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Abstract: In this paper, a predictive control scheme for a class of nonlinear systems is proposed which
combines the model predictive control (MPC) and sliding mode control (SMC).We call this new algorithm
sliding mode model predictive control (SMMPC). In this algorithm the pre-designed switching surface is
predicted via MPC strategy. First the system nonlinearity is handled by converting the state-dependent
state-space representation into the linear time varying representation, and then this model is descritised.
Finally the control sequence may be found by solving an open-loop optimal control problem in which the
cost function weights the norm of pre-designed sliding surface and control law. Simulation results
illustrate that the closed-loop system has desired properties such as robustness and chattering elimination.

1. INTRODUCTION

The model predictive control (MPC), also known as receding
horizon control or moving horizon control, is becoming
popular in the recent years and is used extensively in industry.
It was first introduced by Richalet et al (Richalet et al., 1978).
The technique has been further developed by Clarke (Clarke
et al.,, 1987), Bitmead (Bitmead et al., 1991) and Ronald
(Ronald, 1992). Extensions to the nonlinear case are due to
Abu (Abu el Ata-Doss, 1992).

On the other hand, sliding mode control (SMC) is an effective
robust control strategy since it appeared in 1950s, however,
Chattering is its undesired phenomenon which can excite the
high frequency oscillation of controlled system. Hence the
application of the SMC is limited.

To solve this problem we propose an approach that uses an
advantageous combination of SMC and MPC. In this
approach closed-loop system obtains desired performance by
choosing appropriate value for weighting matrices as tuning
knobs in MPC cost function and chattering is eliminated due
to an inexplicit use of “sign” term in the proposed control
signal. In addition robustness is guaranteed because it is an
inherent property of SMC.

In the proposed predictive control, first sliding surface is
designed off-line to make the sliding mode asymptotically
stable and also control law to steer the states to reach the
sliding surface. Second the state-dependent state-space
representation converts to the linear time varying
representation, then the linear time varying state-space model
is discretised using Euler integration method (Dutka, 2003).
Finally, by predicting system states, the sliding surface is
predicted and the control sequence can be found by solving an
open-loop optimal control problem which the cost function
weights the norm of pre-designed sliding surface and control
law.
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The remainder of this paper is organized as follow: Section 2
describes the nonlinear predictive control (Dutka, 2003). The
new sliding mode model predictive algorithm is proposed in
section 3. Section 4 gives the simulation results.

2. NONLINEAR PREDICTIVE CONTROL
Consider the following nonlinear continuous time system:

x(t) = f(x(0) +g(x(®)u(t) , y(t)=h(x(1) M
Suppose the system (1) is arranged into state and control
dependent linear form of the state-space model, so the
nonlinearity is handled by converting the state-dependent
state-space representation into the linear time varying
representation:

£(0) = A(x()x(1) + B(x(D)u(t) @
y(1) = Cx(D)x(1)

Where the matrices elements may be constant or state-
dependent. Since in MPC algorithm, N (prediction horizon)
step ahead control signal is generated in each sampling time,
system (2) should be discretised by using Euler integration
method:

Xpa = A(X,)x, +B(x,)u, 3)
Yn ZC(XH)XH

In the model predictive control strategy, the vector of current
and future control is calculated in each sampling time. The
first element or current control is used as the plant input
manipulation and the remaining parts are employed to predict
future trajectory of the states of the system in the next
sampling time, it is because of the fact that deriving the
nonlinear predictive control algorithm is based on the
assumption that the future trajectory of the states must be
known.
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For state-space model (3), the MPC cost function is defined
as:

Ny
Jn =2 (refn+i - yn+i)Tqi(refn+i - YH+i)
iz “)

Ny T
+ Z (un+i—l) G (un+i—1)

i=1

Where ref is a vector of set point of sizeN v
q;,i=1,., Ny and T ,j=1,.., N, are symmetric weighting
matrices, N y and N  are positive integer numbers, greater or
equal to one.

