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Abstract: A multi-period repetitive control system is a type of servomechanism for a periodic
reference input. Even if a plant does not include time-delay, the transfer function from the
periodic reference input to the output and that from the disturbance to the output of the
multi-period repetitive control system generally have an infinite number of poles. In order to
specify the input-output characteristic and the disturbance attenuation characteristic easily,
Yamada et al. propose the concept of simple multi-period repetitive control systems such that
the controller works as a stabilizing multi-period repetitive controller and the transfer function
from the periodic reference input to the output and that from the disturbance to the output
have a finite number of poles. However, the method by Yamada et al. cannot apply for the plant
with uncertainty. The purpose of this paper is to propose the concept of robust stabilizing
simple multi-period repetitive controllers for the plant with uncertainty and to clarify the

parametrization of all robust stabilizing simple multi-period repetitive controllers.

Keywords: periodic signal, multi-period repetitive controller, finite number of poles,

parametrization

1. INTRODUCTION

In this paper, we investigate a problem to seek all robust
stabilizing simple multi-period repetitive controllers for
a plant with uncertainty. A repetitive control system is
a type of servomechanism for a periodic reference in-
put for the periodic signal without steady state error
(Inoue et al., 1981; Omata et al., 1987; Watanabe and
Yamatari, 1986; Hara et al., 1988; Yamamoto and Hara,
1988; Nakano et al., 1989; Tkeda and Takano, 1990; Ya-
mamoto and Hara, 1992; Yamamoto, 1993; Katoh and Fu-
nahashi, 1996; Weiss, 1997). That is, the repetitive control
system follows the periodic reference input without steady
state error, even if there exists a periodic disturbance
or the plant has uncertainty (Inoue et al., 1981; Omata
et al., 1987; Watanabe and Yamatari, 1986; Hara et
al., 1988; Yamamoto and Hara, 1988; Nakano et al., 1989;
Ikeda and Takano, 1990; Yamamoto and Hara, 1992; Ya-
mamoto, 1993; Katoh and Funahashi, 1996; Weiss, 1997).
The repetitive control system was proposed for ‘high ac-
curacy control for magnet power supply of proton syn-
chrotron in recurrent operation’ (Inoue et al., 1981). Var-
ious papers on the repetitive control have been studied
(Inoue et al., 1981; Omata et al., 1987; Watanabe and
Yamatari, 1986; Hara et al., 1988; Yamamoto and Hara,
1988; Nakano et al., 1989; Ikeda and Takano, 1990; Ya-
mamoto and Hara, 1992; Yamamoto, 1993; Katoh and
Funahashi, 1996; Weiss, 1997).

On the other hand, there exists important control problem
to find all stabilizing controllers named the parameteriza-
tion problem (Youla et al., 1976; Kucera, 1979; Glaria and
Goodwin, 1994; Vidyasagar, 1985). First, the parametriza-
tion of all stabilizing modified repetitive controllers that
follow the periodic reference input with small steady state
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error even if there exists a periodic disturbance or the
uncertainty of the plant was studied by (Hara and Ya-
mamoto, 1986). In (Hara and Yamamoto, 1986), since
the stability sufficient condition of repetitive control sys-
tem is decided as H,, norm problem, the parametriza-
tion for repetitive control system is given by resolving
into the interpolation problem of Nevanlinna-Pick. Ka-
toh and Funahashi gave the parametrization of all sta-
bilizing repetitive controllers for minimum phase systems
by solving exactly Bezout equation (Katoh and Funa-
hashi, 1996). However, Katoh and Funahashi (Katoh and
Funahashi, 1996) assumed the plant is asymptotically
stable. This implies that they gave the parametrization
of all causal repetitive controllers for an asymptotically
stable and minimum phase plant. That is, they do not give
the explicit parametrization for minimum phase systems
(Katoh and Funahashi, 1996). In addition, in (Katoh and
Funahashi, 1996) it is assumed that the relative degree
of low-pass filter in the repetitive compensator is equal
to that of the plant. Extending the results in (Katoh
and Funahashi, 1996), Yamada and Okuyama gave the
parametrization of all stabilizing repetitive controllers for
minimum phase systems (Yamada and Okuyama, 2000).
Yamada et al. gave the parametrization of all stabilizing
repetitive controllers for the certain class of non-minimum
phase systems (Yamada et al., 2002a). They obtained the
parametrization of all repetitive controllers using fusion
of the parallel compensation technique and the solution
of Bezout equation. However, they gave the parametriza-
tion of all repetitive controllers for limited class of non-
minimum phase systems. Yamada et al. gave the com-
plete parametrization of all stabilizing modified repetitive
controllers for non-minimum phase single-input/single-
output systems (Yamada et al., 2002b). They obtained the
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parametrization of all repetitive controllers using fusion
of the parallel compensation technique and the solution
of Bezout equation. However, they gave the parametriza-
tion of all repetitive controllers for limited class of non-
minimum phase systems. Yamada et al. gave the com-
plete parametrization of all stabilizing modified repetitive
controllers for non-minimum phase single-input/single-
output systems (Yamada et al., 2002b). In this way, the
parametrization of all stabilizing modified repetitive con-
trollers has been considered.

