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Abstract: We study a special beam that is made up of smart material. We show that the
beam possesses a number of unusual properties that makes its stability analysis very difficult.
However, it does have a nice property that its eigenfunctions form a Riesz basis.

1. INTRODUCTION

Due to the requirements of the light weight, faster opera-
tional speed, lower energy consumption in the engineering
applications of space technology and robotics (see [4, 5]),
smart materials has been widely used in the suppression of
vibration of elastic structures. In a lot of applications, such
smart materials are used as passive or active controllers
([3])- The model of the smart-material beam that we
shall study comes from H.T. Banks [1, 2], who had used
finite element approach to study the problem. In [4, 5],
a combination of a boundary feedback and an internal
damping were used to achieve stability. In this paper,
we are aiming at a more subtle investigation. We shall
show that even in the simplest case where the external
force is null, the smart beam behaves quite different from
an ordinary beam. First, its spectrum has two branches
and contains a continuous spectrum. Second, its resolvents
are not necessarily compact operators. Third, the system
operator is not closed under the conventional state space
and hence does not generate a semigroup of operators.
Fourth, despite all these, the associated eigenfunctions still
form a Riesz basis. The model that we shall use is the one
after taking the external force away from the beam in [1, 2]:

utt(t; I) + QUgy (t7 x);c;c + ﬁummt(t; I)aa =0,

u(t,0) = uz(t,0) =0, (1)
auxm(ta ]-) + 6ua:a:t(ta ]-) = 0;

auxmx(t7 1) + ﬁumxxt(t; 1) =0.

Here, u(t,z) denotes the transverse displacement of the
beam at the position x and time ¢, and a and ( are positive
numbers. This system is usually called an Euler-Bernoulli
equation with Kelvin-Voigt damping.

The stability of an elastic system with various kind of
dampings deplotted over the whole region or just at the
boundary of the region have been studied extensively
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during the past two decades ([10]). Several methods have
become very effective in applications. One is the classical
multiplier method, see for instance [8], in the early 1980’s.
A frequency domain method has also been developed,
see Gearhart [6] and Huang [7]. Recently, a Riesz basis
approach has evolved to yield the spectrum-determined
growth condition together with the stability all in one
strike (see [11]-[13]).

For Kelvin-Voigt dampings, either locally or globally dis-
tributed on Rayleigh and Euler-Bernoulli beams, were
studied in [3], [9] and [10], where well-posedness, regularity
and stabilities of the system on the energy space were
investigated using a frequency domain method as well as
a contrapositive argument with the multiplier method.

In this paper, we shall see that the eigenfunctions do form a
Riesz basis but the system operator may not generate a Cp-
semigroup of operators, that affect the well-posedness of
the problem. We shall also carry out a spectral analysis for
system and reveal the complicated nature of its spectrum.

2. A SMART-MATERIAL BEAM

As we have mentioned, the model of the smart-material
beam that we shall study comes from H.T. Banks [1] who
had used finite element approach to study the problem. In
[2], a combination of a boundary feedback and an internal
damping were used to achieve stability. Here we take the
external force away and show that this simple system is
far more complicated than people think:

Utt (tv l‘) + AUy (tv l‘) + 6ua:a:azazt(ta :L') =0

u(t,0) =0

ug(t,0) =0 (2)
QU (L, 1) + Buge(t, 1) =0

auxmx(t7 1) + ﬁumxxt(t; 1) =0

where a and ( are positive numbers. We shall see that the
spectrum of this beam has an accumulation point and its
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resolvents are not compact. To begin, we set the Hilbert
space H to be

{09

with the norm on (f g) to be

[/ 1F" () + |g(2)|? da]=.