Current and future values of the control input u  and future
values of states x and outputsy , construct the following

vectors:
T T T
Xn+l,Ny =[Xpiioee Xn+Ny]
T T T
Un,Nu :[un 7'”7un+Nu—1] (5)

. T T T
Yn+1,Ny =[Ynitoo Yn+Ny]

T T T
Re fn+1,Ny =[ref s refn+Ny ]
Vector form of the cost function (4) with notation (5) is:

Jn =(Re fr1-¢-1,Ny - Yn+1,Ny )TQ (Re fn+1,Ny - Yn+1,Ny ) (6)

T
+Upn, RU, .

Where Q = diag (q;..... 4y, ) ad R =diag (1...., ry, ) - Next
the future states prediction may be obtained from the
following equation (j=1,..., N, and w = min( j,N)):

x ., =[A

n+)

A A Jx

weioa Ay
An+j*2"'An+l]Bnun 7)
Ao An B+
A

n+j-1 n

+[A
+[A

n+j-1
n+j-1

+ [An+j—l n+j—2"'An+Ny ]Bn—kun—Hw

Hence to obtain the state prediction at time instantn + j, the

matrices An"‘An+j—I and BBy i min(inyg) should be
calculated. Now consider the following notation:
m A A A if L<m
A = n+m‘*n+m-1"‘*n+L (8)
|:k];[L "”‘} { I if L>m
Then (7) is simplified by introducing (8):
-1 j-1
Xn+j: An+k Xn+|:HAn+k:|Bnun+
| k=0 k=1
[ -1 ©)

+ K 2An+k:|Bn+1un+1+'”+

j-1
+ k]—IEAn+k:|Bnl+min(j,Nu)un1+min(j,Nu)
L= Nu

From (5) and (9) the future states prediction vector is
obtained:

)(n+1,Ny :Qn,NyAan +\Pn,NyUn,Nu (10)
Where
[ 0 T T [Ny- T
Qn,Ny = |:HAn+k:| l:]—[An+k:| ]—[An+k
k=1 k=1 k=1
"o -
HAn+k:|Bn 0 0
Lk=1
1 1
v _ HAmk}Bn |:HAn+k:|Bn+1
n,Ny — k=1 k=2

Ny L

Ny-1 ' Ny-1 ' ' Ny-1 ’
An By k]:[Z Api Bon o kl_[ Ak Bn+Nu—1

u

From (3) it is clear that:

(11)

Yn+j = Cn+jxn+j

By Combining (5) and (11), the following relationship
between vectors X and Y is obtained:
n+1,Ny n+1,Ny

Yanrl,Ny :®n,Nan+1,Ny (12)

Where

®n,Ny = dlag (Cn+1’cn+2""’ Cn+Ny)

Finally replacing X . . in (12) by (10), the output
n+l,Ny

N
prediction is obtained:

Yn+1,Ny = ch,NyAan + Tn,NyUn,Nu (13)
Where
(Dn,N :®n,Nan,Ny H Tn,Ny :®n Nylyn,Ny

Substituting v, | «

in the MPC cost function by (13), the
y
control vector is calculated by minimizing (6):
— T -1 T
U,n, = (Tn,Ny Q Tn’Ny +R) Tn,Ny Qx

(Re fn+1,Ny _(Dn,NyAan)

(14)

Note that as it was mentioned before, all elements of (14) are
going to be used. The first element for the input manipulation
of the controlled object, and the others for predicting the
future states, to calculate the matrices Q and T in the next
sampling time.

3. A NOVEL SLIDING MODE MODEL PREDICTIVE
CONTROL (SMMPC)

Consider the system (3) again. Firstly designing sliding
surface s =s(x,)to make the sliding mode asymptotically
stable and finding variable structure control law uvsc (x ) to
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steer the states reach the sliding surface from the initial state
in finite horizon.

For SMMPC the cost function is defined as (Zhou, 2001):

NS Nu
_ T T
Jsmmee = _zlsn+iqisn+i + _zl{(un+i—1 —UVSC i) I X (15)
i= i=
(un+i—l —uvse n+i—1)}
q;and rare weighting matrices, N is the sliding surface

prediction horizon and N is the control horizon. Minimizing

cost function (15) means when the states reach the sliding
surface, the control signal is equal to the pre-designed variable
structure control law.

