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Abstract: Diesel engine NOx and PM emissions are characterized by a combination of many system inputs.  
Since more than one combination of inputs leads to the same output and the high number of degrees of 
freedom, it is an ill-posed problem to determine the optimal input combination. In this paper the 
introduction of a two dimensional coordinate system is addressed, with the target of a separate and 
independent control of NOx and PM. Finally, a validation on testbench data is presented. 

 

1. INTRODUCTION 

In order to cope with the increasing and conflicting demands 
in terms of pollution abatement, drivability and economy, 
modern engines have become complex systems with many 
inputs and thus a high number of degrees of freedom, like 
variable geometry turbocharger, exhaust gas recirculation, 
variable swirl, multiple injections, variable injection pressure 
etc. However, engines are strongly interconnected systems 
and most control inputs affect several target quantities at the 
same time, in particular emissions, so that an emission 
oriented engine control is mostly an ill-conditioned problem. 

Governmental restrictions cause passenger car manufacturers 
to focus on emissions, whereas the two possible measures are 
raw emission control or the use of after-treatment systems. In 
contrast to Otto engines the 3-way catalyst does not work for 
Diesel engines and after-treatment systems have not yet 
reached their maturity and efficiency (Pfahl, et al., 2003). 
Thus, there is substantial interest in controlling the engine 
raw emissions, in particular the nitric oxides (NOx) and the 
particulate matter (PM), generated during the combustion  
(see e.g. (Heywood, 1988)).  

Unfortunately, almost all engine control inputs have an 
opposite effect on PM and on NOx, i.e. by reducing one 
quantity the other one is increased (see Figure 3). Many 
works have been published that investigate the so called NOx-
PM tradeoff, see e.g. (Tow, et al., 1994), (Richards, et al., 
2001), or (Hountalas, et al., 2003). 

Figure 1 shows the measured NOx-PM tradeoff of a Euro 4 
common rail Diesel engine for constant speed and main 
injection quantity. Out of this figure one can determine a 
Pareto optimum. Obviously, the production standard 
measurement point is not on this line. This is due to the fact, 
that emissions need not be minimized, but to be kept 
cumulatively under a limit and thus other targets like 
drivability, consumption or combustion noise can be 
improved. 

In practice, the ill-condition and the availability of many 
inputs lead to strong challenges for the control design. To 
simplify the task, usually the problem is restated in terms of 
some intermediate variables, typically boost pressure and 
fresh air mass, since these two quantities can easily be used 
for a feedback control, see e.g. (Ammann, et al., 2003).  
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Figure 1: NOx-PM tradeoff  (2000rpm, 0.7MPa BMEP) 

However, other quantities have been tested, so (Nakayama, et 
al., 2003) have investigated the transient NOx peaks and their 
reduction by oxygen intake concentration (OIC) control, 
(Langthaler and del Re, 2007) apply model predictive control 
for OIC control, or (Darlington, et al., 2006) use simple first 
principle models to reduce transient emission peaks. In 
(Knafl, et al., 2005) an optimization of combustion 
parameters is performed by a polynomial map approximation 
of the input/output relations, or (Boulouchos, et al., 2000) 
optimize the injection pattern. 

This paper is somehow a generalization of these approaches, 
but starts from a different point of view. Instead of looking 
for an intermediate quantity to be set, we look for 
combinations of inputs directly correlated to the main 
quantities to be controlled. The main idea is quite simple: this 
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combination can be treated as a single input associated to a 
single output quantity, allowing a steady state system 
decoupling and a much simpler problem statement. While 
every control system, even the standard heuristic approaches 
conventionally used, do solve the same problem in some 
indirect form, this decoupling proves extremely useful from 
two points of view: on one side, it allows a systematic choice 
of the NOx-PM tradeoff, on the other side it defines the 
relation between control inputs to be observed during 
transients to avoid emission peaks. 
 

2. PROBLEM STATEMENT 

2.1 The Plant 

In Figure 2 the layout of a standard passenger car Diesel 
engine is sketched. It can be separated into two main parts, on 
one hand the airpath with the turbocharger, exhaust gas 
recirculation (EGR) and swirl actuation and on the other hand 
the injection path with the common rail and the injectors. 

