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Abstract: Finite Element Methods (FEM) play an important role in modelling of complex
systems. Models generated from FEM are of very high dimension and are difficult to handle for
control system design. In this paper, an algorithm is presented that converts a system generated
from FEM into the state space model of an interconnected system, thus vastly reducing the
complexity of synthesizing a distributed control strategy. A simple cantilever beam problem
is used as an example to illustrate the proposed method. A state space representation of this
system is obtained through FEM analysis. This model is converted from lumped state space form
to interconnected form. A decentralized controller is then designed using a homotopy approach.
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1. INTRODUCTION

Engineering systems in which subsystems interact with
each other are of considerable practical interest. With
advances in design techniques and computational power
complex system models of very high dimensions can be
developed, including lumped approximations of partial dif-
ferential equations (PDEs) — examples include the deflec-
tion of beams, plates and membranes, and the temperature
distribution of thermally conductive materials. Solutions
to these types of problems are possible for very simple
systems; for more realistic systems the Finite Element
Method (FEM)(Becker, 2004) is a very effective tool for
solving such problems numerically (Huebner et al., 2001).
Currently FEM is used in structural analysis, heat trans-
fer, fluid mechanics etc.

In FEM a complete system is divided into small elements
which are spatially distributed and interact with each
other, based on their spatial location. In structural analysis
behavior a system is described by the displacement of
elements satisfying material laws (constitutive equation)
(Becker, 2004). All elements are assembled together and
the requirements of continuity and equilibrium are satis-
fied between neighboring elements. A unique solution can
be found for a given boundary conditions.

A state space representation obtained from FEM generally
has a large number of states along with large number of in-
puts and outputs. For such systems modern control design
techniques may fail due to the size of the problem. One
way of dealing with such systems is to reduce the size of
system using standard model order reduction techniques.
However, this reduction may eliminate some aspects of the
dynamic behavior which may get exited in the closed loop,
thus degrading the achieved performance.
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In this paper we propose a different approach, which is to
decompose the model used for control synthesis into sub-
systems. Each subsystem has only a small number of states
and its own sensor and actuator. This decomposition can
facilitate the use of modern controller synthesis techniques
to large systems, using the framework of interconnected
systems.

A general interconnected systems is composed of N sub-
systems interconnected with each other. The state space
realization of i*" subsystem is given by

N
j=1.5#i

Z; (t) = Ci.%‘i(t) + D;w; (t) (1)
where z; € R™, w; € RF, z; € R% are the state
vector, disturbance inputs and outputs, respectively. The
matrices A;, Byij, Bi, C; and D; are constant matrices of
appropriate dimensions. Here, the matrix B, ;; represents
the interconnection of the i*" subsystem with the ;"
subsystem. Models in the form of (1) have been extensively
studied, and efficient synthesis tools have been proposed
to design controllers for such systems. Some earlier work
on such systems is presented in (Siljak, 1978), while
(Siljak and Zecevic, 2005) presents some new approaches
based on linear matrix inequalities. In (Chen et al., 2005)
the authors have presented a homotopy based approach
to design robust controllers for (1). In (D’Andrea and
Dullerud, 2003) the authors have shown that the Kalman-
Yaqubovich-Popov lemma can be generalized for a class of
interconnected systems with identical subsystems having
interconnections only with their near neighbors, which can
be considered as a special case of system (1).

In this paper we present a software tool that can de-
compose an FEM generated model into the form of (1),
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thus making it suitable for control system design. The
paper is organized as follows. A general matrix decom-
position function is presented in Section 2. This function
is applied in Section 3 to a FEM generated system and
a complete algorithm to decompose the given system is
discussed. In section 4 a uniform cantilever example is used
to demonstrate the application of the tool. In section 5
the homotopy approach of (Chen et al., 2005) is used to
design decentralized controller for the decomposed system.
Concluding remarks and future directions are given in
Section 5.

2. THE BASIC FUNCTION

In this section the basic function decomp() is introduced.
The function decomposes any matrix G € RP*? into the
block structure

Gll G12 o Gln
G21 G22 to G2n

. : . . (2)
Gnl Gn2 e Gnn

In the following G; will represent the i*" diagonal block
G(i,i), where G; € RUn*fii) such that,

p= thi (3)

q= iji (4)

The function requires two further inputs from the user.
These are

E=1fm frz o fan )" (5)
fF=0fn fi2 - finl" (6)

These vectors specify the dimension of each block, and for
the general case (fni # fji)-

Let us define G,; as

Gui =[Gy - Glicyy » Gaivn) - Gy |

In order to extract G; and G,; from G we need upper and
lower row and column indices in terms of the elements of
vectors fj, and f;. Next we will find these indices for G;
and Gy, where r=1,...,i—1,i4+1,...,n.

