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Abstract: In this paper we study Hs, tracking problems with preview by state feedback and
full information for linear systems with impulsive effects on the finite time interval. We mainly
consider the case that our systems are affected by discrete disturbance at jump instants. We
mainly consider the problem that the reference signals are previewed in a fixed time interval
and present state feedback and full information control laws for the H, tracking problems.

Our theory can be applied into robust Ho,
bounded uncertainties.

tracking problems with preview considering upper

1. INTRODUCTION

It is well known that, for the design of tracking control
systems, the preview information of reference signals is
very useful for improving the performance of the closed-
loop systems, and recently much work has been done for
preview control systems. Considering the effect of mod-
elling uncertainties or disturbance is also very important
on preview control theory. U. Shaked et al. have stud-
ied the Hy, tracking theory with preview for continuous-
and discrete-time systems by the game theoretic approach

([[21[5])-

Control theory for linear systems with impulsive effects (or
linear jump systems), which contain linear continuous and
discrete time systems, can be widely applied, for example,
to mechanical systems, ecosystems, chemical processes,
finantial engineering and so on. It has been reseached in
detail by A. Ichikawa and H. Katayama([3]). Their theory
can be also applied into the sampled-data control system
with the control input realized through a zero-order hold
and the sampled-observation.

In this paper we study the H,, tracking problems with
preview in the state feedback and full information settings
for linear systems with impulsive effects (or linear jump
systems). Our systems are described by the ordinary
differential equations with impulsive effects. We consider
two different tracking problems according to the preview
information structure and give the control strategies for
them respectively. Our theory can be applied into the
control system with the control input realized through a
zero-order hold. Our theory can be also easily reduced to
the case that only the preview information of a discrete
reference signal is available, or the case that only whether
the continuous input or the impulsive input is available.

2. PROBLEM FORMULATION
Consider the following linear system with impulsive effects.
z(t) = A(t)z(t) + B1(t)w(t) + Ba(t)uc(t) + Bs(t)r.(t)
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t# kr, 2(0) =

(k™) = Ag(k)x(kT) + Bra(k)wq(k)

+Bag(k)ua(k) + Bsa(k)ra(k)
2e(t) = C1()x(t) + Di2(t)uc(t)

+D13(t)re(t), t # kr (1)

Zd(k) = Cld(k)x(/ﬂ') + Dlgd(k)ud(k) + D13d(k)’l"d(k)
where z € R"™ is the state, w € RP and wy € RP4 are
the exogenous disturbances, u, € R™e and uy € R™4
are the continuous and impulsive control input, z. € RKe
and zg € RX4 are the controlled output, r.(t) € R and
rq(k) € R are known or mesurable reference signals, g
is an unknown initial state. We assume that all matrices
are of compatible dimensions. Throughout this paper the
dependence of the system matrices on ¢ or k will be omitted
for the sake of notation simplification.

The Hy tracking problems we address in this paper for
the system (1) are to design control laws w.(t)€L2[0, T
and uq(k)€l2]0, N] over the finite horizon [0,7], N7 <
T < (N + 1)7 using the information available on the
known parts of the reference signals r.(t) and r4(k) and
minimizing the sum of the energy of z.(t) and z4(k), for
the worst case of the initial condition z¢, the disturbances

w(t )GLQ([O T]; RP) and wq(k)€l2([0, N]; RP4). We denote
by Ly ([0, T]; R¥) and I5([0, N]; R*4) the space of nonantic-
ipative signals. Considering the average of the performance
index over the statistics of the unknown parts of r. and
rq, we define the following performance index.

JT(J;O,umudaw ’lUdﬂ"c,'l"d) = —72$6R71$0
N—1 (k+1)7
1 [+ / ()[?}ds

k=0 7,

WP =7 [llwall3 + lwll3] (2)

ZERk{||Zd
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where N7 < T < (N+ 1)1, R =R > O is a given
weighting matrix for the initial state, Ep_and Ej, mean
expectations over Ry, and Ryyp, h is the preview length
of r.(t) and rq(k), and R, and R; denote the future
information on r. and r4 at time s and JT respectively,

ie Ry :={r.(l);s<1<T}and Rj :={r;;j <i< N}

We consider two different tracking problems according to
the information structures (preview lengths) of r. and 74
as follows.