 

Figure 2: Diesel engine layout 

2.2 System Setup 

The analyses were done on an AVL testbed and a 2 liter 
BMW EU4 common rail Diesel engine. In this paper we 
analyze the emissions at a constant operating point of the 
engine, defined by fixed values of main injection quantity 
and engine speed (which are 2000rpm and equals a load of 
approximately 0.7MPa BMEP). The variable selection could 
be done with standard statistical approaches, e.g. (Guyon and 
Elisseeff, 2003), but in this work the same control inputs and 
measurements were used as available and used in the 
standard production version. As far as the injection path is 
concerned, the system state is defined by the common rail 
pressure, the injected fuel quantities and the injection timing. 
Due to the fact, that the turbocharger guide vane position. the 
EGR valve opening and the total injection amount determine 
the air to fuel ratio and the intake oxygen concentration, these 
latter quantities were used directly for identification instead 
of the actuator positions. Of course, the swirl actuation needs 
to be included too. In summary, the following quantities were 
used for identification: 

• Intake oxygen concentration O2 
• Air to fuel ratio λ 
• Swirl actuation Sa (swirl on/off only) 
• Injection 

o Angle of main injection ϕMI 
o Quantity qPI and timing tiPI of pre-injection 

• Common rail pressure  

For numerical stability both the system inputs and the 
considered target channels were scaled to a range of [0...100]. 
The whole analysis is based on steady state data. Thus, after a 
setpoint change the system had to settle before data 
acquisition was done. 

2.3 Objective 

All system inputs influence both NOx and PM. In Figure 3 the 
impacts of four different inputs can be seen, with different 
sensitivities and also different directions.  

0 20 40 60 80 100
0

50

100
N

O
x,

 re
l

0 20 40 60 80 100
0

50

100

P
M

re
l

O2rel

0 20 40 60 80 100
40

50

60

N
O

x,
 re

l

0 20 40 60 80 100
0

10

20

P
M

re
l

λrel  

0 20 40 60 80 100
0

20

40

N
O

x,
 re

l

0 20 40 60 80 100
0

50

100

P
M

re
l

pRail, rel  

0 20 40 60 80 100
0

20

40

N
O

x,
 re

l

0 20 40 60 80 100
40

50

60
P

M
re

l

phiMI, rel  

Figure 3: Influences of several inputs on NOx/PM emissions 

Here the target is to find new coordinates as a superposition 
of the several inputs, which results in an orthogonalized two 
dimensional coordinate system (Figure 4 depicts a sketch of 
this target.).  Afterwards, this coordinates can be used for a 
separate and independent control of the emissions, e.g. NOx is 
kept constant while PM is changed arbitrarily within the 
physical boundaries of the system. 

 

Figure 4: Single input sensitivities and new coordinate 
system for an operating point 

The target of an orthogonal coordinate system can be 
expressed as an optimization problem. The sensitivity of the 
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main direction is maximized, whereas the cross sensitivity is 
minimized. Equation (1) represents this optimization. For 
coordinate one the sensitivity of PM to the inputs is 
maximized, whereas the absolute sensitivity of NOx to these 
inputs is minimized, and vice versa for coordinate two. 

 1 1 1...
1 1

2 2 1...
2 2

( ) arg(max & min )

( ) arg(max & min )

i i n
N N

i i n
N N

PM NOxX f x
X X

NOx PMX f x
X X

=

=

∂ ∂
= =

∂ ∂

∂ ∂
= =

∂ ∂

∑ ∑

∑ ∑

 (1) 

 
where X1, X2 denote the orthogonal coordinates. The 
functions f1, f2 represent a tensor in the coordinates of the 
inputs u, N is the number of measurements and n the number 
of coefficients in f. In the following it is shown how these 
coordinates can be found directly without the use of 
optimization techniques. 

