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Abstract: It is well known that least-squares (LS) method gives biased parameter estimates
when the input and output measurements are corrupted by noise. One possible approach for
solving this bias problem is the bias-compensation based method such as the bias-compensated
least-squares (BCLS) method. In this paper, a new bias-compnesation based method is proposed
for identification of noisy input-output system. The proposed method is based on compensation
of asymptotic bias on the instrumental variables type (IV-type) estimates by making use of noise
covariances estimates. In order to obtain the noise covariances estimates, an overdetermined
system of equations is introduced, and the noise covariances estimation algorithm is derived
by solving this overdetermined system of equations. From the combination of the parameter
estimation algorithm and the noise covariances estimation algorithm, the proposed bias-
compensated instrumental variables type (BCIV-type) method can be established. The results

of a simulated example indicate that the proposed algorithm provides good estimates.
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1. INTRODUCTION

Recently, consistent estimation methods for identification
of linear discrete-time system in the presence of input
and output noises, which is usually called “errors-in-
variables” (EIV) model, have received much attention
because of its important applications in signal processing,
communications and control systems.

Several methods have been proposed to estimate unknown
parameters of EIV model. Joint Output (JO) method
(Soderstrom [1981]) and Koopmans-Levin (KL) method
(Fernando and Nicholson [1985]) require a priori knowl-
edge about the values of variances or the ratio to mea-
surements noises.

Bias-compensated least-squares (BCLS) method is pro-
posed by Sagara et al. (Sagara and Wada [1977]) and it has
been extended by Wada et al. (Wada et al. [1990]) to the
input-output noise case without any a prior: knowledge
of noise variances. BCLS method based on compensation
of asymptotic bias on the least-squares (LS) estimates by
making use of noise variances estimates is very efficient
method for estimation of noisy input-output system pa-
rameters. In recent years, BCLS method has been de-
veloped to improve the estimation accuracy and several
recursive algorithms have been proposed (Jia et al. [2001],
Tkenoue et al. [2005]).

On the other hand, another method named bias-eliminated
least-squares (BELS) method has been proposed by Zheng
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et al. (Zheng and Feng [1989]) in which the different
estimation method of asymptotic bias is used and further
developed to be the efficient method (Zheng [1999, 2002])
to treat bias problem in noisy input-output system iden-
tification.

In this paper, a new bias-compnesation based method
is proposed for identification of EIV model in the case
where the input and output measurements are corrupted
by colored noise. The proposed method is based on com-
pensation of asymptotic bias on the instrumental vari-
ables type (IV-type) estimates by making use of noise
covariances estimates. In order to obtain the noise covari-
ances estimates, an overdetermined system of equations
is introduced, and the noise covariances estimation algo-
rithm is derived by solving this overdetermined system
of equations. From the combination of the parameter es-
timation algorithm and the noise covariances estimation
algorithm, the proposed bias-compensated instrumental
variables type (BCIV-type) method can be established.
The results of a simulated example indicate that the pro-
posed algorithm provides good estimates.

This paper is organized as follows. In section 2, the prob-
lem statement is presented and the BCLS method is de-
scribed. In section 3, the IV-type estimator is introduced
and the BCIV-type estimator is derived for estimating un-
known parameters of EIV model and it can be learned that
the unknown noise covariances must be estimated in order
to obtain consistent estimates of parameters. In section 4,
the noise covariances estimation algorithm is derived by
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solving the overdetermined system of equations, and the
BCIV-type method is established. Moreover, the recursive
BCIV-type algorithm is described. The simulation results
are presented in section 5 and finally section 6 gives the
conclusion.

