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Abstract: We consider in this paper the tracking control problem of an underactuated surface
vessel moving on the horizontal plane. A reference feasible trajectory for the position and
orientation of the surface vessel is planned so that it is consistent with vehicle dynamics.
Using these reference values the dynamics of the vehicle is transformed to the error cascade
structure. The proposed controller is designed using Lyapunov’s direct method and the popular
backstepping techniques to force the tracking error to globally exponentially stabilized at the
origin. Extension to unmeasured thruster dynamics is also considered. Simulation results that
validate the proposed tracking methodology are presented and discussed.

1. INTRODUCTION

This paper concentrates on the global tracking control
of surface ships with only sway force and yaw moment
available. The study is interested in designing a controller
such that it makes the position (sway and surge) and
orientation (yaw angle) of surface ships track the reference
position and orientation generated by a virtual reference
ship. Since the interested surface ships have fewer numbers
of actuators than degrees of freedom to be controlled and
the constraint on the acceleration [7] is nonintegrable,
they are a class of underactuated systems with noninte-
grable dynamics. [5] used a continuous time invariant state
feedback controller to achieve global exponential position
tracking under an assumption that the reference surge
velocity is always positive. Unfortunately, the orientation
of the ship was not controlled. [6] provided a high gain
based semiglobal tracking result. [1] designed a global
tracker based on a transformation of the ship tracking
system into the so-called convenient form.

In this paper, we consider the tracking control problem of
an underactuated surface vessel. Under realistic assump-
tions, we propose new tracking controller with the aid of
the cascade structure of the closed loop system. We follow
the same idea of our previous work to transform the system
into a pure cascade form [4]. We show through some key
properties of the model that the tracking problem of the
resulting cascade system can be reduced to the tracking
problem of a system consisting of third order chained form.
Furthermore, the surface vessel usually operates in open
sea subject to environmental disturbances. By exploiting
the cascade structure of the underactuated surface vessel,
we design a controller that compensate for the constant or
slowly-varying bias of the disturbances. We also discuss
the extension of our proposed controller to the case of
unmeasured thruster dynamics.
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2. PROBLEM STATEMENT

Counsider an underactuated surface vessel discussed in [8].
It has two propellers which are the force in surge and the
control torque in yaw. the kinematics of the system can be
written as

n=Rv
T cosy —siny 07 [u
Y :lsinz/) cos i) O] [U] (1)
) 0 0 1 r

where (z,y) denotes the coordinate of the mass center
of the surface vessel in the earth fixed frame, ) is the
orientation of the vessel, and u,v and r are the velocities
in surge, sway and yaw, respectively. We assume that the
inertia, added mass and damping matrices are diagonal.
The dynamics of the surface vessel can be written as

. Mo di1 1
U= ——uvr — —u—+ —1
mi1 mi1 mi1
. mii dao
b=——Lur — 2y (2)
ma2 ma2
mi1 — Ma2 dss 1
= -7+ —"T
mss mss m3s3

where m;; > 0 are given by the vessel inertia and the
added mass effects, d;; > 0 are given by the hydrodynamic
damping, m;; and d;; are assumed to be constant. 7 and
To are the surge control force and the yaw control moment,
respectively.

Consider the system (1)-(2). Assume given a feasible
bounded reference trajectory (z,,yr,¥r, ur, vy, 1) with
reference input (71,, 72,) satisfying

g =ucos(thg) — vsin(t)y)
Ya = usin(tpg) 4+ v cos(vq)

Y4 =74
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. ma2
Ug = ——, — —Ug+ —T14 (3)
mi1 11 mii
. mi1 d
Vg=——"—"UgTq — — Vg
22 22
mi1 — ma2
d= d— —Td+ —T2d
mss mss m3s3

To facilitate the controller design, we apply a state and an
input transformation to system(1)-(2) as described in [4],
leads to the following cascade system:

le—gzl—ga—i—(Zg—%)r

v=—Bv+B(z1+a)r

Zo=ar
2.33 =T (4)
& ="Tqy
r="T,
where A = z—;;, B = % and the state transformation
z1 = xcosy + ysiny
v
Ly = 29+ —
B
Zo = —xsiny + ycosy
23 =T
A
a =—-z1——=u
B (5)
Blas+a)—rz-2)- 4
Ta = (21 +a)—1r(Zy — =) — =T,
¢ A B B™
Mmoo di1 1
Ty = —Ur — —UuU+—7T1
mi1 mi1 mi1
mi1 — Ma2 ds3 1
Tp = ——————Uuv— —r+ —"Ty
mss mass mss
Similarly, by the transformation
21d = TqCOSYy + g Sinty
Vd
Zog = 224+ =
B
Z2d = —ZaSinYPg + Yq cosPq
23d = Td
A
Qg = —Z2Z1d — /[ Ud
B
Vd A
Taa = 7 (210 +aa) = 1i(Z2a — ) = HTud
ma2 di1
Tud = ——VdTd — ——Ud + ——T1d
miy mi1 miy
M1 — Mag 33
Tryg = ——————UqUq — —— T4+ ——Taq
ma33 ma33 m33
we have

