidate of the Lyapunov function as

V =
1

2
xT

p Pxp +
1

2
θ̃T

c Γ
−1
c θ̃c +

1

2γ∆c

∆̃2
c (A.1)

where θ̃c = θ̂c−θc and ∆̃c = ∆̂c−∆c. Taking the time-derivative
of (A.1), using the control law as defined in (37), and applying
the adaptive laws (35) and (36) gives

V̇1 =
1

2
xT

p

(

PA+AT P −2PbkT
)

xp

−θ̃T
c ϕcεv + ∆̃c|εv|−σcθ̃

T
c θ̂c −σ∆c∆̃c∆̂c

=−
1

2
xT

p

(

Q−2skT + rkkT
)

xp

−ε2
v + δcεv − µεv + ∆̃c|εv|−σcθ̃

T
c θ̂c −σ∆c∆̃c∆̂c(A.2)

We will now use the relationship

−σ θ̃T θ̂ ≤−
σ

2
θ̃T θ̃ +

σ

2
θT θ (A.3)

along with (28) to obtain

V̇1 ≤−
1

2
xT

p

(

Q−2skT + rkkT
)

xp

∆̂c (1−ηc tanh((a + bt)|εv|)) |εv|

−
σc

2
θ̃T

c θ̃c −
σ∆c

2
∆̃2

c +
σc

2
θT

c θc +
σ∆c

2
∆2

c (A.4)

Notice that the condition

1−ηc tanh((a + bt)|εv|) ≤ 0 (A.5)

is satisfied when

|εv| ≥ νc =
1

a + bt
ln

(

ηc + 1

ηc −1

)

, ηc > 1 (A.6)

As t → ∞ and b > 0, the region defined by νc goes to zero, and
thus the condition (A.5) is satisfied as t → ∞. It can be shown
that there exists M such that

Q−2skT + rkkT = MMT > 0 (A.7)

Therefore,

V̇1 ≤−c1V1 + λ1 (A.8)

where

c1 = min

{

λmax(MMT )

λmin(P )
,

σc

λmin(Γ
−1
c )

,γ∆cσ∆c

}

λ1 =
σc

2
θT

c θc +
σ∆c

2
∆2

c (A.9)

As λ1/c1 > 0, (A.8) results in

0 ≤V1(t) ≤ λ1/c1 +(V1(0)−λ1/c1)e
−c1t (A.10)

Therefore all system states xp, error signals θ̃c and ∆̃c are
uniformly bounded and converge to a small neighborhood of
the origin.
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