However the modified repetitive controllers has bad distur-
bance attenuation characteristic (Gotou et al., 1987). In
order to improve the disturbance attenuation characteris-
tic of the modified repetitive controllers, the multi-period
repetitive controllers was proposed by (Gotou et al., 1987).
The parametrization of all stabilizing multi-period repet-
itive controllers for non-minimum phase systems, which
is used to improve the disturbance attenuation charac-
teristics of the modified repetitive controller, was solved
in (Yamada et al., 2004). Since the method in (Yamada
et al., 2004) cannot apply for the plant with uncertainty,
Satoh, Yamada and Mei proposed the parametrization of
all robust stabilizing multi-period repetitive controllers for
the plant with uncertainty (Satoh et al., 2006). However,
using the method in (Satoh et al., 2006), the transfer func-
tion from the periodic reference input to the output and
that from the disturbance to the output have an infinite
number of poles, even if the uncertainty does not exist.
When the transfer function from the periodic reference
input to the output and that from the disturbance to
the output have an infinite number of poles, it is difficult
to specify the input-output characteristic and the distur-
bance attenuation characteristic. From the practical point
of view, it is desirable that the input-output characteristic
and the disturbance attenuation characteristic are easily
specified. In order to specify the input-output character-
istic and the disturbance attenuation characteristic easily,
the transfer function from the periodic reference input to
the output and that from the disturbance to the output
are desirable to have a finite number of poles.

In this paper, we propose the concept of robust stabilizing
simple multi-period repetitive controllers for the plant
with uncertainty and clarify the parametrization of all
robust stabilizing simple multi-period repetitive control
systems such that the controller works as a robust sta-
bilizing multi-period repetitive controller and the transfer
function from the periodic reference input to the output
and that from the disturbance to the output have a finite
number of poles.

Notation
R the set of real numbers.
R+ R U {OO}
R(s) the set of real rational function with s.

RH the set of stable proper real rational
functions.

H the set of stable causal functions.

D+ orthogonal complement of D, i.e.,
[D DJ‘} or {DDJ_} is unitary.

AT transpose of A.

Af pseudo inverse of A.
spectral radius of {-}.
H norm of {-}.

represents the state space description
C(sI — A)~'B+D.

2. PROBLEM FORMULATION

Consider the unity feedback system in

y=G(s)u+d
{u — Cls)(r—y) M)

where G(s) € R(s) is the plant, C(s) is the controller,
u € R is the control input, d € R is the disturbance,
y € R is the output and r € R is the periodic reference
input with period T satisfying

r(t+T) =r(t) (Vt>0). 2)

The nominal plant of G(s) is denoted by G, (s) € R(s).
Both G(s) and G,,,(s) are assumed to have no zero or pole
on the imaginary axis. In addition, it is assumed that the
number of poles of G(s) in the closed right half plane is
equal to that of G,,(s). The relation between the plant
G(s) and the nominal plant G,,(s) is written as

G(s) = Gm(s)(1+ A(s)). (3)

The set of A(s) is all rational functions satisfying

[AGw)| < [Wr(jw)] (Yo € Ry), (4)
where Wy (s) is an asymptotically stable rational function.