We now carry out a spectral analysis on the system. To
solve the eigen-problem of this beam system, we consider

(1) =2(2)

¥(z) = Ap(),
704(;5”"(33) N 67/}””(55) _
¢(0) =0,

¢I(O) =0,

ag” (1) + ayp”(1) = 0,
a¢” (1) + ™ (1) = 0,

and it is equivalent to

¥(x) = Ad(),

(a+ BN () + No(x) =0,

¢(0) =0,

¢'(0) =0

(o + BN (1) =0,

(a+BA)¢" (1) = 0.
If (@ + BA) = 0, then ¢(z) = ¥(x) = 0,50 A = —F is
not an eigenvalue. Furthermore the eigenvalue problem is
equivalent to

which is

A (),

(a ﬁk)sﬁ”” () + No(x) =0,

¢(0 07

¢'(0) =0,

¢II(1) — O7

¢III(1) — O7
which has a nonzero solution. Let p be a fourth root of
ﬁ;w ie. pt = #;A, and we look for solutions of the
form

o(x) = C1ePT + Cref 2" 4+ CqePs® + Cyels”

with w; (i = 1,2,3,4) being the fourth roots of —1,
Substituting it into the initial conditions, the equation

1 1 1 1 Cy
pw1 pw2 pws pws Cs
(pw1)?e” (pwa)’e”? (pws)’e” (pwy)®e”* | | Cs
(0 e (pa)*ePs (puog)’er (puoa)*ers | | Ca
0
10
10
0
would have a nonzero solution if and only if
1 1 1 1
pw1 pw2 pw3 P4

(pw1)?e™ (puw)?e (pug)*e™ (pun)Per | ="

(pw1)?e™ (pw2)®eP (pws)®e”s (pws)’e’t
Setting w := w; and express the other roots of unity in
terms of w, we seek to solve for p from

f e H?0.1], g € L2[0.1], £(0) = /'(0) = o}(s)

1 1 1 1
w w —w —iw 0
ef? —ie'” jeTPY  —ge v | T T
wefY we' —jwe Y —we Y
Since
1 1 1 1
w w —w —iw
e’ —ie'Y e Y —gem ¥
weP? we'? —jwe PY —we P
1 1 1 1
. w W —w —w
- ‘ ~ i
el _eirw e~ Pw _eTiw
iwelY we' —ijwe Y —we Y
11 e v —e TP
T wiw | | —jwe ™Y —we TP
11 —elrw  _gTiow
Cw —w | | we —eT
n 1 1 e —e
w —iw | | —iwe? —we ¥
1 1 Py v
4+ . . i
W —w || jwel? —we P
1 1 efY —e P
Ciw —iw | | dweP —jwe P
1 1 ePr  —ethw
+ e :
—w —w | | jwel* we'™

= (iw — w)(—w + iw)eP U7 (- W) (w + w)
+(—iw — w) (—w + iw)erTwTw)
+(~w — iw)(w + iw)eP )
+(—iw — iw) (—iw — iw) + (—iw + w) (W + iw)eP )
= 2ie” V20 4 4i 4 2ie” VP 1 2ieV?P 1 4i + 2ieVPP
= 22‘(6*‘/51'” bV V2o oV2ip 4),

it follows that
e~ V2ir + eV + eV2r + eV2ir — 4,
Setting v/2p := a + bi, then

coshbcosa + coshacosb = —2
sinhasinb — sinhbsina = 0.

Combining the second equation with the first one, we

get a = =+b. From the first equation, we then have
coshacosa = —1, i.e. cosa = —1/cosha = O(e~loh).
Hence
a=nnm+ g + O(e~Inh.
Since p* = ﬁ;k, we have
)\2
a+ G

1 .
= (ﬁa(l + z))4 =—a*

—(nm + 2+ O(e™ ) = ~(nm + Z)* + O(nPe ),

From this, we see that the eigenvalue are
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N = —a*B + +\/a362 — daa _ —da*o
" 2 2(a* + \/a8p3? — data)
—2« « —2« «

Thryr-m P arfrm P
MR

or
aSﬁQ — 4data

:_a4ﬁ_—a4ﬁ+\/m

:75(717T+2) +O0(n3e” ‘”|)75+O(n4)
T

§) —B‘FO(H)-

Summarizing these calculations, we have the following
theorem.

(5)

—B(nm +

Theorem 1. The spectrum of system (2) consists of two
branches of eigenvalues, the one (4) has an accumulation
— 4 and the other (5) goes to infinity. All the resolvents of

A are not compact.
3. RIESZ BASIS PROPERTY

In this section we will show that the eigenvectors of this
system form a Riesz basis [14].