Case a) H,, Fixed-Preview Tracking:

In this case, it is assumed that at the current time ¢ (kT+ <
t < (k4 1)7), rc(s) is known for s < min(7T, s + h7) and
at the time k7, r4(7) is known for ¢ < min(N, k + h).
Case b) H, Tracking of Noncausal {r.(t) and r4(k)}:
In this case, the signals {r.(¢)} and {rq(k)} are assumed to
be known a priori for the whole time intervals ¢ € [07, T
and k € [0, N].

In order to solve these problem, we formulate the following
differential game problems for the system (1) and the
performance index (2).

The H, Tracking Problem by State Feedback:
Find {u}}, {u}}, {w*}, {w}} and zf satisfying the follow-
ing (saddle point) condition:

* %
Jr(z0, Uy, ug, W, Wa, T, Ta)
* k% * *
S JT(moauc7udaw 7U)d,’l"c,’l"d)
* * *
S JT(anUCaudyw awd7rc7rd)

where the control strategies u}(s), 0 < s < T and u}(k),
0 < k < N, are based on the information Rsyp, :=
{re(1);0 <1< s+hr} and Rypqp := {rq(i);0 <i < k+h}
(0 < h < N), and, in the state feedback case, based on the
current state, in the full information case, based on the
current state and the disturbances.

3. H,o TRACKING CONTROLLERS BY STATE
FEEDBACK

In this section we present the theory of H,
state feedback.

tracking by

For the system (1), we assume the following condition.
Al: D112D12 > O and D112dD12d >0

Now we consider the following Riccati equation with jump
parts.

i 1
X+AX+XA+C1CL+ ?XBlBiX

~S'R71S=0, t#kr (3)

X (k™) = AgX (kT)Aq + C14C1a
FRUTT R (k) — FyVaFo(k) k=01, (4)
Ti(k) > axI for some ax > 0 (5)

where
R =D,D1s, S(t) = ByX(t) + D},Ch,

Ty (k) = ~*I — By X (k1) Bia,
Tg(k) = D/12dD12d + BQdX(kT)BQd7

S(k) = BhyX (k7)Bua,

Ru(k) = Bj X (k7)Ag,

Ra(k) = D}pyCra + BjyX (k1) Au,
Va(k) = (T2 + STy S")(k),
Va(k) = (Bzd + STy By ) (k),
Fy(k) = =Vy ' (k)(Ra + STy ' Ru) (k).

We obtain the following saddle point strategy for our game
problem. (Also refer to the case of no any disturbances at
jump parts in [4])

Proposition 3.1. Consider the system (1) and suppose A1.
Then the H,, Tracking Problem is solvable by State
Feedback if and only if there exists a matrix X (¢) > O
satisfying the conditions X (07) < 42R~! and X(T) = O
such that the Riccati equation (3)(4) with (5) holds over
[0,T]. A saddle point strategy is given by

v = PR — X(07)]76(0)

w* =~y B Xz + Cyf

u' = —R7'Sz — Cur. — Cyub,

wy(k) =Ty (k) [Ri(k)z(kr) + S (k)ua(k)]
+Dyrq(k) + Dgyu,0(kt)

uwi(k) = Fa(k)z(kT) + Dy (k)ra(k) + Daub.(kTT)

where

Cy=—"2B), Cyp, =R 'B), C, = R'D},Di3

D, (k) = Ty (k) B14X (kT)Bsa
D, (k) = —Vy '(k)(BbyX (k7)B3a + D}2gD13a + SDy,)
Dy (k) =Ty ' (k)B4

Dyu (k) = —Vy ' (k)(S(k)Dow + Bjy).
0(t), t € [0,T1], satisfies

where

= A+ BlB’X ByR™'S
72

a(k) = AéX(k‘T)Bgd + R\D
—F,VoDy (k) + ClyDisd
and 6.(t) is the ’causal’ part of (-) at time ¢. This 6, is
the expected value of 6 over Ry and Ry and given by

f.(s) = )+ Belalr(s) o # br

A, =
B, (XB3+C{D13) +S/Cu
Ag
B

—AL ()0,
t

where, for k77 <t < (k+ 1),
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hr<T

tp=t+hr and ky =k+h if (k+
hyr>T.