By introducing the following vectors:

T T T
XpiNg = [Xnires Xpong ]
T T T
Un,NLl :[un ""’un+Nu—1] (16)
T T T
Sn+1,NS =[Spitoees Sn+Ng ]

T T T
Uvsc, y, =[uvsc .., uvsc,  y ]

Now it is possible to write the cost function (15) in the

following vector form:

Jsmmee = SEH,NSQ Spiing T (Uyn, —Uvse n,Nu)T x (17)
R(Un,Nu - UVSCn,Nu)

Where Q = diag (q;..., dny) andR = diag (1., Iy, )

Before minimizing the cost function (17), vectors §

2N S

and Uvsc AN should be written in state and control
sNu

dependent linear form. We do this in continue.

Suppose the pre-designed sliding surface can be arranged into
the state-dependent linear form as:

—c,x, (18)

By repeating the sliding surface in the future sampling times,
the sliding surface prediction vector is constructed:

Sn+1,NS :®n,NSXn+1,NS (19)
Where

®n,Ns =diag (C,,1,Cp 05 Chn+Ng )

X .1 n. can be expressed as (20) in the similar way of (10):

Xn+I,NS :Qn,NSAan +\Pn,NsUn,Nu (20)
Where y  and Q . are obtained by replacing Nyby
N, in (10).

By Replacing (20) in (19):

Sn+1,NS :Cn,NSAan"_’Yn,NSUn,Nu (21)

Where

8n,NS = ®n,NsQn,Ns > Yn,Ns = ®n,Ns\Pn,Ns

In continue we do the same procedure for Uysc AN in (17).
>Nu

Consider the general form of variable structure control law:

uvsc, = o, +B,sign(s,) (22)

Whereq,,and (B, are state-dependent components. Suppose
(22) can be written as:

uvsc , =¢e,X, (23)

By repeating (23) in the future sampling times, the sliding
mode variable structure control vector is constructed as:

Uvse N, = Enving Xnsing ¥ Dang Xa (24)
Where
[0 0 0 0]
€hi 0 0 0
B 0 €hi2 0 0 0
LNy 0 0 ey O 0 0
: : 0 0
0 0 0 Chin, O
DnN :[CH,O,O,"','--’O]T
By replacing X, from (20) in (24):
UVSC n,Ny =(E.:n,N An +Dn,Nu )Xn +8n,NuUn,Nu (25)
Where
€an =Eniin,an, s€an, = Eniing, Pang

Finally by replacing (21) and (25) in the cost function (17)
and solving the minimization problem, the control input
vector is obtained:

Un,Nu = [(I - Sn,Nu )TR(I_ 8n,Nu ) + 'Y];j N Q 'Yn,NS ]71

X[(I - sn,Nu )TR (&n,NAn + Dn,Nu)
- Yn,NSQ E,an,NSAn]Xn

(26)

By changing the matrices Q and R the performance is tuned.
In order to make the cost function (17) richer, we add the new
term as follow:

JSMMPC = S;{+1,NSQ Sn-ﬁ—l,NS + (Un,Nu — Uvsc n, Ny )T x

Rx (U, y, —Uvsc, y )+

(Uyn, —Upre, )P (U, y, —Upre, )

@27
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Where Upre LNy is the control signal which is obtained in the
previous sampling time and P is another tuning knob like R
and Q. The control input according to (27) is:

(28)
Unn, =020y ) RA=e,x )47 Qy,  + P}

X {[(I_gn,Nu )TR (E.an,NAn + ljn,Nu ) _yn,NSQ E—‘n,NSAn]Xn
+P Upren,l,Nu}

In the next section results of the proposed algorithm are
shown.