. B B Vd
f1a=—7%14d~ 40 + (ZZd - E) rq

vg=—Bvg+ B (Zld + Ozd) Td

Z4 = aara
23(1 =Td (6)
dd =Ta

f‘d =Td

Next, we define the tracking errors

€1 =21 — 214 €2 =V —vq €3 = L3 — Laq
€4 =23 —23d €5 — QX — Qg €g=T—T(g

The error dynamic is then given as follow

) B B
é1 = ——e1 — —es5 + (ese + raes — Zaqes)
1A A
: — —(egeg + rqea — vge
g L . B( 2€6 de2 4€6)
é2 = —Bey + Bleses + rqes + ageg
+ e1eg + rae1 — z14€6)
€3 = €5€6 + raes + agqes
Z ) s =¢es
2’ é5 = Ty — Tud

€6 = Tr — Trd

The control problem is then transformed into a stabiliza-
tion problem of the error dynamics.

Proposition 1 The states of >, can be made bounded
and exponentially convergent if the states of Y ., are
bounded and exponentially convergent

proof For )_,, consider the following Lyapunov function

Vi=0.5e Ae (7)

where e = (e1,e2)" and A = diag(B, %). It’s derivative
along the solutions of )", gives

~ . 1 .
V1 = B€1€1 + 56262

B2 9 9 B2
=——e7 —e5; — —eye5 + Beq(eseg + raes — Zageq)

A A
—e€1€266 — €1€37q + Vgege1 + €2e5€p + earqes
+ageses + eaereg + rge1ea — z14e266 (8)

Since (Zd,Yd, Ud,Vd,Ta) and (714,724) are bounded and
subsequently are the variables (z14, Z24, @q), it follows, by
taking norms, V satisfies

Vi < —a1Vi + as(t)y/ Vi 9)

where
B
a1 =2min{B, Z}
BQ
as(t) = \/QB(‘Z%’ + ‘36366‘ + ’Brd€5‘

+‘BZ2d€6’ + "l}d@g‘ + ‘ade(i‘ + ‘6665‘)

Note that by assumption (Proposition 1) on ) ,, we
have that as(t) is bounded and exponential convergent.
Performing the change of variables (t) = \/V; to obtain
a linear differential inequality and using the fact that

p= 2\‘/‘%1, it follows, when V; # 0, that

. ay 1
ps—Set §az(t)

When V3 = 0, it can be shown [3], that the upper
right-hand derivative D¢ satisfies Dty < azT(t) and

(10)
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consequently inequality (10) is satisfied for all values of
V1. Thus applying the comparison lemma [3], ¢ satisfies

t
p(t) < plto)e™ T 10 1 / e~ F |y (0)|do (1)

to

N | =

and consequently

(6=

e1(to) H — 8 (t—to)
‘62(750) )e

(H“ 3 e
€9 to

[1—e ) sup lag (1) (12)

t>t0

+ ?1
Since a; > 0 and by assumption that as(t) is bounded and

converges exponentially to zero, then it follows from (12)
that there exists o9 > 0 and a 7 class-KC function such that

(I 283 D) <3 (lles (to).ex (o)l Jem=) (13)

where ey = (e1,e2) " and ey = (e3,e4,e5,66) . O
1 2

3. CONTROLLER DESIGN

Noting the result in Proposition 1, it is only needed to
design a stabilizing control law for ) ,. In the following, a
nonlinear control law is proposed for ) ,. For subsystem
> 5, we have the following result.

Lemma 1 For subsystem ), if (z,,yr, ¥r, Up, vy, 77) is
bounded and r,. satisfies
t

/rf(e)de > 6t V>0 (14)
0
where § is a positive constante, the control inputs
Ta = Tay — kataes — kara(eses + raes + aaes)
—k565 — (k3k4 — 1)7"d63 — €3€¢4
Tr=Trqa — (k1 + k2)es — k1 (k1 + k2)ey
(15)

ensure es~ globally exponentially converges to zero,
2

where control parameters k; > 0, (1 < i < 4). By proposi-
tion 1 and Lemma 1 we have the following theorem.

