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Abstract: For uncertain systems described in the standard LFT form, we consider the
problem of designing robust Lo-gain disturbance feedforward controllers if the uncertain blocks
are described by integral quadratic constraints (IQCs). For technical reasons related to the
feedforward problem we work with the duals of the constraints involved in robustness analysis
using IQCs. Based on an elimination of the controller parameters, we develop in this paper
reduced complexity LMI conditions for the existence of a stable feedforward controller that
guarantees a given Lo-gain for the closed-loop system.

1. INTRODUCTION

The robust disturbance feedforward control problem in-
volves the design of a stable controller, C', for the nom-
inally stable plant G which is perturbed by the uncer-
tainties captured in A as shown in Figure 1. In addition
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Fig. 1. The robust feedforward control problem.

to recent research efforts in the literature [Devasia, 2002,
Ferreres and Roos, 2005, de Gelder et al., 2006, Giusto
and Paganini, 1999, Scorletti and Fromion, 2006], we have
obtained a general solution to the robust Ls-gain feed-
forward problem by controller parameter transformation
in Kose and Scherer [2007a]. In this paper, we propose
an alternative solution based on eliminating the controller
matrices from the matrix inequality conditions related to
the closed-loop robust performance characterization, and
we arrive at reduced complexity solvability conditions. The
extension of the elimination step, as well-known for static
multipliers, is nontrivial if characterizing the uncertain-
ties by dynamic multipliers. In order to avoid substantial
overlap with Kose and Scherer [2007a], we confine the
present discussion to the technical details involved in con-
troller elimination. A more comprehensive motivation of
the problem as well as a numerical example can be found
both in Kése and Scherer [2007a] and in the journal version
of the paper [Kose and Scherer, 2007b] which has been
recently submitted for publication.

By following the dual versions of the steps taken in the
present paper, the results apply in a similar manner to
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the robust Ls-gain estimation problem which is omitted
due to space limitations. Let us also stress that the
developed techniques are essential for obtaining solvability
conditions for gain-scheduled controllers using IQCs, with
some recent findings in this direction being reported in
Scherer and Kése [2007a] and Scherer and Kose [2007Db).

We begin in Section 2 with a dual of the stability char-
acterization in Scherer and Kose [2008], since the nature
of the feedforward control problem necessitates the use of
dual forms of stability conditions. In Section 3, we give
necessary and sufficient LMI conditions for the existence
of robust disturbance feedforward controllers using the
matrix elimination theorem in the Appendix. Following
some remarks on the numerical aspects of the solvability
conditions, we give a proof of the main theorem of the
paper. Application of the results to the example in Kose
and Scherer [2007a] give the same numerical values in
that paper and therefore is omitted. We conclude with
a summary and some final remarks in Section 4. The main
technical tools for obtaining dual constraints are given in
the appendix.

Notation. L5, and L5 denote the spaces of vector-
valued square integrable functions defined on [0, 00) and
(=00, 0], respectively, with the usual inner product given
by (-, ). The space of matrix-valued functions with entries
that are essentially bounded on the imaginary axis is
denoted by L. The symbol C° is used for the extended
imaginary axis iRU{oo}. The inertia of a Hermitian matrix
M is in(M) = (ny,n_,ng), where ny,n_,ng denote the
number of positive, negative and zero eigenvalues of M.
For any matrix A, we denote by A, a basis matrix of the
orthogonal complement of the image of A. We also use

0X 0
M(X, M) = <X 0 0).
0 0M
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2. PRELIMINARIES

We begin with the dual form of the stability character-
ization with dynamic IQCs, which is necessary for the
feedforward problem. The dual forms in frequency-domain
and state-space are given in Sections 2.1 and 2.2. The main
results of this section are Lemma 2 and Theorem 3 at the
end of the section.

The main result on robustness analysis of the configuration
in Figure 2(a) using IQCs is as follows.

Theorem 1. [Megretski and Rantzer, 1997] Suppose G, is
stable and

(i) the feedback interconnection of 7A and G is well-
posed for all 7 € [0, 1],

(ii) 7A satisfies the IQC defined by II for all 7 € [0,1].
ILe.,

<<7gq>,n(qu)>zo vr e [0,1], Vg€ Loy, (1)

(iii) Gy, satisfies (GI‘”’> I (GI‘”’> <0 on CO.

Then, the feedback interconnection of Gy, and A is stable.