2.4 Design 

Firstly, a steady state measurement characterized by constant 
engine speed and BMEP was taken, whereas the inputs were 
changed randomly at discrete time instants and steady state 
data was recorded. Hence, 330 data points in the NOx/PM 
plane were detected. As a basis the standard ECU working 
point was measured, too. In particular in case of low air fuel 
ratios and thus high PM values, the combustion efficiency 
decreased significantly with the result of a lower BMEP. The 
focus of the coordinate system should be on the closer region 
of the standard ECU setpoint. Therefore, all measurement 
data within a specific distance to this operating point and 
with normal BMEP was collected, and afterwards a first order 
linearization was identified (see Figure 5). 

 

Figure 5: Data collection for first order approximation 

To explain the used approach we start with a general 
description. Based on a Taylor series approximation of an 
arbitrary nonlinear function f at a point x 
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one can reform 
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Truncating after the first term we get 
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In (4) the in-/output difference relation with the sensitivity 
f
x
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 is described. Transferring (4) to the emission modeling 

formulation we get the first order linearization  
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with the sensitivities x1,i, x2,i. Obviously, a higher order 
description would be possible and was tested, but found to 
induce a tremendous increase of parameters without a 
significant improvement of the result. The sensitivities are 
determined by a standard least squares minimization (see e.g. 
(Ljung, 1999)) of the modeling errors e1, e2, i.e. the 
linearization of a nonlinear function is identified directly. 

 1( )T T Yθ φ φ φ−= ⋅ ⋅ ⋅  (6) 

Equations (5) give absolute descriptions of the emission 
gradients, thus by moving into the direction of ∆PM*/∆NOx

* 
the target of maximization of the sensitivity to the main 
component is fulfilled. Furthermore, the minimization of the 
cross sensitivities leads to the desired coordinates. The 
coordinates X1, X2 can finally be determined by the equation 
of ∆PM* at constant ∆NOx

* and vice versa. 

 
*

*

*
1 .

*
2 .

NOx const

PM const

X PM

X NOx
∆ =

∆ =

= ∆

= ∆
, (7) 

With the relations (5) two high dimensional planes are 
described. Setting one equation to zero fixes one plane. 
Finally, the solution is the intersection with the second plane. 
 

3. RESULTS 

3.1 Identification 

All data within a specified distance around the standard ECU 
measurement point was used to identify first order 
approximations of the target functions (see Figure 6). In 
Figure 7 the identification results are shown (Every data point 
represents a single steady state measurement). The relative 
quadratic fit of the identification is 54.4% for PM and 74.4% 
for NOx and in validation 57.0% for PM and 79.1% for NOx. 
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Figure 6: Identification data (radius 30%) 
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Figure 7: Identification of ∆PM/∆NOx emissions 

In Figure 8 validation data is presented, whereas this is real 
extrapolation since the data within a radius from 30%-60% 
was used for validation. In particular the highly nonlinear 
behavior of large ∆PM values cannot be captured perfectly. 
The result for ∆NOx on the other hand shows a very good 
extrapolation. The identification result leads to 
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In this case the condition number (relation of maximum to 
minimum singular value) of the information matrix ( )Tφ φ⋅  
has a reasonable value of 68.5. With respect to the nonlinear 
nature of the system one has to be careful when concluding 

based on the linear approximation of (8). However, not all of 
the parameters seem to have the right sign. Concretely, the 
negative sensitivity of ∆NOx

* to ∆λ is not plausible. Here it 
seems, the reason for this is a too high estimated positive 
sensitivity to O2.  
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Figure 8: Measurement and prediction of ∆PM/∆NOx 
emissions 

A more detailed analysis yields to the conclusion that the 
switching swirl actuation leads to a strong change in the 
system behavior too. Therefore, a further identification was 
done with high swirl data only. 
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Figure 9: Validation for high swirl data, formulation (9) 
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The fit-values in identification are 65.1% for PM and 78.0% 
for NOx and in validation 58.2% for PM and 76.5% for NOx, 
the condition number is 57.4. Comparing the identified 
parameters of (8) and (9) one can see, that they have similar 
values except the sensitivities of ∆NOx

* to ∆tiPI and 
∆λ. Finally, the sensitivity coefficients are all in a reasonable 
range. A validation at extrapolation data is shown in Figure 9. 