2.1 Indices of G;

Let e}, be the lower row index and e; be the lower column
index of G; respectively, then these can be found from
vectors fj and f; as

i—1

en=> fu, +1 (7)
k=1
i—1

€ = ijk +1 (8)
k=1

Then we have
Gi = Glenyli,ej19:)

, where
Li=0,1,....(fri—1)
2.2 Indices of G,

Let Gm'r = G(lvir7ng), then lvir = €p, —+ ll

For the case when r < i,

1—1
Gui,. = €5 7ijk+{0717"'7fjr*1}
k=r

and for the case when r > i,

r—1
Gui,. :ej+zfjki+{07177f]’l“_]—}

k=i
The above approach is coded into a MATLAB function
decomp(G, fn, fj,1,m) where the binary input m can be
used to get G; if m =0 or Gy; if m # 0.
3. APPLICATION TO FEM GENERATED SYSTEMS

A system model generated via FEM is given as

Mi+Ci+Kq=F;+ F
where g represents the generalized co-ordinates and

(10)

M = Mass matrix

K = Stiffness matrix

C = Damping matrix

F,; = Applied nodal forces (external forces)
F = Boundary conditions

These matrices are obtained by combining the equations of
motion of each element of the FEM analysis. Following this
the continuity constraints between neighboring elements
are applied. The above equation can be written in state
space form as

. 0 I 0
T=| MK MIC}‘“r [Ml} E(t)
i
y=Cx + Du (11)

where x € R", u € R*, y € R°. The state vector in (11) is
arranged as

~T _ [, T . T T T T T T
=[xy wy e wy, B Dy o Iy, |
This can be transformed into
T (. T T T T T .T1T
vt =[xy By @y Ty ooz, Ty, (12)

Defining a unitary transformation matrix 7, such that
r =T,% we obtain A =T, AT,' | B=T,B,C =CT !
and D = D.

Next we show how to decompose the transformed system
into the from (1) with NV subsystems.

Let for the i*" subsystem #&;,z;, € Rf*, z; € R'* and
w; € RIwi. Define the vectors
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Fo=(forro s fon) (13)
FZ:(f217"'7fZN) (14)
Fw:(fwla-~-7fwn) (15)

The function decomp() can then be applied to A, B, C' and
D to decompose them to get the state space representation
(1). This is expressed in the following algorithm.

3.1 Algorithm

For an FEM generated state space in the from (11)

Step 1 Find the transformation matrix 7. and apply this
similarity transformation to get A, B, C, D.

Step 3 Define the vectors F,, F, and F,.

Step 2 Obtain the other matrices by

Ai = decomp(A’ Ffm F:m 7;7 0)7

Byi = decomp(A, Fy, Fy,i,1);

B; = decomp(Ba Fy, Fu,t, 0)7

C’i = decomp(C, an F:m 7;7 0)7

Di = decomp(D, FZ? va iv 0)7

4. EXAMPLE: CANTILEVER BEAM

This section briefly presents the FEM treatment of a
uniform cantilever (Juang and Phan, 2004).

‘ f

e

Fig. 1. Beam cantilever

4.1 FEM of single cantilever beam element

First consider a beam with clamped boundary condition at
one end and free boundary condition at the other as shown
in Fig 1. In order to illustrate the generation of an FEM
model, a single element with two nodes of a clamped-free
uniform beam is taken.

Let an impulse f act downwards at the node 2 as shown in

the Fig 1. This force results in a displacement d(z,t) and

ad(z,t)

an angular rotation, ¢ = =—5—=. The equation of motion

can be written as

p0?d(z,t) o*d(z,t)

ot? Ox*
Here p, E, M are density, Young modulus of elasticity
and second moment of inertia, respectively. The behavior

of displacement and rotation can be approximated in terms
of interpolation functions as

L EM, oy (16)

d(x,t) = [N1(z) Na(x) Na(z) Na(z)]

where the subscripts 1 and 2 denote the first and second
node of the element. The N;(z) are the interpolation
functions of the corresponding variable, which can be
approximated as

Ni(x) = co + c1 + cox® + c32® VEk =1,2,3,4

Values of these coefficients can be determined by applying
geometric boundary conditions on d and # at node 1 and
2. Let us define

N"(z) = [Ni(z) Na(z) Ns(z) Na(z)]
Substituting in (16) we obtain
N7 (@) 200 | g, PRI _ g,

where 7 = [dy, 61, da,02]7. Solving this equation results
in

l

/pN(:E)NT(:C)dSC

0

d%q(t)
o2

+

M

1
/EMIa Nga:) 0?NT(x) o)

ox Ox?