In this paper, we are interested in robust performance
rather than robust stability. Therefore, we consider the
system in Figure 2(b). If conditions (i) and (ii) in Theo-

==

G(II’
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(a) Robust stability (b) Robust performance

Fig. 2. The robust stability and Ls-gain performance
analysis problems.

rem 1 hold, and if

. IT11 01 ;ng 0
G 0 ~~1,0 O G 0
0 0 j 0 —vI

Iy ITho
117, T2
conclude that the system is robustly stable and the Lo-gain
from w to z is less than v [Scherer and Weiland, 1999].

where II is partitioned as II = ( ), then we can

As mentioned in the introduction, the feedforward problem
necessitates the use of dual forms of the conditions involv-
ing the multiplier IT and G. Therefore, we now discuss dual
1QCs and the resulting conditions in state-space.

2.1 Dual IQCs

Suppose the conditions in Theorem 1 hold. It is easily
shown that we can assume II;; > 0 on C° without loss
of generality. Due to Theorem 1 (iii), IT has as many
negative eigenvalues as the number of inputs of G, and
since in(IT) = in(I1y;) + in(ITay — IT;, 11,7 TT;5), we obtain
My =0 and Tlpy — I, <0 on C°. We can

now apply Lemma 5 to condition (iii) in Theorem 1 and
obtain the equivalent condition

I \". ( I > 0
" II « =0 on C". 3
<_qu) _qu ( )

011 O12

Let us define II-! =: © = < £ 9
21 22

) and deduce that
O <0 and ©; — @12@2_21@>I2 =0 on (CO. (4)

Due to the nature of the feedforward problem, instead of
condition (iii) in Theorem 1, we will be using (3), where
© satisfies (4). For some subtleties involving the choice of
© so that (1) is satisfied, we refer the reader to Kose and
Scherer [2007a].

2.2 Dual IQCSs in State-space

Let us now assume that © is factorized as © = ¢N¢* =
(—=¢)N(—¢*) with a stable ¢ that is in general wide. After
partitioning the rows of ¢ compatibly with the columns of
(I —Gyp), let us introduce the state-space realization

where we can assume, without loss of generality, that
(Ca, Ag) is observable and that A;, As are stable. For any

[é g}, we arrive at the state-space

realization G,, =

description
—-AT 0 0 -ct
T | =AT —AY cTBT|-cT + CcTDT
0 e, )= 0 o —ar —7

-BT —-BI DIBT|-DT + DIDT
—AT|-cT
= {_BT _'DT} :
Condition (3) then reads as
I\ I
. —¢>N—¢*< *>>0 on C°. (5
(& ) Comeo (g, )

Due to the KYP lemma, this is equivalent to the existence
of Y = Y7 such that

I 0
F)ITM(Y,N) | —AT T | =o. (6)
-BT —DT

In the sequel we partition Y compatibly with A as
Y1 Yi2 Yie
Y= Yy Yo Yoq |.
Yo Ya2 Yoo
Moreover, for future reference, let us also note that the

condition (—@2)N(—¢2)* = O22 < 0 on C° is equivalent
to the existence of an X = X7 such that

I 0
()" M(X,N) ng fc;; <0. (7)
_B2 _D2

At this point, we are ready to give the dual of the stability
characterization in Lemma 5 of Scherer and Kose [2008].
Full details can be found in the journal version of this
paper [Kose and Scherer, 2007b].
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Lemma 2. Suppose the LMIs (6) and (7) are feasible.

(i) There exist stable transfer functions ¢~>11, (2)12 and ¢~)22
such that (,2311 and gz~522 are bi-proper and stable, while
q~511 has a stable inverse and an N := diag(Nl,Ng)
with Nl > 0 and Ny < 0 such that

0 = (DN (2;) = (*)N( o _E;z) . (8)

(ii) If W is the anti-stabilizing solution of the ARE

corresponding to (7), any solution X of (7) satisfies
W < X and X can be taken arbitrarily close to W.

(iii) Let K satisfy AK + KAT < 0, with A defined in
Kose and Scherer [2007b]. Define J := ([ O)T and
K := JKJT. Then, Y is a solution of (6) iff for all
small § > 0, the matrix Y, > 0, given by

JIY 1T — Wi JTY —~W12 JTY12 J Y16
* Yoo — Woo Yoo Yoo
* * Yoo —W + 6K Yoq
* * * Yoo
satisfies
o I 0
()" M(Y,N) | A" " | -0, 9)
—BT _DT
~AT|-cT it
where T =7 | = - - .
-B"|-D — @12 + 912G”

(iv) Ais Hurwitz iff there exists a positive definite solution
of (9) iff all solutions of (9) are positive definite.