The robust stability condition for the plant G(s) with
uncertainty A(s) satisfying (4) is given by

IT(s)Wr(s)ll o <1, (5)

where T'(s) is the complementary sensitivity function given
by

Gm(s)C(s)

T = TG ()00

(6)

According to (Gotou et al., 1987), the multi-period repet-
itive controller C(s) in (1) is written by the form in

N

Z Ci(s)e T
i=1

N
1- Z qi(s)e T
i=1

where N is arbitrary positive integer, Cp(s) € R(s
Ci(s) # 0 € R(s)(i = 1,...,N), qi(s) € R(s)(i =
1,...,N) are low-pass filter satisfying Zivzl ¢i(0) =1 and
T, € R(i=1,...,N).

Using the modified repetitive controller C'(s) in (7), the
transfer function from the periodic reference input r to the
output y and that from the disturbance d to the output y
in (1) are written as

; (7)
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Co(5)Gm(s) (14 A(s))} —
(14 A(s))] e
and

1
d_ 1+ C(s)G(s)

{12%

(14 A(s

<

} ].+C()( )G (S)

5) {1+ Co(5)Gm(s)

'MZ

=1

(1+A(s)} = Cil)Gn(s)

(L+A(s)] e (9)
respectively. Generally, the transfer function from the peri-
odic reference input r to the output y in (8) and that from
the disturbance d to the output y in (9) have an infinite
number of poles, even if A(s) = 0. When the transfer
function from the periodic reference input r to the output
y and that from the disturbance d to the output y have
an infinite number of poles, it is difficult to specify the
input-output characteristic and the disturbance attenua-
tion characteristic. From the practical point of view, it
is desirable that the input-output characteristic and the
disturbance attenuation characteristic are easily specified.
In order to specify the input-output characteristic and the
disturbance attenuation characteristic easily, the transfer
function from the periodic reference input r to the output
y and that from the disturbance d to the output y are
desirable to have a finite number of poles.

From above practical requirement, we clarify the parametriza-

tion of all robust stabilizing simple multi-period repetitive
controllers defined as follows:

Definition 1. (robust stabilizing simple multi-period repet-
itive controller)

We call the controller C(s) the robust stabilizing simple
multi-period repetitive controller, if following expressions
hold true:

(1) The controller C(s) works as a multi-period repetitive
controller. That is, the controller C(s) is written by
(7), where Cy(s) € R(s), Ci(s) # 0 € R(s)(i =
1,...,N) and ¢;(s) € R(s)(z = 1,...,N) satisfies
> i(0) = 1.

(2) When A(s) = 0, the controller C(s) makes the
transfer function from the periodic reference input r
to the output y in (1) and that from the disturbance
d to the output y in (1) have a finite number of poles.

(3) The controller C(s) satisfies the robust stability con-
dition in (5).

3. THE PARAMETRIZATION OF ALL ROBUST
STABILIZING SIMPLE MULTI-PERIOD
REPETITIVE CONTROLLERS

In this section, we give the parametrization of all robust
stabilizing simple multi-period repetitive controllers de-
fined in Definition 1.