K
l

= /N(:E)f(x,t)d:v +F

0
—_————
Fy

(17)

which is equivalent to

Mi+Kq=F;+F

F' in terms of shear force f and moment m is given as

3 T,
EM; &t .
bil o%d(w,t) |
F= mi - EMI Ox2 -0
| fo | T EM; 33‘1(5?0

2 a2i? N
EM] 7Bm2, —o

f

_ | =1l
/
0

For the above interpolation function the following local
mass and stiffness matrices can be calculated:
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131 112 9l

3

1112 1

_ 210 103 420 140
M=p| % 5 13

70 42 35 210

—131° —19 5

420 140 210 105

12 6 -12 6
3 2 3 2
b4 Lo b
2 2
K=EM;| 4, % 5
BT
6 2 -6 4
[E A ER

4.2 Generalization to cantilever with a large number of
elements

The above expressions for K and M represent local el-
ements in FEM which are assembled in a global mass
and stiffness matrix to generate lumped matrices. The
global equation for the whole assembly can be obtained
by combining the matrix contribution of all individual el-
ements, such that coefficients belonging to common nodes
are added together.

Let us define
o[ 4]
3 K3
kot kag
which is the stiffness matrix of i** element, then

r 1 1
k%i <1>k§2) @)
le k22 + kll

(7) kg('ﬂ)
ks + ki3

i1 i
k§2 )(_‘*)‘ k§1)
Koy

Similarly the global mass matrix M can also be found.

These global mass and stiffness matrices are used in (11)
to generate a state space representation.

In this paper a cantilever beam consisting of 10 nodes,
as shown in Fig 2, is considered. Each node has four
states (d, 0, d, 0), and the overall system has five inputs
and outputs at every second node also shown in Fig
2. The inputs are the forces, and the outputs are the
displacements d of these elements.

It is desired to convert the model into an interconnected
system with five subsystems, each consisting of two nodes
(shown by dashed boxes in Fig 2). Thus we have f,; = 8
and f,;, fui = 1Vi=1,...,5. The numerical values of the
physical parameters used for the simulation are listed in
Table 1.

By applying the tool presented here to this lumped sys-
tem, an interconnected system is created. Both lumped
and interconnected systems are simulated. The resulting
displacement and angle of the last node are shown in Fig
3 and 4. It is observed that the error between lumped
and interconnected system remain below the numerical
precision, which shows that the decomposition retains all

Fig. 2. Beam cantilever

Table 1. Physical parameters of the cantilever

example
[ Field [ Values ]
Area of crossection 0.1963x10~% m?
Length 1m
Length of element 0.1m
Modulus of Elasticity 207 x 109%

the dynamics of the system. Note that each subsystem has
only 8 states, as compared to a total of 40 states.

0.02

0.0151
0.01p
0.0051

-0.005
-0.01}

Displacement [m]

-0.015}
-0.02}
-0.025|

-0.03

0 0.5 1 1.5 2 25 3
Times [sec]

Fig. 3. Displacement (d) of the 10** node

Angular displacement [rad]

0 0.5 1 1.5 2 25 3
Times [sec]

Fig. 4. Angular displacement (#) of the 10" node

5. CONTROLLER SYNTHESIS

The active vibration control of a cantilever can be consid-
ered as an input disturbance rejection problem as shown
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in Figure 5, where, W7 and W5 are the weighting filters.
Let the state space of the weighted generalized plant be
given as,
& = Az + Bw + Bu
z=Chix + Diou
Yy = Cox + Dojw
where, d,z1,zo are the disturbance,inputs and outputs
acting on every node. In the cantilever example we have
considered state feedback case and d include both force
and torque disturbances acting on each node. Using the

(18)

Wy &

K(s) 1— G(s) Y W

Fig. 5. Generalized plant used for loopshaping.

approach presented in section 2 the lumped system (18) is
decomposed, where dynamics of the i subsystem can be
written as

N

CUZ(t) = A“.Tl(t) + Bh‘wi(t) + Bgiui(t) + Z Aijxj (t)

=15
Z (t) = Clixqj (t) + D12ui (t)
yi(t) = Coizi(t) + Darjwi(t)
(19)
r, € R [ w;, € R , u; € R™ | z; € RUitmi) and
y; € RY are the states, disturbance input , controlled
input, controlled output and measured output of the 7t"
subsystem. The matrices A;; , By , Bai , Cri , Co;
D15; and Dsy; are of appropriate dimensions found by
decomp().

