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Abstract: This paper is concerned with the distributed fusion estimation problem for discrete-time linear
stochastic multi-delayed systems with multiple sensors and correlated noise. Firstly, a new optimal filter in
the least mean square sense is presented for discrete stochastic multi-delayed systems with a single sensor,
where the white noise filter is used to obtain the optimal state estimate. Then, a distributed optimal scalar-
weighted fusion filter is given for discrete-time linear stochastic multi-delayed systems with multiple
sensors. A recursive formula for the estimation error cross-covariance matrix between any two local
optimal estimates is derived. Compared with the centralized filter, it has a little accuracy loss but better
reliability. At last, a simulation example shows the effectiveness of the proposed algorithms.

1. INTRODUCTION

The problem of state estimation for systems with time delays
has been investigated widely due to many applications in
signal processing, communication and control systems, etc.
(Zhang & Xie, 2007). The general approaches to the design
of an optimal filter or observer for these systems include the
augmented optimal Kalman filter by an augmented state
space representation, which has the high implementation cost
and large memory, and the non-augmented optimal filter
(Mishra & Rajamani, 1975; Priemer & Vacroux, 1969; Raja
Rao & Mahalana, 1971; Liang & Christensen, 1975; Liang,
1977), where the optimal filters were directly obtained based
on projection theory, avoids the disadvantages of the
augmented approach.

For systems with distributed multiple sensors, the centralized
filter (Willner, 1976), where all measured sensor data are
communicated to a central site for processing, has large
computational burden and is not fault tolerant though it can
obtain the optimal estimation when there are not faulty
sensors. The distributed filter (Hashemipour, 1988), where
the local estimates can lead to global optimal or suboptimal
estimation according to certain fusion criterion, has better
reliability due to its parallel structure that allows a higher
input data rate and makes fault detection and isolation easy.
Various distributed and parallel versions of the Kalman filter
with applications have been investigated. Early, Bar-Shalom
(1981) studied the correlation of two sensor subsystems and
gave a formula to compute the cross-covariance matrix of
two local estimators. Carlson (1990) presented the federated
square-root filter where an upper bound of the covariance
matrix of the process noise is used and the initial estimation
errors between any two local estimators are assumed to be
uncorrelated, to avoid the computation of cross-covariance
matrix. Kim (1994) gave the maximum likelihood (ML)
fusion filter under the assumption of normal distributions. Li
et al. (2003) gave the unified fusion rules for centralized,
distributed and hybrid fusion architectures based on a unified

978-1-1234-7890-2/08/$20.00 © 2008 IFAC

480

linear model in weighted least squares (WLS) sense and best
linear unbiased estimate (BLUE) sense. Three optimal fusion
algorithms weighted by matrices, diagonal matrices or scalars
in the linear minimum variance (LMV) sense were presented
in (Sun, 2004) where the fusion estimation weighted by
matrices is the same as the ML estimation (Kim, 1994) and
the distributed estimation in the BLUE sense (Li et al., 2003),
but the assumption of normal distributions is not necessary.
Further, the weighted fusion algorithms were applied to the
distributed fusion filter and smoother for systems with
correlated noises (Sun & Deng, 2004; Sun, 2005) and
distributed deconvolution estimators (Sun, 2004). In the
distributed fusion estimation above, the concerned systems
do not involve time delays. The Kalman filter for systems
with multiple sensors having different measurement delays
were given by a re-organized innovation approach (Zhang et
al., 2004; Lu et al., 2005), which involves in series of the
computation of multiple filters with the same dimension as
the state of the original system. Though it has the same
accuracy with the centralized, the reliability can not be
guaranteed if there are faulty sensors.