2. PROBLEM STATEMENT

Consider the parameter estimation problem of single-
input single-output linear discrete-time system described
as follows:

Alg Yy = Bla™ s (1)
where u; and y; are the true input and output, ¢~ is shift

operator, ¢~ 'u; = us_1, and the polynomials A(g~!) and
B(q™!) are defined by
Al =14+aqg '+ +ag™ (2)
Bl =big '+ +bug ™. (3)
It is assumed that A(z) has all zeros outside the unit
circle and A(z) and B(z) have no common factors. Let
z+ and w; be the noise-corrupted measurements of y; and
uy, respectively, i.e.
2t =Y+ e, w=u;+d; (4)
where e; is the output measurement noise and d; is the
input measurement noise. The measurement noises e;
and d; are assumed to be zero-mean colored noise with
unknown covariances
Tee(k) = Eleres—i], (k=0, £1, £2,--) (5)
raa(k) = Eldidi—x], (k=0, £1, £2,--+) (6)
and described as
€t = He(qil)we,t (7)
dy = Ha(q™")wa,z (8)
where E[-] stands for mathematical expectation, w,; and
wq,; are zero-mean white noises with unknown variances
2 and o2 , and H.(¢7 '), Hq(q™!) take up any form

O-We wq?

of rational function. The true input wu; is a zero-mean
stationary random process with finite variance, and wuy,
d; and e; are assumed to be statistically independent of
each other.
Substituting (4) into (1) yields

Alg )z = B(q~we + vt (9)
where v; is a composite noise defined by

v = A(g Ve — B(g™V)dy . (10)
Define some vectors as
HTZ[(IT, bT}:[al"'ana blbn] (11)
p? = [_z’i'rv th]
= [_Zt—l T Zt—n,y, Wi-1 wt,n] (12>
q? = [_y?7 u'{]
=[~Yt—1"" = Yt—n, Ut—1" " Ut—p] (13)
TtT = [_e?v d;F]
=[—e—1- —€t—n, di—1 dp—p] (14)
then (4), (9) and (10) can be written as
p=q +7 (15)
2 =plo+u (16)
vi=e;, —110. (17)

Let the equation error &; for an estimate 0 of 0 be defined
as
&t = A(q_l)zt - B(q_l)wt =zt — ptTa (18)

where the polynomials ﬁ(q_l) and ﬁ(q_l) are defined by

Al Y =1+4a1¢ 4+ +ang " (19)
BlgY) =big  +- +byg ™ (20)
and
~T ~T ~ —~
0 =[a’, b |=[a1 Gn, by---by]. (21)

Minimizing the sum of squared equation error &; yields the
least-squares (LS) estimate of 8

~—1

Orsn = R,, NTp:N (22)
where
| X
Rpp,N = N Zptpz1 (23)
t=1
| X
TpeN = > pa (24)
t=1

From the assumption of e; and d;, the composite noise vy

defined by (10) is not white. Hence the LS estimate 015 n
has a bias asymptotically. The asymptotic result of the LS

estimate Og y is obtained as

-1
where
Ors = ]\lllilgo GLS,N - R;plrpz <26)
Ry, = z\lrljgo ﬁpp,N = E[ptptT] (27)
Tpz = ]\IILH;O ?pz,N - E[ptzt} (28)
Q- {Q1 + Qz} (29)
3
n—1 ] )
Q=ail +_ [(Su)+(ST)| aill, (30)
=1
Q; = [0, I, Oy (31)
n—1
Qs =bily+ Y [(Su)+(STY | b s (32)
=1
Zj:IQW-‘rl(a]) (]:17 R 2n+1) (33)
_ |0 0
Y= [7”66(0), t ,ree(n), Tdd(o)’ t 77ﬁdd(n_1)]T (35)

I, is an n X n identity matrix, O,, is an n X n zero matrix
and 0,, is an n x 1 zero vector.

One possible approach for solving this bias problem is
the bias-compensation principle based method such as the
bias-compensated least-squares (BCLS) method (Wada
et al. [1990], Jia et al. [2001], Ikenoue et al. [2005]) and
the bias-eliminated least-squares (BELS) method (Zheng
and Feng [1989], Zheng [1999, 2002]). From (25), it can be
expected that a consistent estimate of @ can be obtained by
compensating for the asymptotic biis in the LS estimate
015 n. Hence the BCLS estimate Opcrs n is given by
following equation.

~ —~ 1l o~ N
Opcrsn =0Lsn + Ry, n\Qpcrs n—1TN (36)
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where 4 denotes the estimate of v at time instant N,
and Qpcrs v denotes the estimate of @ whose elements

are composed of the BCLS estimate ’éBCLS,N.