ty=T and kf=N if (k+
Moreover, the value of the game is

* k% * *
JT(.’EO,UC,ud7U} 7wd7TC7Td)
Nog (BtDT T

zz/+/

k=0 kTt N+t

Eg {||RY*Cyub:1(s)||*}ds

N
+ 3 Er {1V Do (k)01 (k) |}

+de(re) + Ja(ra) (8)

where 01 (t) = 0(t) — 0.(t), t € [0, T,

+20' Byr, + 7| Cob)|?
_20/C/0uR/Curc - HRl/zC9u0”2}d8’
jd(rd) )H%’o}
N

+> Eg {0/ (k7")Dj, T1 Dy (k)0 (kr")
k=0

=7°Eg, {1160~

+20' (kr7)D},, TiDy, (k)rq(k)
—0' (ktH)D},, VaDgy (k)0 (k™)
—20'(kt+)Dp, VaDy (k)ra(k)
+20" (k1) Bsara(k) + Jax(ra)}

and Py = [R™! — 72X (07)] ¢

Next, utilizing the above saddle point strategy for our

game problem, we present a solution to each of the three
H, tracking problems by state feedback.

Theorem 3.1. Consider the system (1) and suppose A1l.
Then each of the H,, tracking problems is solvable
by state feedback if and only if there exists a matrix
X (t) > O satisfying the conditions X (07) < v?R~! and
X(T) = O such that the Riccati equation (3)(4) and
the condition (5) hold over [0, T]. Moreover, the following
results hold using

Ka:7c = _R715v7 KTC = _R71D12D13?
Kp.=—R'By K, 4= F(k),
Ky = —Vy ' (k)(D1agDiza + Va (k)X
Koq=—Vy 'Va(k).
Case a) The control law for the H,, fixed-preview
tracking is

(kT)Bgd),

Us,a,c(t) = Kg,cx(t) + Kp rc(t) + Ko o0c(t), t # kT
us7a7d(k) = Kmydl‘(kT) + Krd’l“d(k‘) + K@ydec(]ﬁ'_‘—)
with 6.(-) given by (7). Moreover,
Jr (2§, Us,a,co Us,a,d> W, W, Te, q) coincides with (8) .
Case b) The control law for the H,, tracking of
noncausal r.(-) and rq(-) is

Us pe(t) = Kpcx(t) + Ky re(t) + Ko o0(t), t # kT
us pa(k) = Ky gz (k) + Ky ra(k) + Ko af(kT)
with 6(-) given by (6) and

jc(’rc) + Jd(”’d)

JT (1'37 Us,b,cy) Us,b,dy w*7 U)ZL Te, ’I"d) =
since 6(t) = 0.(t), ¥V t € [0,T].
4. PROOF OF PROPOSITION 3.1

In this section, we describe the proof of Proposition 3.1.

(Proof of Proposition 3.1)

Sufficiency: Let X(t) be a solution to (3) over [0,T],
t # k7, such that X(07) < 4?R~!. By considering (1)
and (3), in the genaral case that {r.(-)} is arbitrary but
not including any preview information, it can be shown
that the following equality holds.

(k4+1)7
/ X () (o) ds
(k—i—l)r

B, [ 0Pl - o -y B Xa(o))
krt

—”Cll’ + Dlguc + D13’I“CH2
+Jue(s) + R71Sz(s) + Curc||?:2

—22'Bo(8)re(s) + 6J.(re) s (9)
where §J.(r.) = ||Dl37‘c||2 — ||R1/2Curcn2~
Now
(k+1)T p
2 [ Ea{00))ds
krt
(k+1)T
=2 ERS {0/{1} + 9'([1(@ + Biw
ktt

+B21ALC + B3Tc)}d3 (10)
where @ = w — vy 2B{ Xz and 1. = u. + RSz Adding
(10) to (9),

(k+1)T

C @ (X (2(s) + 2.0 0 ()a(s)) s
(kl:i-l)r

a./{f

krt

Epx.