3.2 Emission control 

To validate the formulations of (8) and (9), a steady state 
compensation was implemented on the testbench, at which 
either X1 or X2 was kept at a constant value, while the other 
coordinate was altered. Figure 10 depicts a steady validation 
of the  

0 2 4 6 8 10 12 14 16

-50

0

50

[%
]

 

 

O2

qPI
pRail

0 2 4 6 8 10 12 14 16

-50

0

50

[%
]

 

 
phiMI

tiPI

λ

0 2 4 6 8 10 12 14 16

20

40

60

80

Data point

[%
]

 

 PMrel

NOx, rel

 

Figure 10: X1 = const., validation of (9) 

high swirl data (9). While PM was kept almost constant, the 
NOx values changed. In the top part the adjusted input values 
can be seen - the railpressure was controlled to keep ∆PM 
zero. 

In Figure 11 a dataset with a validation of (8) is presented. By 
keeping X2 constant, the switching swirl actuation can be 
compensated. As a consequence the PM values need to be 
changed. For a comparison during 110-210s the 
compensation was turned off, which caused large amplitudes 
of NOx. In this case the PM emissions were not influenced 
significantly, which mainly is explained by the high air to 
fuel ratio in this point that makes PM less sensitive to swirl. 

In the bottom part of Figure 11 one can see the compensation 
acting on the rail pressure. The dynamical effects during 
switching cannot be compensated, since the coordinates are 
only valid for steady state. Figure 12 shows a 3D 
representation of altering one coordinate by keeping the other 
one constant. Therefore, the system inputs were manipulated 
according to (9), i.e. the several inputs were changed such 

that the first line of (9) was kept at a constant value and the 
second changed. In other words, altering X2 nearly has no 
influence on PM emissions, if X1 is kept constant, i.e. NOx is 
proportional to X2 for constant X1 (

1
2 .=

∆ ∼x X constNO X ). 
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Figure 11: Constant NOx during swirl switching with and 
without ( 110 210st ≈ − ) compensation – validation of 
formulation (8) 
 

4. CONCLUSIONS 

The approach presented allows adjusting NOx and PM 
independently within the physical limits of the engine setup. 
Of course the absolute limits cannot be overcome, but 
exploited in a convenient way. The many degrees of freedom 
are reduced to two coordinates, which can easily be 
processed in a further use. 

In many operating modes a separate control of PM and NOx 
is desired, e.g. during a tip in the peaks need to be kept under 
a certain limit, or visible smoke must be avoided for any 
working point. With the presented method, the high 
dimensional problem is reduced to an order of two. 
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Therefore, application of different strategies are easily 
possible, i.e. to force constant NOx during a transient or a 
constant relation of NOx and PM. 
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Figure 12: Altering X2 and keeping X1 constant leads to 
constant PM and a change in NOx 

Although the optimization of a working point like in 
(Gschweitl, et al., 2001) or in (Hagena, et al., 2006) is not the 
objective for this transformation, it can be used for an online 
optimization, too. However it is not intended to be used for 
ECU calibration, but as mentioned before for a later online 
control. 

In Figure 11 an interesting effect can be seen. The response 
immediately after switching is nearly the same with or 
without compensation. Only when the system begins to settle, 
the target value of constant NOx is approached in case of 
compensation. Obviously, the compensation is only valid for 
steady state or if infinite fast actuators would be available. 
This dynamical response during switching gives a scope for 
further dynamical modeling. Possibly a simple structure with 
the here presented steady state description and linear 
dynamics could be able to capture the whole emission 
behavior. Based on this, optimal control techniques could be 
applied to control NOx and PM, even linear methods. 

A crucial issue for the next steps will be the combination of 
several local coordinate systems. Besides switching, a LPV 
structure is also likely to be considered. A further aspect of 
the sensitivity analysis associated with this method is the 
possibility to determine the relative importance of the 
actuators and modify accordingly their layout. 
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