4. SIMULATION RESULTS

In order to illustrate the proposed algorithm, consider the
following system (Khalil, 2003):

@7

>

X, =X, +0,x,sin(x,)
X, =0,x3 +x, +u(t)

0,]<a , [6,]<b

Where @ ,and 0,are uncertain parameters and only their

upper band (a and b) are known. Sliding surface and sliding
mode variable structure control signal for (27) according to
uncertainties 0, and 0, , are designed:

s=x,+(1+a)x,

uvsc = —x; —(1+a)x, —B(x)sgn(s) (28)
B(x)=a(l+a)x,|+bx3

Suppose a=1 and b=2. System (1) is descritised with the
sampling time T, =0.01sec - In SMMPC algorithm, the
sliding surface horizon and control horizon are equal to 7 and
weighting matrices are constant and chosen as:

Q = diag (0.1x[8500,4000,2000,1000,1000,1000,1000 ])

R = diag (0.1x[1.2,0.1,0.1,0.1,0.1,0.1,0.1])

S = diag (0.1x[2,0,0,0,0,0,0])

The results of the SMMPC algorithm are shown in Fig. 1. In
order to make comparison, we plot the discrete SMC results
simultaneously.

——— SMMPC )
-0.002} SMC
0.004 / B
-0.006|- - .
-0.008 |
o001
0.012}
00141
0016}
0.018} -
0.02 L

! ! ! ! ! ! ! !
0 0.001 0.002 0.003 0.004 0.005 0.006 0.007 0.008 0.009 0.01

X

Fig. 1.a. State-space trajectory (Q, R and P are constant)
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Fig. 1.b. Plot of control signal (Q, R and P are constant)
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XsMC

-0.015

20.02 I I I I I I T T T
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Fig. 1.c. Plot of States (Q, R and P are constant)

From the above simulation, we can see that the SMMPC
algorithm can predict the sliding surface very fast and states
regulate well, but the energy of control signal is 1.1021 in
SMMPC and is 0.0284 in SMC. To decrease this energy in
SMMPC, we do not select the constant value for weighting
matrices and they change according to states distance from the
sliding surface. At first Q is selected greater to force the states
reach the sliding surface as fast as possible and after reaching
the sliding surface, Q is decreased and we tune these matrices
again to get the desired performance. The related simulation
results are shown in Fig. 2.

——— SMMPC
0.002| smc
0,004} / 4

\\
0.006 | - J p
-0.008 |
& 001
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o,
0.02

1 1 1 L L L L L L |
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Fig. 2.a. State-space trajectory (Q, R and P are variable)
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— SMMPC
— SMC
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Fig. 2.b. Plot of control input (Q, R and P are variable)

In this case the energy of SMMPC decreases to 0.0572. Fig. 2
shows that there is a trade off between the sliding surface
prediction speed and the quality of control signal. As a rule of
thumb, variation in Q changes the sliding surface prediction
speed and changes in R and P lead to changes in quality of a
control signal.

The significant point in control signal is chattering elimination
which is obvious in Fig. 1.b and Fig. 2.b. It is duo to an
inexplicit presence of “sign” term (that causes chattering
phenomenon) in control law which is obtained by (28).

To show that the proposed algorithm profits the robustness
properties of sliding mode control method, the upper band of
uncertain parameters 9, and 0, is increased:

0,]<7 , [0,]<8

The simulation results are shown in Fig. 3:

SMMPC
-0.01F SMC

-0.02

003} /

-0.05+

-0.06 -

-0.07 - o,

o

! ! ! ! ! ! I L I %,
0 0.001 0.002 0.003 0.004 0.005 0.006 0.007 0.008 0.009 0.01
X
1

Fig. 3.a. State-space trajectory (|0,|<7 , [0,|<8)

0.8

— SMMPC
0.6 ——SMC

0.4

0.2+

-0.21

_0_4/
,0_61

-0.81

Control Signal

. . . . . . . . .
0 0.5 1 1.5 2 25 3 3.5 4 4.5 5
time

Fig. 3.b. Plot of control input (|0,[<7 , [0,|<8)

We can see that despite the increase in uncertainty bands of
parameters, speed and quality of sliding surface prediction do
not change in SMMPC algorithm, while chattering increases
in SMC algorithm.
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