Based on this stability characterization, we obtain the
following dual of Theorem 4 in Scherer and Kose [2008].

Theorem 3. Matrix A is Hurwitz and conditions (3) and
(4) hold if and only if there exist solutions X = X1 and
Y =Y7T of LMIs (7) and (6) that are coupled as

Yoo — X Yoq
= 0.
(2" )

(10)
3. ROBUST DISTURBANCE FEEDFORWARD
CONTROL

3.1 Preliminaries

Consider the robust disturbance feedforward problem as
described in Figure 1, where G is stable. The objective
is to design a stable controller C' such that the closed-
loop system has a prescribed Ls-gain. The state-space
representations for the plant and the controller are

A|B, By, B
_ | Cq|Dgp Dgw Dyu _ |Ac|Be
G= Cz sz Zw Zw and ¢ = CC DC (11)
o0 I 0
where A is Hurwitz. The closed-loop system becomes
Acl Bcl Bcl

C C C
Cor[ Doy D

z zp zZw

A"+ BSKCo | Bo+ BUKD?,  BS + BIKD?,
.= | €T+ e, KCe(De + De. KD De, + D&, KDe,
Ce+ D3, KCa|Da 1 Dt KD D¢, + D% KDt

with obvious definitions for the augmented system matri-
D¢ Ce .

Be Ac ) Using (2),

the condition for robust closed-loop stability with Lo-gain

less than v becomes

ces with superscript “a” and K :=

o1 No7 0 ¢2No3 0
Wl 0o a0 0
¢2Ng7 0 ¢2No3 0
0 0 0 —’y_ll
CT CT CT
_ Acl ‘_qu _C«Zl
0 I 0
0 0 I =0. (12)

™ ™ ™
Do |
w qw zZw
We can factorize the middle matrix on the left-hand-side
of the inequality above as

NO 0 —¢t 0 —¢3 0
**| 0~ 0 (o -1 0 0)

0 0 — I 0 0 0 —I
and define
T T T
ot 0 —5 0 —A(%‘—Cq%1 0 04%2 0
0 -1 0 0 |=|Bs|"Ds 0 Dy, 0
0 0 0 —I 0 0 —-I 0 0
0 0 0 0 I
_ [ 45-Ch
&0 "
For later use, we also introduce
T T T
01 0 ~03 _ [ CpH e o¥
( 0 -1 0 ): —By|—Dy, 0 —Dy,
0 -1
—4z|-ct
=: . 14
S -

3.2 Main result

The following theorem gives necessary and sufficient con-
ditions for the existence of a stable controller that satisfies
(12).

Theorem 4. There exists a stable feedforward controller
such that the closed-loop system satisfies (12) if and only
if there exist Y = Y7, and Z = Z7T such that

)T (F)TM(Y, diag(N,~I, —y~'1))

I 0 (00)
0 I (00)
- 0N 7/ I 0 \
0 0 I
_Ag _Cg —BT _Og _DT _DT
LU AT (=G =CT)
0 1 0
0 0 1
50| e | or| S b
' * _ 7
7Bw _qu_Dzw
I 0
0 B,
0 (un> =0, (15)
0 \D../,
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()" M(Z, diag(N,~T))

I 0 (00)
U ro..._._.__(o)y
I 0
_Ag _cg 0 —cg OT IT
- _qu sz =0,
o —AT (=0 -CT) .
0 I 0
-BY —DT 0 -D¥ 0 I
T T T
_Bp _qu _sz
(16)

coupled with the solution X = X7 of (7) as

Y- Z»0 and TTZT—<)§8)>O, (17)

Zu Zi2 Zic
= *  Zog Zog

* * ZGG

x Yoo Yog
* * YGG

00
and T:= (10 |.
07

Before the proof of Theorem 4, let us provide some
clarifying remarks:

Y Yi2 Yig
where Y := , 4

e When the solvability conditions above are satisfied, a
suitable controller can be obtained through a straight-
forward calculation. The details of the controller con-
struction can be found in the proof of the sufficiency
direction. The resulting controller has an order equal
to the sum of the orders of the plant and the outer fac-
tor of the multiplier. That is, dim(A¢) := dim(A4s)+
dim(A) = dim(A;) 4 dim(A43) + dim(A).

e For a fixed multiplier, conditions (15)-(17), combined
with (7), constitute convex conditions in the variables
X, Y, Z and ~. Additionally, the multiplier © can be
parametrized by fixing ¢ appropriately and N can be
taken as another matrix variable. Finally, the overall
problem can be turned into an LMI problem by apply-
ing the Schur complement formula to inequality (15)
with respect to the block —y~'I. Hence, the guar-
anteed Lo-gain v can be minimized over the feasible
set of the solvability conditions using commercially
available semi-definite programming packages.