Theorem 1  For systemsy , and Y 5, if (r, Yr, ¥p, Up, Uy,
ry) is bounded and r, satisfies (14), control law (15) ensure
e; > 0,(1 <i<6) globally exponentially converge to zero,
where control parameters k; > 0, (1 <i < 4).

The exponential convergence rate of subsystem >, can be
adjusted by the controller gains k;(1 < ¢ < 4). However

the convergence rate of subsystem > is governed by the
vessel parameters dos, m11, Moo and the convergence rate
of sates of subsystem ), that is (es, e4, €5, es)

4. ROBUSTNESS ISSUES

The aim of this section is to discuss a simple way to design
a controller to handle disturbances caused by wave drift,
currents and mean wind forces. When disturbances are
present, the dynamic part of the surface vessel (2) can be
written as

My d

. u

U= vr — —u + T1 + Tudis
zn My, n

. My, dy

v=— ur — —v—i—ﬂ,dm

ml) m’U

. m'll,’U d?”

r= UV — —71 + —T3 + Trdis
My My My

where Tydis, Todis and T,4;s being the disturbances acting
on the surge, sway and yaw axes respectively. We first deal
with the disturbance component on the sway direction
Todis- Lhe idea is to handle 7,4;s through designing an
observer to estimate 7,4;s as

b = kg, 0 — Bur — Bb + Tugss

. 16
7A-vdis = kzg v ( )

where v = v — 0. Clearly, the estimate errors v and Tyqg;s
are asymptotically exponentially stable if all roots of the
characteristic polynomial H(s) = s%+k, s+k,, associated
with the system

v —kzy, 1] [ @
%vdis kxg 0 Tudis

have strictly negative real parts. Hence the desired sway
dynamic to track should be like below:

Vg = —Augry — Bvg + Todis (17)

It is now straightforward to conclude the following lemma
which will be useful for establishing the convergence of the
closed-loop system.

Lemma 2 Suppose that the ocean current distur-
bance is constant. Consider the observer system (16),
where the gains kg, and kg, are chosen such that the ob-
server system is asymptotically stable. Then, the variables
U, Todis, Uy Todiss Tvdis, Vd, Va are bounded. Moreover, the the
errors U and Tyqis converge to zero as t goes to infinity

The error tracking cascade form together with distur-
bances being introduced and the observer (16) is written
as bellow
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_ B B
€1 = ——e1 — —e5 + (ezeg + raes — Zagep)
! 1? A
Zl . ——(e2eg + Tge2 — V4€4)
éo = —Bey + Bleseg + rqes + aqes
+e1es + Tde1 — 214€6) + Tudis

. Tudis
€3 = eseg + 1rqes + ages + ——

B
) SRE B’

€5 = Ta — Tayg — 7 Tudis

] B
€6 = Tr — Trd + Trdis

Similarly as in section 3, a stabilizing control for subsystem

Z; is needed to ensure the stabilization of the cascade
system. See the statement of the theorem below which
proof is omitted due to space limitation.

Theorem 2 Consider the nonlinear invariant system
Y CascadetObs Composed by the interconnected system (18),
the current observer (16), and the control law

Ta =Ta, — k3fqes — ksrq(eses + raes + aqee)
A,
—kses — (ksky — 1)raes — eszeg — 5 Tudis
Tr =Tra — (k1 + ka2)eg — k1 (k1 + k2)es — Trais
(19)
where ki,ko, k3 and k4, are positive constants. Let the

update law for the unknown disturbances components T,qis
and Trqis be given as

7A-udis = ’YOlprOj(eSa 7A—udis)
Trdis = Y02PT0J (€6, Tudis)

(20)
where o1 and Yoz are the adaptation gains and the opera-
tor proj represents the Lipschitz projection algorithm [10].
Let XCascade+Obs : [thOO - R77 tO > OaXCascade—i-Obs =
(617 €2, €3, €4, €5, €6, 7~—’Ud’is) be a solution Of ZCascade«‘rObs
and and D C R" the domain in which the closed-loop
system is forward complete. Then, for every initial con-
dition Xcascade+0bs(to) € D the control signals and the
solution Xcascadet+obs(t) are bounded. Furthermore, for
every initial condition Xcascadetobs(to) € D the error
tracking variables (e1,ea,es3,e5,€5) converges to zero as
t — 00.