If the noise covariance vector ~ is known, the consistent
estimate for noisy input-output system can be obtained via
(36) simply. But in more general case, the noise covariances
are unknown, it is necessary to estimate them firstly. The
noise covariances estimation algorithm has been proposed
for the case where the input noise is white noise and the
output noise is colored noise (Zheng [2002]), and several
algorithms have been proposed for the case where the
input and output measurements are corrupted by white
noise (Wada et al. [1990], Jia et al. [2001], Zheng and Feng
[1989], Zheng [1999], Ikenoue et al. [2005]).

3. INSTRUMENTAL VARIABLES TYPE ESTIMATOR

In this section, a new bias-compensation principle based
method is considered by using the instrumental variables
type estimator. Introduce a vector m, of dimention m >
2n. Now, let us consider the instrumental variables type

(IV-type) estimate Em, ~ defined by the following equa-
tion

N
1 ~
N > om (Zt - PtT91Vt,N) =0y - (37)
t=1
In general, the IV-type vector m, has higher dimention
than 2n, (37) gives an overdetermined system and has no
exact solution. Solving (37) in a least-squares sense yields
-1

~T

@WW:(E;NWﬁWW) R, WPy n  (38)
where
~ 1 X .
Rnp,N = N Z NPy (39)
1 f;1
TozN = i Z N2t (40)
=1

and W is a positive definite weighting matrix (no weight-
ing, that is W = I,,, is one possible choice). Oy n exists
if Ry, n is full rank. The elements of the IV-type vector

7, can be chosen in various ways. Choosing all elements
of the IV-type vector n, as signals uncorrelated with a

composite noise v, then Ory ny becomes the well-known
extended instrumental variable estimate of 8 (Séderstrom

and Mahata [2002]). The matrix ®

—~ T ~

ey =R, \WRN (41)
may often become ill-conditioned in the case where all
elements of the IV-type vector m, are chosen as signals
uncorrelated with a composite noise vy, so it is necessary
to choose an IV-type vector 77, so that at least one element
of the vector n, is correlated with v; and hence the matrix
@y becomes well-conditioned. However, choosing at least
one element of the vector m, correlated with v;, then the
IV-type estimate 01y n has a bias asymptotically.

Substituting (16) into (38) yields
-1

~ ~T =~ ~
Orvin=0+(RyynWRy ) Ry yWinn  (42)

where
1 XN
?nu,N = N Z’rltvt . (43)
t=1
Taking limit of (42) yields
Orvi =0+ hpy (44)
where
Y T -t
Orvi=lim Orvin=(RL,WR,,)  RpL,Wr,. ()
R,,= z\lzl—%o ﬁnp,N = E["?tp?] (46)
Tynz= [\1[1_)1’20 '/r\nz,N = E[ntzt] (47)

and hjy; is the asymptotic bias of the IV-type estimate
O;1v+ n defined as

T -1 or
hive = (RanRnp) R Wr,, (48)
where
Tno = Al,ig)lo?nv,N = E[nv] - (49)
Using (17), 7, can be expressed as follows:
Ty = E[ntvt]
= E[ny(et — 7 0)]
=d— D6
- —Q7 (50)

where d = E[n,e], D = E[n,rT], Q is an m x p matrix
whose elements are composed of the parameter 6, and 5
is a p x 1 noise covariace vector. From (44), (48) and (50),
the asymptotic bias hjy; can be expressed as follows:
-1 ~

hivi=0ry—0=— (RngRm,) RIWQ7. (51)
From (44), it can be expected that a consistent estimate of
0 can be obtained by compensating for the asymptotic bias

hrv: in the IV-type estimate @1y n. From (51), estimate
of the asymptotic bias hjy; at time instant N becomes

~ ~T =~ ~T = =
hrven=— (Rnp,NWRnp,N> R, \WQn, 7N (52)

where Q N and % n denote the estimates of Q and v at time
instant N, respectively. Hence the bias compensated in-
strumental variables type (BCIV-type) estimate @ gcrve, v
is given by

Opcrvi,n =0rven—hiven

=0rven+
-1

~T ~ T = =
(R p,NWRWP’N) Rnp,NWQBCIVt,NA"/N (53)

~

where @BCLS’ n denotes the estimate of @ whose ele-

ments are composed of the BCIV-type estimate @BCIWVN.
Practically the noise covariance vector 4 is unknown, it is
necessary to estimate 7.