e If compared to the approach based on parameter
transformations [Kose and Scherer, 2007a], we have
reduced the number of decision variables by the
number of elements in K. The reduction is by exactly
(dim(A¢) + my) x (dim(A¢) + py) variables, where
m,, and p, represent dimensions of the control input
and measured output of G. This turns into a great
practical advantage, in particular for sophisticated
multiplier descriptions that require outer factors of
relatively high McMillan degree.

e For robust Hoo-estimation in Scherer and Kose [2008],
a similar elimination of the estimator parameters
can be performed in order to reduce the size of the
synthesis LMIs, by making full use of the dual version
of Lemma 3. Along similar lines, partial parameter
elimination is possible for robust Hs-estimation.

e When the multiplier is restricted to be frequency-
independent, we recover the results of Giusto and

Paganini [1999] exactly. When the multiplier is in the
D/G-structure, we recover the results of Scorletti and
Fromion [2006].

Proof of necessity:  Applying the KYP lemma to (12),

we obtain
FZ;chFcl = (*)TM(Y;la diag(N7 ’Y[a 7’7711))
I 0 0
0 I 0

Y Yi2 Yie Yic
* Yo Yog Yoo
* * YGG YGC
* x * Yoo
this inequality implies

fZchefcl = (*)T./\/l(f/cle,diag(N, 7, _771]))

where Y, = . Due to Lemma 2,

for small § > 0, where N and {{Lb ?‘b} = (d)ll @12)
Co| Do 0 ¢

are as in Lemma 2 and Y, is defined as

JTY11J - W JTY12 —~W12 JTY12 JTY1G ; JTylc
* Yoo — Waz Yoo Yo 1 Yoc
* * Yoo — W +0K Yog | Yoo
* * * YGG I YGC’
777777777777777777777777 Yoo

- 5 oyl
=: <}/6}/*C) =: <Z *) > 0.
* Yoo *  x

Since Z, =Y, — Y*CYCTClY*%, it clearly has the structure

(20)

JTZ0T = Wiy JT 2o =W JT 21 JTZic
* Zaz — Was Za Zsa
* * Zog — W + 06K Zsg
* * * Zaa
Now express fcl as
1 0 0
oL I . 0 _____
Z 0 I 0 X
. 0 T 0 I
—BaT _paT _paT
w qw 2w
0 AT (—Cg™ —ce™)
7777777777 0o\ 7.77777077X
prpr| ol opr| o
STe e 7B$T e 7D;11PT *DSPT
oT a T a T
7Bw _qu _Dzw
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which is abbreviated as fcl =: f‘A + fBKfC. ‘We are now
in a position to apply Lemma 7. The solvability condition

(F2) 00, Ba (F2) >0 (21)
C N Av"fcle C n
yields
()" ()T M(Ye, diag(N,y1, —y~11))
I 0 (00)
S0 I ___(00)
0 1770
- 0 ~ 0 I
Ay —C¢ | _gr | —C3| _pr DT
BT -pf’ _pt
0 AT (~cror)
70N/ I "0 \
0 . 0 I
-Bg -Dg | _pgr | -Di | _pr _pT
_Br -ptf _pi’
I 0
0 / B,
0 (un> = 0. (22)
0 \D../,

Since this holds for all § > 0, we can apply Lemma 2 to
obtain (15). The second solvability condition, namely

~ ~ T ~ ~ ~
(CaTp), Qa (FaTp), <0, (23)
gives
LIM(ZZN N7 Ay )L <0,
where
I 0 (00)
oL __(00) .
~ 0 3 1 0
-AL —CT 0 -cI 0 1
U AT —CL=C7)__.
3 0 B 1 0
-BY -DT 0 -Df 0 I
-B; —Dyp —D%,
By Appendix B, this inequality is equivalent to
LTM(Z7Y, N, yI)L = 0. (24)

Hence, by Lemma 2 again, (24) implies (16).
By Theorem 3, stability of A is equivalent to the condi-

tion
Yoo — X Yog Yoc
* YGG YGC = 0.

* * YCC

We infer that Y — Z > 0 since Yoo > 0 (and using a
perturbation argument if necessary). Finally, we have

Zy — X Zog \ _ [ Yoo — X Yaq
* ZGG B * YGG
Vo \T
_(y-L [ Xec 0
(*)Yoe (YGC> -
due to the Schur complement formula, which proves (17).