In order to obtain the parametrization of all robust stabi-
lizing simple multi-period repetitive controllers, we must
see that the robust stabilizing controllers hold (5). The
problem of obtaining the controller C(s), which is not
necessarily a multi-period repetitive controller, satisfying
(5) is equivalent to the following H., problem. In order
to obtain the controller C(s) satisfying (5), we consider
the control system shown in Fig. 1. P(s) is selected such

W, L £,
PO,
Cls) =

Fig. 1. Block diagram of H, control problem

that the transfer function from w to z in Fig. 1 is equal
to T'(s)Wr(s). The state space description of P(s) is, in
general,

z(t) = Az(t) +Biw(t) +Bau(t)
{ Z(t) = ClI(t) +D12u(t) , (10)
y(t) = CQI'(t) +D21U)(t)

where A € R"*", By € R", B, € R", C; € R™", Cy €
RY" Dis € R, Dyy € R. P(s) is called the generalized
plant. P(s) is assumed to satisfy the standard assumption
in (Doyle et al., 1989). Under these assumptions, according
to (Doyle et al., 1989), following lemma holds true.

Lemma 1. If controllers satisfying (5) exist, both

X (A - BQDIQCl) + (A - BQDIQCI)T X
X (BlBlT — By (D,Dyy) ' BY ) X

T
+ (D1C1) " DiCY =0 (11)

and
Y (A . BID;CQ)T + (A - BID;CQ) Y

VY (ClTCl —cf (DuD%) ™ 02) Y

+B.DY (BiDS)" =0 (12)
have solutions X > 0 and Y > 0 such that
p(XY) <1 (13)

and both

A~ ByDi,C1 + (BlBlT — By (D,Dy5) " BQT) X

and
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A—BDhCy+Y (clTC1 — Cy (Dyy DR 02)

have no eigenvalue in the closed right half plane. Using X
and Y, the parametrization of all controllers satisfying (5)
is given by

C(s)
=C11(s) + C12(s)Q(s)(I — Ca2(s)Q(s)) " Can (s),
(14)
where
A.| B,y Beo
011 S Cl S ¢ ¢ ¢
[08 cim R R

A.=A+ B BTX — By (D{QC1 + El_QlBQTX)
(- XY)" (BlD;1 + YCQTE;)
(Cy + Dy BY X)),
Ba=(I-xY)" (BiD} + YT B,

Beo=(I—XY) " (By+YCI'Dyy) By,
Cer=—D},C1 — By By X,
Cug = —Ey'? (Co+ DB X)),

Dei1 =0, Deo = Er/?, Deoy = Ey'/?,

Deso =0, Eyg = DI,D1s, Es = Dy DY

and the free parameter Q(s) € Hs is any function
satisfying ||Q(s)|l, <1 (Doyle et al., 1989).

Using Lemma 1, the parametrization of all robust stabi-
lizing simple multi-period repetitive controllers is given by
following theorem.

Theorem 1. If simple multi-period repetitive controllers
satisfying (5) exist, both (11) and (12) have solutions
X >0and Y > 0 satisfying (13) and both

1
A— ByDl,Cy + (BlBlT — By (D1yD1) BQT) X

and

A— B1D$102 +Y (CITC1 - Cy (D21D2Tl)_1 02)

have no eigenvalue in the closed right half plane. Using X
and Y, the parametrization of all robust stabilizing simple
repetitive controllers satisfying (5) is given by

C(s)
= C11(s) + C12(5)Q(s) (I — Caa(s)Q(s)) " Can(s),
(16)

where Cy;(s)(i = 1,2;5 = 1,2) are given by (15) and
the free parameter Q(s) € Ho is any function satisfying
1Q(s)]|,, <1 and written by

Qs) = ~ : (17)
Qao(s) + Y Qai(s)e™*"
Qni(s) = Ga(s)Qi(s)(i=1,...,N) (18)
and
) =~ e )
(i=1,...,N), (19)

where Qno(s) € RHxo, Qao(s) € RHoo, Gn(s) € RHu
and Gg4(s) € RHy are coprime factors of —Chaa(s) +
(—C11(8)C22(s) + C12(8)C21(5))Gm(s) on RH satisfying

n(s
Gd(s
= —022(8) +

Gm(8)7
Qi(s) 0 € RHo (i =1,...,

>{-

Q

~—

(=C11(s)C2a(s) + Cra(s)Ca1(s))
(20)
N) are any functions and

22(0)Qni(0) |
22<o>@no<o>} -

de O
Qa0(0)

(21)

holds true.