Lemma 3.1. Let L be as before {p,,n € N} and {¢,;n €
N} be its spectrum and eigenfunctions respectively. Define

vectors ®,, € H by
1 ¢7L 1 ¢7L
D1y = —— s Oy, = —— , (6
o= (e, ) =g (0, ) ©

and
— —
Uy, = m )\IZZ;; , Yo, = )\2(,];; - (7

Then we have

(q)j,m; ‘Ili,n) = 6i,n,j,m; V, i,j = 1; 27 n,m e N (8)
and

AD; =X @0, j=1,2YneN 9)

A* jmn = )\j,n\Ijj,n; ] = ]., Q,V’Il eN (10)

Proof  Obviously, (9)-(10) hold and we only verify

equalities (8).

((I)l,mv \Ijl,n)
1

“in/
0

)\ln

"o ><_<z>~< ) + Al,m%«é—n] dr

1
(4) A d
ﬁpn )\1 " O/¢m + lm /¢m¢n x

1 -
= % (>\1 npn + M m) 6n,m

— —QpPp + )\l,n)\l,m
6pn>\1,n

1
((I)l,m7\1/2n / [ m <
0

6n,m = 51,15n,m-

>\2n n( )) + A mém¢n] dz

)\2 ,n

(}\_27/)’” + Al,m) 6n,m

—pn + Aan A
= L 2n2lim 6n,m =0= 51,25n,m-
)\2,n

(@2771@7 lIll,n)

1 B
1 _
= u “ A2,mPm®n | d
— Tpﬂ“%(x)(mqs (@) + e qs] .

1

1
T o [ —
)\ln /¢m( ) ($)+ ﬂpm /(bm(bn dz

1
B Bom Bpn (Al n
—Qapp + AL nA2,m

1
ﬁpm vV Bpn

Pn + )\2 m> 6n,m

- ﬂpmAl,n\,/m On,m = 0 = 02,165, m.
(P2,m, Va,n)
1 -
- ﬁ%m / [@5” (x )( - nw >> +A2,m¢m¢_n] dx
1 -

1 < —a
ﬁpm )\Q,n
o —QpPn + )\2,n>\2,m

ﬁpm)\ln
Direct calculating the norm of the vectors, we get

5n,m = 52,26n,m-

1

@102 = (ﬁ% / (67 ()6 (2) + N (2) P (2))d
At 1
(Bpn) B’
1
|2l = 5 5 [ @60 @) + PP )6 ()
0
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_ )‘g,n + Pn
(Bon)? ’
191,02

1
e g

1 Q" Pn ] B
=— | —=+1| = —,
Bpn L)‘l,n|2 «Q

2 a2 / Z "
[2nllP= |5 [ Sh@)0l
"o

2)dz + / asn(x)ebn(w)dw]

)dx —l—/(j)n(ac)qbn(x)dx]

0

_ |: 042/%2 n 1:| _ o? Pn + )2‘2 n
|)\2,n| |)\2,n|
_ o?pn — apy, — BonA2.n ~1
= 5 ~ 1.
|)‘2,n|

Lemma 8.2. Let {®,;n € N} and {¥,;n € N} be defined
as Lemma 3.1. Then {®,;n € N} form a Riesz basis in H.

Proof For each F = (f, g) € M, we have
(F.01,0)
L
\/;ﬁo/[ f( <E¢N ))da:Jrg(:r)d)n—(x)] da
v A:"‘) / @) w)do + / 9(@)on (@)
v ‘Aﬂ) / ) e+ / §(@)bn(@)da

[f”(fc) (_:aéii (x)) dx + g(x)%—(x)] dx

2,n
_ (‘:0‘) [P @an+ [ gt
9 0
_ (ﬁ) [ #@anae + [ g
o 0 0
(F;‘I)l,n)
== [ [ @G + o6, o
- m% / F(@)6% (2)dz + i / g<x>¢n<x>dw]
1 : 1 1
= f ¢n dm + )\1 M ($)¢n (x)da:
7 o [ 5 ]

(Fv (1)2,71)
1

= 5= [ 1@ + 9@ do

0
g ]

1
1
/f oD () 2)dz + Mo
LO
g ]

~ Bpa
Ifforalln e N, (F,®;,)=0,j =1,2,, then

jf(x)én(w)dﬂf =0, /lg(x)én(w)dﬂf =0,

and hence f = g =0, i.e., F = 0. Similarly, if (F,®;,) =
0,7 = 1,2, for all n € N, then we can deduce F' = 0.
Therefore {®;,,7 =1,2,n € N} and {¥;,;j =1,2,n €
N} are complete in H.