Suppose conditions (15)-(17) are
Y I

I (Y —-2)"!
Lemma 2, we can hence infer that (15), (16) imply (22),
(24) for all small 6 > 0 (without the need to use different
parameters). As also exploited above, conditions (22) and
(24) are seen to be equivalent to (21) and (23) respectively.
It is hence guaranteed that there exists a K such that

(fA —+ f‘BKfc)TQCle (fA + fBKfc) = 0. (25)

For clarity, let 7 x p and p x v be the dimensions of T'4
and K, respectively. Since

in(Qu) = in (?Sle Y51e> +in(N) +in (701 _70,1 1) :

it is easily verified that in(Q2.) = (p,n,0). A K that
satisfies (25) can be obtained as follows. Let
~ o~ T ~ ~ o~
A= (FA FB) chﬁ (FA FB)»

and rewrite (25) as

I, \" I,
(Kfc> A(Kfc> =0

Hence, ny(A) > p. But since A is obtained by restricting

Proof of sufficiency:

satisfied. Construct Y, as Y, = ( . Due to

Q. to a certain linear subspace, we have p = ny (Qy,) >
n4(A). We conclude that in(A) = (p, u,0) and we can then
dualize the last inequality above as

(x)TA! (—fiKT) — ()TE ( }{T) <0,

m

= _ raaf-TL 0 -
where = = (x)'A . Hence, n_(8) > p.

0 I,
Similar to the previous case, since p = n_(A) > n_(Z), we
conclude that in(Z) = (v, i, 0). Therefore, one can always

find a matrix V = “g € RWHXI guch that VIZV <

0 and V5 is non-singular. Then, K = — (V1V2_1)T satisfies
(25). The order of the resulting controller is equal to the
sum of the orders of the plant and the multiplier.

Finally, to prove that A is Hurwitz, consider the coupling
conditions in (17). We can equivalently write

X0
00

By the Schur complement formula, this is equivalent to

TTYT—< )—TT(Y—Z)T =0 and (Y—-2Z)"'=o0.

4010



17th IFAC World Congress (IFAC'08)
Seoul, Korea, July 6-11, 2008

Hence, the constructed Ac is guaranteed to be Hurwitz
by Theorem 3 and the Lo-gain from w to z is less than ~
for all admissible A blocks.

4. SUMMARY

We have given a finite-dimensional, convex solution to
the problem of robust Ls-gain feedforward control prob-
lem where the uncertainties affecting the system are de-
scribed by IQCs involving dynamic multipliers. Our solu-
tion builds on the dual formulation of the stability char-
acterization we have given in Scherer and Kése [2008] and
uses a generalization of the quadratic elimination lemma
that is applicable to the case involving dynamic multipli-
ers. Our main result is stated as an existence condition
for robust Lo-gain feedforward controllers. Therefore, it
differs from the results of Kose and Scherer [2007a], where
the controller appears implicitly in the solvability condi-
tions. Applications of the main technical tools used here
to the problem of gain-scheduled controllers are reported
in Scherer and Kése [2007b]. Lastly, the presented formu-
lation can be adapted to the problem of robust Ls-gain
estimation in a fairly straightforward manner.
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Appendix A. QUADRATIC CONSTRAINTS AND
ELIMINATION

Lemma 5. [Scherer, 2001] Let S € C™+")>™ have full
column-rank and M = M* ¢ Cmtm)x(m+n) he such
that in(M) = (m,n,0). Then, S*MS > 0 if and only if
S*M~1S, <0, where S forms a basis for the orthogonal
complement of the image of S.

A generalization of Lemma 5 to operators acting on Lo
can be given as in the next lemma. The proof follows ideas
similar to the proof of Lemma 5 and is omitted for brevity.
Lemma 6. Let A : L5 — L5 be linear and suppose
I = 1" € RCLT > 45 quch that in(Il) = (p, ,0)
on C°. Then, the following statements are equivalent:

o ((2)n(8))z0 wea
(ii) <(_§w),n—1<_f:w>>go Yw e LY.

Finally, the derivation of the existence conditions of the
feedforward controller is based on the following elimination
lemma.

Lemma 7. [Helmersson, 1999] Let A € R* )" B ¢
RET>m ¢ e RP™ and @ = QT € R*Hx+n)
be given. Assume in(Q2) = (k,n,0). Then, there exists a
K € R™*? such that

(A+BKC)TQ(A+BKC) <0 (A1)

if and only if
(€") ATQA(CT), <0 (A.2a)
(AB) Q' (AB), ~0. (A.2Db)
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