5. UNMEASURED THRUSTER DYNAMIC
EXTENSION

The purpose of this section is to show that the controller
proposed previously can be directly extended to a dynamic
model of underactuated ships with unmeasured thruster
dynamics, which has often been exclusive from earlier
works [6]. Here, the the thruster dynamics are described
by the following equation:

F=—A"'r+ ¥y (21)

where 7 = [r1, )", A = diag(a;) is a diagonal matrix
of positive known actuator time constants (a; > 0);=12.
U = diag(¥q, ¥y) is a diagonal matrix of positive known

constants, Y = [x1, x2] " is a vector of commanded actua-
tor inputs.

Now assuming that 7 is unmeasured, In order to recon-
struct the unmeasured states 7, introduce the global ex-
ponentially observer of the form

T=—AT17 4+ Uy (22)
Obviously, the observation error 7 = 7 — 7 satisfy
T=-A"'F (23)

With this in mind, we can design a combined con-
troller/observer with x as the control input given at the
top of the next page by invoking a simple application of
one step ”backstepping” technique [9].

6. SIMULATION

In this section, we carry out some computer simulations
to demonstrate the performance of our tracking controllers
and to validate our constructive methodology for under-
actuated ships. The simulation is performed on a model
of a monohull ship having one propeller and one rudder,
see Fig. 1. The propeller provides the surge force, and the
rudder is used to generate the yaw moment. The ship has
the length of 38m, mass of 118 x 103 kg. The different
parameters of the ship are listed bellow:

miy = 120 x 103 magy = 177 x 103
ms3 = 636 x 10° dy; = 215 x 102
dos = 147 x 10® d33 = 803 x 10*

Fig. 1. A 38 m monohull ship. Courtesy
http://www.austal.com/products.

For simulation wuses, we make the following

choice of initial conditions for reference system

(3) [24(0) ya(0) ¥a(0) ua(0) va(0) ra(0)] =

[000 150 0.5]. We pick the following initial condition
for the real system: [z(0) y(0) ¥(0) «(0) v(0) r(0)] =
[9.15 —17.7 27.25" 24 0 0.5] . based on Section 3 the
control parameters are taken as k1 = 20, ky = 30, k3 = 10,
ky = 50.

In simulation we use an explicit expression of 7; and
73 directly computed from (19). Fig 2-9 are simulation
results. Fig. 2-7 show the given desired trajectories and
the response of each state. They show that the state of the
closed loop system converge to the desired trajectories. In
Fig.7 the natural logarithm of the norm

p= a2+ 2+ U2+ 2+ ud + o
is shown. We see that it is upper bounded by a decreasing
straight line, and this explains the exponential convergence

2327



17th IFAC World Congress (IFAC'08)
Seoul, Korea, July 6-11, 2008

1 d 1. . d d — &2
Yo = (( 11 + _)7_1 + ( 117122 —dyy — 33m22)v7“ + (m22(m11 m22)U2 _ m117“2 !
mi1 ¥\ myg ai mii m33 ms33 mi1
moo . _ -~
+ ﬁTzv +mi1(de + oYy — cng)) (24)
mss
o = M8 {( ds3 1 V% — [(mu ~ M2y M2z 0 L2y L ds3 2]+ (L= m22)[ ds3
Uy U'miy  agmas ms33 mi1 Ma2 m33 ma33 mg33
d d - ) -~
+ (i + ﬁ)]uv —ouy + g — chT} (25)
mi1 ma2

of the tracking error. Fig. 8 shows the desired trajectory
and the actual trajectory of the vessel in X -Y plane.

xidash, x, solid (m)

5
Time (sec)

Fig. 2. Response of x and x4.
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Fig. 3. Response of y and yg.
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Fig. 4. Response of 1 and 4.

5
Time (sec)

Fig. 5. Response of u and ug.
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Fig. 6. Response of v and vy.
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Fig. 7. Response of r and r4.

7. CONCLUSION

The problem of trajectory tracking has been investigated
for underactuated ships with only a surge force and a yaw
moment. The tracking controller design is developed with
the aid of backstepping technique and cascade structure
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Fig. 8. Logarithm of absolute value of tracking errors.
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Fig. 9. Trajectory in X - Y plane.

property of the resulted system. An important feature of
our tracing controller is that they can easily made robust
against unmeasured thruster dynamics, whose presence
has often been ignored in previous studies.

Future work will be focused on the issue of practical
importance like robust adaptive tracking with parametric
uncertainties.
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