So far, the distributed fusion estimation for multi-sensor
systems with multiple time delays in the state has not been
investigated although it has wide applications in
communication and control. Furthermore, to the best of the
author’s knowledge, the optimal filter for the single sensor
system with correlated noise has not been solved perfectly in
(Raja Rao & Mabhalana, 1971; Liang & Christensen, 1975;
Liang, 1977). Different from them, in the present paper, we
give a new optimal filter by using white noise filter (Mendel,
1977) based on innovation analysis approach. Further, the
distributed weighted fusion optimal filter is given for
discrete-time stochastic multi-delayed systems with multiple
sensors based on scalar-weighted optimal fusion algorithm in
the LMV sense (Sun, 2004). Compared with the centralized
optimal filter, it avoids the high-dimensional computation
and large memory, and has better reliability due to the
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parallel structure. A recursive formula to compute the cross-
covariance matrix between any two local estimates is derived.

The rest of this paper is organized as follows. Problem
formulation is given in Section 2. The new non-augmented
optimal filter with white noise filter is presented for single-
sensor system with correlated state and measurement noises
in Section 3. The distributed optimal scalar-weighted fusion
filter is given in Section 4. In Section 5, a simulation example
with three sensors is given. Finally, the conclusions are
drawn in Section 6.

2. PROBLEM FORMULATION

Consider the discrete-time linear stochastic multi-delayed
system with multiple sensors

x(t+1)= Zd}pk (Ox(t—k)+ T ()w(?) )
YOy =HYOx@)+v" (@), i=12,---,L )

where x(f)e R" is the state, y“(t)eR™ is the

measurement, w(s)e R” and v (f)e R™ are white noises,
and @, (¢), I'(t) and H" (¢) are time-varying matrices with
compatible dimensions. The superscript (i) denotes the ith

sensor and L is the number of sensors. The integer d is the
largest time delay in the state.

Assumption 1. w(t) and v® ), i=12,---,L are correlated
white noises with zero mean and

E{ w(t) :|[WT (k) v (k)]} =0,

V(1)
0,6 SV
SUT(@) Q1)

where the symbol E is the mathematical expectation, the
superscript T is the transpose, and J, is the Kronecker delta

0" (1) = { 3

function.
Assumption 2. The initial states x(—k), k=0,1,---,d are
independent of w() and v?(¢) i=12,---,L and

Elx(-k)] =g, El(x(=k)— g )x(=1) - ) 1= R(k,1)
k=0,1,---.d; 1=0,1,--- k.

Our aim is to find the distributed optimal (i.e., linear
minimum variance under scalar weighting) fusion filter

£t |f) of state x(¢) that is generated by scalar-weighted

fusion of local filters x”(¢|#) from the measurements
G0y, (@), =12, L

3. LOCAL OPTIMAL FILTER

For every single sensor subsystem of system (1)-(2), the state

estimation problem can be solved by the augmented approach.

But the augmented approach requires expensive computation
cost and large memory due to the high system dimension. To
avoid these disadvantages, we will derive the optimal filter
based on innovation approach. It has the smaller computation
cost than the augmented optimal filter, but has identical
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accuracy. Different from (Raja Rao & Mahalana, 1971;
Liang et al., 1975, 1977) where some formulas can not be
implemented, the white noise filter is used to obtain the
optimal estimator in our approach.

Theorem 1. For the multi-delayed system (1)-(2) with
Assumptions 1 and 2, the local optimal Kalman filter based
on the i-th sensor subsystem is given by

20 (t+1]f) = i@k(t)fc(i) (t—k| t)+F(t)17V(f) 1) 4

0 -k|t)y=3"0-k|t-D+ KDt -k|0)eP @) (5)
WO (1) =870 (e (1) (6)
e’ =y"(O-H" O (t|t-1) ™)

KO(t=k|t)y=P(t=kt|t-DH" (DO, (1) ~ (8)
0.,O=H"OP"(t,t|t-DH"" (+Q,, (1) (9

d
POt+Le+1|0) =Y @ (PO (t—k,t+1] 1)+

k=0

F(t)iRL? t,1=11DD )+ L (OP | (1) (10)
PO(t—k,t+1]t)= iP(i)(t—k,t—l BIAGE:
Pt =kt | )" (1) (11)
POt —k,t—1t)=PO(t—k,t—1]|t-1)—
KO~k [00,0 OKD ¢ ~1]1) (12)
P (t—=kt|t) ==K (t=k|)S"" (1) (13)
PY(t|0)=0,0)-S" )0, 1) (1) (14)