O\H

1
Bpn

Pn

o — _
O\H

Now we calculate the Gram matrix G = ((®in, ®jm))
given by

G = (q)l,n; (I)l,m) (CI)I,'m cI)Q,m)
((1)2,71; q)l,m) ((1)2,717 (I)Q,m) n.m .

2) () + M (2 )Az,mn_(x)] dz

ﬂpn\/ﬂpm
_ 1 @ (4
el / b (2)8 (2)da

1
ISV v / G (@) (@) da]
0

1 R
ﬁpnm [pn + )\l,m)\Q,n} 6n,m

1+«

q)n;q)n: n )\n n
(1, B2.n) ﬂn\/ﬂpn [pnt Andan] = 575

(CI)Q,'rm cI)Q,n)
1

1 I
= ¢ ( )¢”( ) + A2 m¢m( ))\2,n¢n ($) dx
BpnBom ! [ }

[/1 Pm ()

1
Famdan / G ()6 (@) d2]
0

_ (4)
B BpnBpm " (Jﬁ)dﬂf

1

=———7>— |+t A m)\—n 5nm
BpnBprm L 2,m 2] O
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|>‘27n|2 +pPn

((1)2,71; Q)Q,n) = (ﬁpn)Q

((I)l m;q)l n)
mmm/ 7))

Jr)\l,méf)m(x)m]dx

- [T
/<z>m

B \/ﬁpn\/ﬁpm

@ da:+A1mA1n/<z>m Yon(@)da

[pn + AmA1 n] On,m

|)\1 n|2 + pn 1
Dy, 0,) = Db Lo L

So G is a block diagonal matrix
N T (q)l,n;q)l,n) (q)l,n7¢2,n)
G - dlag (( ((1)2,71; q)l,n) (Q)Q,na (1)2,71) n )

A= (P10, @10) (P2, P2in) = [(Prn, P2n)l
_ |)‘1,n|2+/7n |)\2,n|2+pn 1+« 2
(Bon) (Bpn)? B\ Bpn
1

~3 - 0(p,'?)

Note that

( ((I)l,n; (I)l,n) (q)l,n; qh,n) ) -
(Q)Q,n; q)l,n) ((1)2,71; Q)Q,n)

1
- Z < _(@2@7 cI)l,m) (q)l,n; (I)l,n)
|)\2,n|2+pn 14+

_ 1 (ﬁpn)2 6\/ Bpn

(ﬂpn)

BV Bpn

“(our 1)

(Q)Q,na (1)2,71) *((I)l,n; Q)Q,n) >

Therefore
~1
-1 __ 73 (q)l,naq)l,n) (q)l,naq)Zn)
G a dlag << ((1)2,TL7 q)l,n) ((I)2,n7 cI)Q,n) n ’
is a bounded operator in £2. According to Theorem in [14,

pp32, Theorem 9], {®; ;7 = 1,2,n € N} forms a Riesz
basis for H.

Though the eigenvectors forms a Riesz basis, the opera-
tor A cannot generate a strongly continuous semigroup
because it is not closed.

Lemma 3.3. Operator A is not closed and so it cannot
generate a strongly continuous semigroup.

Proof

0} is dense in the space H [0 1] == {f
f'(0) = 0} under the norm

1
17112 = / ()2

So, we can choose a sequence f,, € H;[0,1] that converges
to some f € HZ[0,1] but f ¢ HZ[0, 1] Consider the vector

(4

It is easily to check that v,, is in D

to v with /
v=| ¢« ceH
(%)

(67
0

which also converges in H. But, v is not in the domain of
A. So, A is not closed, and hence, A cannot generate a
strongly continuous semigroup by the Hille-Yosida Theo-
rem.

) and v,, converges

We also see that

4. CONCLUSION

We have exhibited a number of unusual properties for the
smart material beam. Despite these difficulties, this beam
system can be made into an exponentially stable system
and we leave these details to a forthcoming full version of
this paper.
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