Il
=
jas]]

[llw][* = [|& — Ce(s)]?]
—||011’ + Dlguc + D13’I“CH2
+|tic(s) + Cure + Ceue(s)”%
+0J.(re) }ds (11)

where

6J.(re) = 6J.(re) + 20’ Bar. + +2||Cob)|?
—20'Cj,R'Cyre — ||[RY*Cy, 0|
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= 0Ju(re) + 20’ Bre + 72| B9
—20' By R~ D, Dugr — ||R7/2Byd)|?
and we have used the continuous part
0.+A169_Bc7‘c =0

of the dynamics (6) to get rid of the terms that mix r., 6
and x.

On the other hand, with respect to jump parts, define
o, =2 (k)X (k7)z(k71) — 2’ (k7)) X (k77 )z (kT)

We first consider the case that {rq(-)} is arbitrary but not
including any preview information. It can be shown that

the following equality holds, using the jump parts (4) of

the Riccati equation.(cf. [3])

Eg {ox} = {2 lwa(®)]” — 2a(k)]I?
1Ty (k) fwa(k) = Ty (k){Ba (k) (k)
+8"(kyua(k)} — Dwra(k)]||?
HIVS 2 (k) [ua(k) — Fa(k)z(kt) — Dyra(k)]||?
+22'(k7)Ba(k)ra(k) + Ja(ra)}
Notice that, in the rlght hand side of this equality, Jq 1 (rq),
which means the jump parts of the tracking error not

considering the effect of the preview information, is added.
In fact,

Jak(ra) = rg(k)[D;, T1Dy (k) — D, VoD, (k)
+B§dX(kT)B3d + D/13dD13d]7”d(k).

Now introducing the vector €, which can include some
preview information of the tracking signals,

Eg, {¢r +2{0'(ktH)a(kr™) — 0’ (kr)z(k7)}}
=Eg, {(Vlwa(®)[|* = [|lza(k)||?
7 () wa (k) — Ty (k) { Ba (k) (k)
+8"(kyua(k)} — Dwra(k)]||?
+ Va2 (k) [wa(k) — Fa(k)x(kr) — Dyra(k)]||?
+22" (k) Ba(k)ra(k) + Jar(ra)
+20' (k77)(Agx(kT) + Bigwg(k) + Bagqua(k)
+Bsara(k)) — 20" (k7)z(k7)}

= Ep, {7’ wa(k)|* - llza (k)|

— |2 (k) [wa (k) — Ty (k) { R (k) (k)
+8"(k)ua(k)} — Dyra(k) — Doub(kr)]|?
HIV, " (k) [wa(k) — Fa(k)x(kT) — Dyra(k)
~Dyub(k7)]||?
+Jak(ra)} (12)

where we have used the jump part

O(kt) = AL(K)O(kT1) + Ba(k)ra(k).
of the dynamics (6) to get rid of the terms that mix
re, 6 and x, and Jgr(rq), which means the tracking
error including the preview information vector 6, can be
expressed by

+

+> Eg {ox +2(0' (k7

Jar(ra) = 0 (kr7)D}, TiDgy (k)0 (k)
+20' (kr7)D},, TiD . (k)74 (k)
—0' (km7)D}, VaDgy (k)0 (k™)
—20'(kt*)Dp, VaDy (k)ra(k)
+20" (k1) B3ara(k) + Jak(ra).

By summing up these quantities ((11)),(1
t =T piecewise,

2)) from t =0 to

%2/ ()R~ (0)

N
+ > En {lza0)]® = 22 wak)|*}

k=0
N1 (k+1)T T

|2e||* = ~?[|w]|*}ds
k=0 1o+ N7t
N1 (k+1)7 T
2 Ep S
[ [ e {fenge
k=01 + Nr+t
N

Na(kr™) — 0/ (kr)z(k7))}

k=0

Hlie(s) + Cou(s) 3} ds
N
+ > B {lltalk) = Dou(R)O(RTHIIT,

k=0
—ll@a(k) = Douwb(k7) |17, 1)}
+jc(7‘c) + jd(rd)

R {RL(k)z(kT) + S (R)u
—Dwrd(k),

Ge(t) = uc(t) + RS (t) + Cure(t),

Uq(k) = ua(k) — Fo(k)x(kT) — Dyra(k).