with the initial values ¥ (=k |-1)=0 and P (~k,—[|-1)=
B (k) , k=0,1,---,d , I=0,l-,k . We define the
covariance matrix P (*,e|0) =E[¥" (*|o)¥""(e|0)] of the
estimation errors ¥ (*|o) = x(*)— X" (*| o) and ¥ (e|o)=
x(9)=5(e]0) , with POG-ke—1]5y= PO ((—Li—k|1) .
PO(t—k,t|t)= E[x"(t—k|t)W""(t|1)] is the correlated
matrix between X" (t—k|t)=x(t—k)— X" (t—k|t) and
WOt = w(t)— (¢ | 1), with PO (t,t—k |£) = PO (t—k,t|1).
KDt —k |#) is the gain matrix and £D(¢) is the innovation.
Proof. Taking projection on both sides of (1) on the space
generated by (y(i)(O),y(i) (1),~-,y(i)(t)), we have (4). From
projection theory, we have (5) and (7), where the gain
KY(t—k|t) is defined as follows

KO(t—k|t)=E[x(t—k)e""(OE ' [ ()e" ()] (15)
Substituting (2) into (7), we can rewrite (7) as
e =H" )"t |t-1)+v" (@) (16)

Substituting (16) into (15) and noting that x(t—k)=
Rt—k|t-1)+%(@t—k|t-1) and X(t—k|t—=1) LXO(@|t-1),
where the symbol 1 denotes orthogonality, and the
uncorrelation of x(z—k) and v’ (¢), k>0, we have (8). (9)
can be obtained directly from (16).
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From projection theory, we have the white noise filter
W (t6) =W [t=1)+E[w()e” (010, (D" (1) (17)
Substituting (16) into (17) and noting that W (z|t—1)=0
and the uncorrelation of ¥ (¢|7—1) and w(z), we have (6).

Subtracting (4) from (1) yields the prediction error equation
as

F@+1)0)= idﬁk O k| H+T OV @)  (18)

From (18), we have covariance matrix
PO(t+1,t+1]t) =E[XP @t +1| )X (1 +1]1)]

= i@k OEFE @~k | X" (¢ +1| ]+ LOEW ¢ | X7 (¢ +1|1)]

(19)

where

E[VNVU) (l ‘ Z)i(i)T (t+1 ‘ Z)] — iE[VNV(i) ([ ‘ Z)i(i)T (t—l | t)]@lT (t) +

E[ (e |y (e | 1T (2) (20)
Substituting (20) into (19) yields (10). Similarly, (11) can be
obtained by using (18).
From (5), we have the estimation error equation as

F-k|) =3 —k|t-1)-KV(t—-k|H)” (1)
Then, the estimation error covariance is given by
PO(t—k,t=1|t)=E[X"(t -k |)F"" (t—1|1)]
=Pt —k,t—1t-1)-E[x"(t—k|t-)""OIK (t-1|t)-
KO-k |HE[e”OX (t=1]t-1)]+

@n

KO(t-k|0Q,, (0K (t=1]1) (22)
From (15), we have
E[)NC(I') (t—Fk|t- l)g(i)T O]1=E[x(t- k)g(i)T )]
=K"(t~k|00Q., (1) (23)

Substituting (23) into (22) yields (12). From (6), we have the
white noise filtering error as

W (| 1)=w(t)-S" ()0, (s (1) (24)
From (21) and (24), we have (13) and (14), where 3 (t—k|¢)
1 &“(¢), the uncorrelation of ¥”(t—k|z—1) and w(¢) and
E[w()e"" (£)] = SV (¢) are used. o
Corollary. For system (1)-(2), when @,(#)=0, k=12,---,

d-1, ie., it reduces to the single-delayed d system with
correlated noise, we have the corresponding filter.