A strictly proper it" output feedback controller is defined
by
Tei = AciTei + Beiyi
U; = C’Cixci (20)
Vi=1,2,...,N

(From (19) and (20) the closed loop system from w to z
is given by

Tep = Aclxcl + Bclw

z = Cclxcl (21)
where
o A BQCC _ Bl
ACl o |:BCC2 Ac :| BCZ o |:BCD21 :|
Ce =[C1 D12C] (22)

Decentralized control of the system (18) requires that
A, = diag{Ac1,... Acn}, Be = diag{Be1,...Ben}, Co =
diag{Ceci,...,Cen}.

In order to obtain a decentralized control law one needs
to impose structural constraints on the bounded real
lemma. In (Chen et al., 2005) it has been proposed
that for a given constant v > 0, the system (18) is
stabilizable with the disturbance attenuation level v by a
decentralized controller (20), if there exist positive definite
block diagonal matrices X, Y and block-diagonal matrices
F,L,Q such that T' < 0, where

Ji1 JI B XCy
T — Jo1 Jao Y By + LDy Cf
- BT BTY + DI LT —I 0
ClX + D12F 01 0 7"}/]—
(23)
and
XTI
[ I Y] >0

Positive definite block diagonal matrices X and Y and

diagonal matrices F' , L , ) are obtained by solving the

above bilinear matrix inequality (BMI). Block diagonal

coefficient matrices are then given by
A.=vQqu=T, B.=v'L, Cc.=ru"T

where

Ji1 = AX + XAT + BoF + FTBT,

Jon = AT + YAX + LC,X + Y BoF + Q,
Joo =Y A+ ATY + LCy + CTLT.

(24)

The size of sub-matrices in the block diagonal are compat-
ible with the dimensions of the state, input, and output
vectors of the subsystems. The approach presented in
(Chen et al., 2005) involves fixing a group of variables
to convert it into an LMI. First the variables L, and Y
and then the variables X, F are fixed. Solving these two
LMIs alternately is then a way of finding a solution. In the
proposed approach the path from centralized controller to
decentralized controller is divided into M steps and the
structural constraints are gradually applied, by defining
a real number A such that A = %7 where k is gradually
increased from 0 to M. This defines a matrix function H
as

H(XaKFaLaQa/\):T(XaYvFaLv(l_A)QF_F)‘Q) <0

This is same as (23) except that Jo; is replaced by AT +

YAX + LCoX + YBoF + (1 — AN)Qp + AQ . Then

T(X,Y,F,L,Qr), \=0

H(X,Y,F,L,Q,\) =

( T ,Q, ) {T(XaKFaLaQ)v A=1
By using the approach of (Chen et al., 2005) a state
feedback decentralized controller for the active vibration
control of flexible beam is designed for W; = 1 and
Wy = 0.01. The frequency domain closed-loop response
between the force input, linear displacement and the force

disturbance for the last node are as shown in Figure 6 and
7.

These figures show that the open loop system will exhibit
an oscillatory response whereas in the closed loop system
the disturbance is rejected, while the control gain remains
in reasonable limits. One point which must be kept in
mind is that for simplicity these frequency domain results
are generated from the state space representation without
imposing the appropriate boundary conditions.
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Fig. 6. Frequency response of the open-loop system (upper
curve) and the closed-loop system (lower curve)
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Fig. 7. Control sensitivity
6. CONCLUSION

The main idea presented in this paper is that instead of
reducing the model order of a high order large system one
can decompose the overall system into small subsystems,
where each of these subsystems interacts with its neighbor-
ing elements. This approach is suitable for FEM generated
models since these models are often of very high order and
are generated from a combination of small elements. A
simple yet efficient tool is presented here to carry out such
a decomposition. This allows the application of analysis
and synthesis tools for large interconnected systems, and
enables the designer to synthesize controllers for such
systems in a systematic way.

As an illustrative example, the tool presented in this paper
is applied to a cantilever model. Results shows that the
time responses of the original system and the one decom-
posed into interconnected form give identical results, up
to numerical precision. Furthermore a previously presented
approach of designing decentralized controller is applied to
the decomposed system to demonstrate that by using the
decomposition one can systematically design a distributed
control strategy for FEM-generated systems without re-
ducing the model order.
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