Since the left hand side reduces to

a(k)}

Nog (BtDT T

> [+ [ Rt

k=0 47+ Nr+t

N
+> Ep, {ll=all*}
k=0

—?[|wl]|3 + [[wall3 + 2R o]
—20/(0)2(0) — 2/, X (07 )0
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considering X (T') = O and 0(T) = 0, we obtain

Jr (20, Ue, Ud, W, Wa, Tey Tq)

— 7, {llzo 72 Fo00) |2}
N_1 (k+1)7
DN / Eg, {—%]d - Cod(s)|
k=0 pr+

Hlae(s) + Cou(s)]1%)ds
N
+3° Bg, {llaa(k) ~ Dou(WOCTH)I,

—llwa(k) = Douwt(k7 )17, 1) }

+Jc(7’c) + Jd(rd).
Note that J.(r.) and Jg(rq) are independent of wu., ug,
w, wqg and xg. Since the average of 0, over Ry is zero,
including the ’causal’ part 6.(t) of 6(-) at time ¢, we adopt

ﬂ:( ) = —Coube(t)
05 (k) = Dy (k)0 (k)
as the minimizing control strategy. Then

* * *
Jr (5, te, ug, W, Wy, e, Tq)
g (kDT T

{E")

k=0 7+ Nr+

Eg, {|lic(s) + Couf(s)[| %} ds

N
+Y_ Eg {llaa(k) + Dou()0(kT )13, 1)}

+Jc(rc)+ d(’rd)
N1 (k4+1)T T
=2 DN BN I8 3PN {WABIFAZE
k=0 kTt Nt+

N
+;0Efck{IIDeu(k)el(kT+)||2%<k>}

= JT(£87 U:, U:;, w*7 wéa Tc,y Td)-
Finally we obtain

JT(.’E07 u:7 U;, W, Wd, Te, ’I"d)
7 Eg, {llzo - 772P09(0)||?:0—1}

N1 (k+1)T T

+ Ep {70 — Cob(s)||”
kZ_O/ / R AT 0

kTt Nt+t

+[Coubi ()%} ds

N
+3 Eg {IDou (k)6 (k) 2,

k=0
—||q(k) — Dol (k1™
+jc(7‘c) + jd(rd)
S JT(mS’ u:7 U:;, w*7 wéa Te, Td)
which concludes the proof of sufficiency.

Wb

Necessity: Because of arbitrality of the reference signals
re(+) and r4(-), by considering the case of r.(-) = 0 and
ra(-) = 0, one can easily deduce the necessity for the
solvability of our game problem. One can also get the
saddle point strategy by applying the standard dynamic
programming method. In detail, refer to ([3]) and so on.

(QED.)
5. FULL INFORMATION CASE

In this section, we present the solution of the H, tracking
problem in the case of full information such that, at each
jump instant, all states and disturbances are observable.
The H,, tracking theory in the full information setting,
presented in this section, can be applied the Hy, tracking
problem by output feedback for linear jump systems which
are affected by discrete disturbance at jump instants and
the robust Hy, tracking problem by output feedback for
linear jump systems.

In this section, we do not consider the effect of any
continuous inputs. Namely we assume By = O and D2 =
O on the system (1).

We consider the following Riccati equation with jump
parts for the system (1) with By = O and D12 = O.

X+AX+XA+00,

+%XB1B1X =0, t#kr (13)
X (k™) = Al X (kT)Aq + C1,C1a
—RLT,  Ro(k) + F{ViF1 (k) k=0,1,---  (14)
Vi(k) > axI for some ax >0 (15)
where
Vi(k) = (T1 + 5'T; ' S) (k).
Fi(k) = Vi (k) (Ry — S'Ty ' Ro) (k).

Then we obtain the following thorem, which gives the
necessary and sufficient condition for the solvability of the
H, tracking problem in the full information setting and
the saddle point strategy for this game problem.