4. DISTRIBUTED OPTIMAL FUSION FILTER

For system (1)-(2) with multiple sensors, we can use
Theorem 1 to obtain the centralized optimal filter by
combining all measurements from all sensors into one
measurement vector. However, the centralized optimal filter
has not the reliability if there are some faulty sensors or
sensor data loss. To avoid the shortcoming, we will give the
distributed weighted fusion filter by applying the scalar
weighting fusion algorithm (Sun, 2004). It has the parallel
structure which means its reliability. The cross-covariance
matrix of the estimation errors between two local estimates is
required, which can be computed by the following Theorem.

Theorem 2. For multi-sensor time-delayed system (1)-(2)
with Assumptions 1 and 2, the cross-covariance matrix of the
estimation errors between two sensor subsystems is given by

d
PO(t+Lt+10)=> &, (OPV(t—k,t+1] 1)+

k=0

wx

F(t)iP(”’(t,t—llI)QIT(I)+F(I)R§i’)(1|t)FT(t) (25)

d
PO(t—k,t+1|0) =D PP (t—k,t=1| D] (1) +

1=0

PO (t—k,t| )" (1)

xw

PD(t—kyt—11t)=PD(t ke —1|t-1)+

(26)

KD G=k1D0 0 KD (1=1]1)-
KDt =k |y HD ()PP (e —1|t-1)—

POt —kyt|t=DHD (KD (t-1]1)
P (t—k,t|t)=—KD(t~k[)S" (1)~
PP (t—k,t|t-DHY ()0, ()OS (1) +
KO(t=k[DQ., (D0, (1)S" (1) (28)
PP (t|6)=0,(0)-S" (00, (1S ()= SV (D0, ()SV (1)
+S(N0L (0., (DO, (S (1) (29)
0., =H"OP?t,t|t-DH"" ()+0,, )  (30)
with the initial values P (=k,~1|-1)= Py (k,1), k,1=0,1,--,d .
We define P (x,0] ) =E[¥" (x| )" (o] o)] and P}’ (*,e|o)
=E[)~C(i) (* | O)w(,f)T (. ‘ O)] with P(i/’)(*’. | o) — P(,fi)T (.’* | O) and
P (x,0]0)= B (o,%]0).
Proof. Similarly to (19), (25) and (26) can be obtained from
PO+ 1t +1]0)=E[X" (¢ +1|)x""(¢+1]7)] and PP (1—k,
t+1|t)=E[x” -k |)X""(t+1|1)] by using (18). From
(21), we have
PO (t—k,t—1|t)=E[Z"(t—k | )T (t=1| )]
=P (t—k,t=1|t-1)—
E[x7(t k|t -1 (K (1 =1 1) -
KO(t—k | DE[? ()3T (1 =1 |t -1)]+
KO(t=k|0Q.,, (0K (1=1]1)
From (16), we have
E[xV(t—k|t-1)e"" ()] = PP (t—k,t|t—=1)HV"(t) (32)

Substituting (32) into (31) yields (27). From (21) and (24),
we have

27

1)

PO =kt ) = E[Z" (t—k | W7 (1 )]
=K"=k |OE[” (Ow' ()] -
B[X(t—k |- (010" (DS (1) +
KOtk |nE[e” ()" (010, SV () (33)
Substituting (32) into (33) and using Assumption 1 yield (28),
where O, (1) = E[¢" (1)&""" (1)] computed by (30) can be

obtained readily from (16). From (24) and Assumption 1, we
can obtain (29) readily. Ol
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Based on the local optimal filters in Theorem 1 and cross-
covariance matrices in Theorem 2, we have the distributed
fusion filter by applying optimal scalar-weighted fusion
algorithms in the LMV sense (Sun, 2004) as

L
2@ = a" )RV (t]1)
i=1

Note that local optimal filters (¢ |¢), i =1,2,---,L can be
computed by Theorem 1.
Scalar weights " (¢), i=1,2,---, L are computed by

2 (e
e X (t)e
where a(t) =[a" (¢) a”?®]" and e=[1,1,--,1]" are

L -dimension column vectors. 2(t)=(tr(P””(t,t|t))) is an

(34)

a(t) = (35)

Lx L matrix. The variance of the scalar-weighted optimal
fusion filter is computed by

L
PO®te|ty="> a” ()a? )PV (t,t]1)

ij=1
Also we have P (t,t| 1)< PV (t,t|t), i=12,,L.