(Proof) First, necessity is shown. That is, if the multi-
period repetitive controller written by (7) stabilizes the
control system in (1) robustly and makes the transfer
function from the periodic reference input r to the output
y in (8) and that from the disturbance d to the output
y in (9) have a finite number of poles when A(s) =
0, then C(s) and Q(s) are written by (16) and (17),
respectively. From Lemma 1, the parametrization of all
robust stabilizing controllers C(s) for G(s) is written by
(16), where ||Q(s)||co < 1. In order to prove the necessity,
we will show that if C(s) written by (7) stabilizes the
control system in (1) robustly and makes the transfer
function from the periodic reference input r to the output
y in (8) and that from the disturbance d to the output
y in (9) have a finite number of poles when A(s) = 0,
then the free parameter Q(s) in (16) is written by (17).
Substituting C(s) in (7) into (16), we have (17), where

Qno(s) = (C11n(5)Cod(s) — C11a(s)Con(s)) Cal(s)

2d(5)C124d(5)C224(5)Ca1a(s), (22)

@ni(s) = {(Con(s)Ca(s)C11a(s) — Coa(s)Ca(s)
Ci1n(5)) @in(s) — Coa(5)Cin(s)qa(s)
C114(9)} Cr24(8)C224(5)Ca14(s)

(i=1,...,N), (23)

Qa0(8) = (—Con(s)C114(5)Cir24(5)Ca2n (5)Ca14(8)
+Coa(8)C11n(5)C124(8)C22n () C214(8)
—Cod(5)C114(5)Cr2n(5)C224(5)Ca1n(5))

Ca(s)ga(s) (24)
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and

Qai(s)

= (COn(S)Cd(S)Cnd( )C124d(5)Ca2n(s)
(s) Ca(s)Crin(s)Cr2a(s)

Ca2n(5)Ca14(s )+00d( )Ca(s)Chia(s)
(8)C224(5)C21n(8)) Gin(s) — Coa(s)

Cin(5)qa(s)C11a(5)C124(5)Cazn (5)Cara(s).

(i=1,...,N) (25)

Here, Co,(s) € RHo and Cp4(s) € RHy are coprime
factors of Cy(s) on RHo satisfying

S

Co(s) = Con(5)Coq (),
gin(s) € RHoo(i = 1,...,N), qd( ) € RHy, Cins) €

RHy(i=1,...,N), C4(s) € RHy, Cijn(s) € RHx
1,2;5 = 1,2) and Cyj4(s) € RHx(i = 1,2;5 = 1,2) are
coprime factors satisfying
ais) =3B 1, (27)
qa(s)
Czn(s) .
Ci(s)= i=1,....N 28
()= ) (28)
and
Cij(s) = =2 1=1,2;5=1,2). 29
From (22)~(25), all of Qno(s), Quni(s)@ = 1,...,N),

Qao(s) and Qui(s)(i = 1,...,N) are included in RH.
Thus, we have shown that if C(s) written by (7) stabilize
the control system in (1) robustly, Q(s) in (16) is written
by (17). Since Z —1¢(0) = 1(¢ =1,...,N), (21) holds
true.

The rest to prove necessity is to show that when A(s) =0,
if C(s) in (7) make the transfer function from the periodic
reference input 7 to the output y and the disturbance d to
the output y have a finite number of poles, then @Q;(s)
and Qgi(s) are written by (18) and (19), respectively.
From (17), when A(s) = 0, the transfer function from the
periodic reference input r to the output y and that from
the disturbance d to the output y are written by

y _ Gryn(s)
r Grya(s) (30)
and
Yy Gdzm(s)
E o Gdyd(s)’ (31)
respectively, where
Gryn(s)
=[{C11(5)Qao(s) + (—Cn( )C22(s) + Cha(s)
C21(5)) @no(s }+Z{C11 )Qui(s)
+ (=C11(s)C22(s )+012( )C21(s)) Qni(s)}
e ] G(s), (32)