Theorem 5.1. Consider the system (1) with By = O and
D12 = O and suppose Al. Then the H, tracking
problems is solvable in the full information setting
if and only if there exists a matrix X (¢) > O satisfying the
conditions X (07) < 4v2R~! and X (T) = O such that the
equation (13)(14) and the condition (15) hold over [0, T].
Then

vy =[*R™" = X(07)]7'6(0)

w* = %Bi(Xx +6)
Fi(k)x(kT) + Ry (k)ra
= — [Ty ' Ry (k) (k)

+T5 LS () wa(k) + Ry (k)ra(k) + Rou (k)0 (k7T)]

where

(k) + Row(k)O(kTT)

R (k) = Vi (K)[B14X (k7) Bsa
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—S'Ty " (k)(BbyX (kT)Bsa + D'54D134)]
R, (k) = Tz_l(k)(BédX(kT)B:ad + D'2qD134)
R (k) = Vi (k) (B}, — 8'Ty ' (k)Byg)

Rou(k) =Ty (k)BM
0(t), t € [0, T|Csatisfies
0(t) = — AL ;()0(t) + Bep(t)re(t), t # k7
O0(kt) = Ay ;(k)O(kTt) + Ba,f(k)ra(k) (16)
9(T) =0

where

Acg=A+ %BlBiX

Bey = —(XBs+ C1Ds3)

Ag p(k) = Ag+ Ry, ViFi (k) — Ry, Ra(k)

By ¢(k) = A, X (kT)Bsg + (R} — RyTy 'S)Ry, (k)
—R,R, (k) + C14D13a

and 0.(t) is the ’causal’ part of 0(-) at time ¢. This 6. is
the expected value of # over R, and Ry and given by

0.(s) = — Al (s)0c(s) + Bc,f(S)TC(S), s # kT,
t<s<ty
0.(j7) = Ay 1 (1)0c(i77) + Bas(f)raly) (A7)
k<]<kf( e <ty < (kf+1)7)
Oc(ty) =0
where, for k7t <t < (k+1)7,
ty=t+hrand kfp=k+h if (k+h)7r<T
typ=T and ky=N if (k+h)7>T.
Moreover, the value of the game is
JT(xS,U27w*7w2,’I"C,’I‘d)
N
= > En AT Rou(k)or (k)|
k=0
+jc(rc) + jd(rd) (18)
where 01 (t) = 0(t) — 0.(¢), t € [0, T,
) Nog DT T
Ju(r) / " / Ry {1 Dore”
k=0
+f2||Ble||2 +20'Byr.}ds,  (19)
Ja(ra ) = 7"Eg, {60073}
+ZERk —[Ru(k)ra(k) + Rou(k)0(kTH) |17, 1)
+||Rw( )ra(k) + Row (k)O(kTH)[[T, 1)
+75(k)[Bsg X (k7)Bsg + DiggD1sa]ra(k)
+29/(kT+)Bngd(k‘)} (20)

and Py = [R™! — 472X (07)] !

Corollary 5.1. 1f Full Information H,, Tracking Prob-
lem for the system (1) with By = O and D12 = O and
the performance index (2) is solvable, the following results
hold, using the gains

K, = _T271R2(k)7 Ky, = —T{lS(k),
Krd = _Ru(k)a K9 = _ROu(k)7

Case a) The FI control law for the H,, fixed-preview
tracking is

uf.a,d(F)
= Kyz(k7) + Kpywa(k) + K ra(k) + KoOc (k)
with 6.(-) given by (17). Moreover, Jr(z§, uf.a,4, W*, Te, Tq)
coincides with (18).
Case b) The FI control law for the Hy
noncausal r¢(-) and rq(-) is

tracking of

ug,b,a(k)
= K 2 (k7) + Ky, wa(k) + K. ,ra(k) + Ko0(kT1)
with 6(-) given by (16) and

Jr(xh, wppa, w* Wy, e, ra) = Jo(re) + Ja(ra)

since 6(t) = 0.(t), V t € [0,T].
6. CONCLUSION

In this paper, we have presented the H,, tracking theory
with preview for linear systems with impulsive effects
(linear jump systems) in the state feedback and full in-
formation cases. Our state feedback theory can be applied
to the robust Hy, tracking theory by state feedback, and
our full information theory can be also applied to the ro-
bust Hy, tracking theory by output feedback for uncertain
linear systems with impulsive effects, where the auxiliary
disturbance is introduced at impulsive parts. Their theory
will be reported elsewhere.
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