Remark 1. The distributed weighted fusion optimal
predictor and smoother can also be obtained from Theorem
1 and Theorem 2 similarly.

Remark 2. When every local filter has the steady state, the
local gain and variance matrices have the steady state values.
From Theorem 2, we see that the cross-covariance matrices
also have the steady-state values. Then, the distributed
steady-state weighted fusion filter can be obtained from
(34)-(36). Further, the distributed steady-state weighted
fusion filter has the smaller online computational cost than
the centralized filter in the fusion centre since the online
computation of the scalar weighted fusion of local estimates
is only required.

The computation procedure of the distributed weighted
fusion filter can be summarized as follows:

(36)

Step 1. Compute the local filters %" (z|¢) and variance
matrices P (¢,¢|¢) by Theorem 1.

Step 2. Compute the cross-covariance matrices P'7(t,¢ 1),

10

—— True value
Filter

40 60 80

20

100

(a) Filter of the first state component

i # j by Theorem 2.
Step 3. Compute the distributed weighted fusion filter

(¢ |t) and variance matrix P'”(¢,¢|t) by (34)-(36).
5. SIMULATION EXAMPLE

Consider a discrete-time stochastic delayed system with
three sensors

x(t+1):{0'8 0 }x(t)+|:_0'4 O}c(t—l)—i—

0.1 -0.5 0.6 0.5
[0'4 _0'6}@—2){ ! }w(t) (37)
0 05 -0.5

YOty = HOx(0) +v* (1), i =12,3 (38)

where w(r) and v (), i=1,2,3 are correlated noises
the V() =a”w(t)+ EV(t)  where

EY(t) with zero mean and variance 0., is Gaussian noise

satisfying relation

independent of w(¢) with zero mean and variance Q,. Our
aim is to find the distributed scalar-weighted optimal fusion
filter £ (¢]1).

In simulation, we take N=100 sample data, and set Q,, =1,
ng =2, ng =1, ng =09, H" =[0.1,3], H* =[0,2],

H® =[-0.1,15], a® =09, a® =0.8, a® =0.7 , the
initial values x(-k)=0, Py(k,[)=0.11,, k,/=0,1,2. For
every single sensor subsystem, applying Theorem 1 we can
obtain local optimal Kalman filters (LF) £ (¢|7), i=1,2,3 .
From (34)-(36), we can obtain the distributed scalar-
weighted fusion filter (DSWEF) £ (¢|7), which is shown
in Fig.1 where solid curves denote the true values and
dashed curves denote the estimates. To compare with local
filters (LF) and the centralized filter (CF), their estimation
error variances are shown in Table.1. From Table.1, we see
that DSWFF has higher accuracy than any LF does. Though

DSWFF has a lower accuracy than CF, it has better
reliability since the parallel structure is used.

——— True value

20 40 60 80 100

(b) Filter of the second state component

Fig.1 Distributed scalar-weighted fusion filter

483



17th IFAC World Congress (IFAC'08)
Seoul, Korea, July 6-11, 2008

Table 1. Comparison of accuracy for LF, DSWFF and CF

~Filters |} ¢ LF2 LF3 | DSWFF | CF
Variance

x, (1) 2.0087 | 2.0343 | 2.2196 | 1.9158 | 1.8045

x5 (f) 0.2132 | 0.2579 | 0.3603 | 0.1737 | 0.1616

6. CONCLUSIONS

This paper has presented a new optimal filtering algorithm
for discrete-time stochastic multi-delayed systems with
correlated noise based on the innovation analysis approach,
where the white noise filter is used. For the system with
multiple sensors, we give a distributed fusion filter based on
the scalar-weighted optimal fusion algorithm in the linear
minimum variance sense. It has better reliability than the
centralized filter. A recursive computation for the cross-
covariance matrix of estimation errors between any two-
sensor subsystems has been derived.
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