Grya(s)
= [(Qao(s) — Ca2(5)Qno(s)) + {C11(s)Qao(s)
+ (=Cn(s )022( ) + Cr2(5)C21(5)) Qno(s)}

)]+ Z Quai(s) — Ca2(5)Qni(s) + {C11(s)

Quai(s) + (—Cn( )C22(5) + C12(s)Ca1(s))

Qni(5)} Gm(s)] e™*T, (33)

Gayn(s)
N

= Quo(s) — C22(5)Qno(s) + Z (Qai(s)
+C(8)Qni(s)) e =T (34)

and

Gaya(s)
= [(Qao(s) — Ca2(5)Qno(s)) + {C11(s)Qao(s)
+ (=Cni(s )022( ) + Cr2(5)C21(5)) Qno(s)}

)]+ Z Quai(s) — Ca2(5)Qni(s) + {C11(s)

Qai(s) + (—011( )C22(s) + C12(5)Ca1(s))

Qui(s)} Gml(s)] e T (35)
From the assumption that the transfer function from the
periodic reference input r to the output y in (30) and that

from the disturbance d to the output y in (31) have a finite
number of poles, (33) and (35),

Quai(s) — Caa(5)Qni(s) + {C11(5)Qui(s)
+ (=C11(8)C22(s) + C12(5)C21(5)) Qni(s)} Gml(s)
=0 (i=1,...,N) (36)
is satisfied. Using (20), this equation is rewritten by

1 Gn(s)
14 C11(s)Gm(s) Ga(s)
(i=1,.

Since Qni(s) € RHx (i = 1,...
RHo(i=1,...,

Qui(s) = —

Qni(s)

L N). (37)
,N) and Qgi(s) €
N), Qni(s) and Qqg;(s) are written by (18)
and (19), respectively, where Q;(s) € RH(i =1,...,N).
From the assumption that C;(s) 75 O(i =1,... ,N) and
from (23) and (25), Qi(s) #0(i = 1,..., N) hold true. We
have thus proved necessity.

Next, sufficiency is shown. That is, if C(s) and Q(s) €
H, are settled by (16) and (17), respectively, then the
controller C(s) is written by the form in (7), Zf\il qi(0) =
1 holds true and the transfer function from the periodic
reference input r to the output y and that from the

disturbance d to the output y have a finite number of poles.
Substituting (17) into (16), we have (7), where, Cy(s),

Ci(s)(i =1,...,N) and ¢;(s)(¢ = 1,...,N) are denoted
by
Cols) = C11(s)Qao(s) + (Cr2(s)Ca1 (s)
Qao(s) — Ca2(5)Qno(s)
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7011(5)022(8))Qn0(5) (38)
Cils) = C11(5)Quai(s) + (=C11(s)Ca2(s)
‘ Qao(s) — Ca2(5)Qno(s)

+C12(5)C21(5)) Qui(s)

+Co(s)qgi(s) (i=1,...,N) (39)
and
(8= Qai(s) — Ca2(s)Qni(s) i
5 = (s Ona(8)Qmols) 1)

(40)

We find that if C(s) and Q(s) are settled by (16) and
(17), respectively, then the controller C(s) is written by
the form in (7). From Q;(s) # 0(¢ = 1,...,N) and (39),
Ci(s) #0(i =1,...,N) holds true. Substituting (21) into
(40), we have Ziv=1 ¢:(0) = 1. In addition, from (18) and
(19) and easy manipulation, we can confirm that when
A(s) = 0, the transfer function from the periodic reference
input r to the output y and that from the disturbance d
to the output y have a finite number of poles.

We have thus proved Theorem 1. |

4. CONCLUSION

In this paper, we proposed the parametrization of all
robust stabilizing simple multi-period repetitive control
systems such that the controller works as a robust sta-
bilizing multi-period repetitive controller and the transfer
function from the periodic reference input to the output
and that from the disturbance to the output have a finite
number of poles.
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