It is possible to write the structures of 3, D and @ For
example, assumed that the IV-type vector n, is given by
T T . T1T
n = [wl,t+n+l7 wy , wl,t] (54)
where

wpt = [wtfnfl wtfnfl]T (55)
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and m = n + 2[. Then, using the assumption of e, dy, it
is easily shown that d and D become as follows:

~ E[wl,t+7z+l€t]
d = Elne] = | E[wiey]
E[wl,tet]
E[dl7t+n+let] 0,
= | Eld;eq] =10np| =0p12 (56)
Eld, ce] 0;
D= E[ntrtT]
[—Ewitinti€f | Ewiiinsid; ]
= fE[wtef] E[wtdtT]
|~ Elwisef]  Elwi,d;]

[O1xn Eldyiinyidl]
= |Opxn E[dyd]]
Oixn Eldyd]]

= [Om+2)xn Ry (57)
where
diy=[d—n-1 - dipi]” (58)
Eldtqnidy ]
R, = | Eld,d]]
Eld;.d])
Tdd(l) Tdd(l + 1) .- rdd(n+l—1)_
rqa(1) rad(2) raa(n)
Tdd(O) Tdd(l) Tdd(n—1>
rqa(1) 744(0) rad(n—2)
rdd(n—l) Tdd(n—Q) Tdd(O)
Tdd(’n) rdd(n—l) Tdd(l)
_rdd(n+l—1) rdd(n+l—2)~-~ Tdd(l) ]
(59)
Additionally, DO — d can be expressed as follows:
-be - :l = [O(n+2l)><n R(Zd] |:z:| - 0n+2l
= R;;b
= Qv (60)
thus é and 4 becomes as follows:
_ T n+l—1 ) AT
Q=biy + > [(Swea) +(STo)| Bijyn  (61)
j=1
b=1[0/, b", of 1" (62)
% = [Tdd(0)7 vy rdd(n +1— 1)]T (64)

Since the dimention of the noise covariance vector 4 is
p = n + 1 in the case where the input noise d; is colored
noise, n 4 [ noise covariances must be estimated for the
BCIV-type estimate. However, using the IV-type vector
1, given by (54), there can be avoided the necessity to
estimate the output noise covariances. Thus only the input
noise covariances are to be determined. Moreover, if the

input noise d; is white noise with unknown variance o2,

the structures of (59), (61) and (64) can be written more
simply.

len
R;, = | o4l, (65)
IXn
Q=b=[0f, b", of]" (66)
y=02. (67)

If the input and output measurements are corrupted by
white noise, it is necessary to estimate the input and
output noise variances in the BCLS method (Wada et al.
[1990], Jia et al. [2001], Zheng and Feng [1989], Zheng
[1999], Ikenoue et al. [2005]). Moreover, if the input noise
is white noise and the output noise is colored noise, it
is necessary to estimate the input noise variance and
n + 1 output noise covariances in Zheng’s method (Zheng
[2002]). On the contrary, it can be learned from (67) that
if the input noise is white noise, the BCIV-type estimate
requires only the input noise variance estimate.

Since the IV-type vector m, defined by (54) has no causal-
ity, it is necessary to set t =t — [+ 1 and use the following
equations instead of n,, p, and z; in the real applications.

M — M-t (68)
Pt = Pt (69)
2t — Zt—l+1 - (70)

4. BIAS-COMPENSATION METHOD FOR IV-TYPE
ESTIMATOR

In this section, the estimation algorithm of the noise co-
variances vector 7 is proposed for the BCIV-type estimate,
and the BCIV-type method is derived. Multiplying (16) by
the IV-type vector m,, and taking expectation yield

E[n,z) = En,(p} 0 + v,)| = E[n,p/ 10 + E[n,v,]
= E[np{10 - Q7 . (71)

Thus, we can obtain the following overdetermined system
of equations

Tz = Rppf — Qv . (72)
Solving (72) for 6 in a least-squares sense yields
—1 ~
6= (RL,WR,,) RLW (r,.+Q7)
—1 —
— O+ (R;,WR,W) RILWQy. (13

Equation (73) implies that, for a given 4, the parameter
vector 8 can be obtained by solution of overdetermined
system of equations (72), and replacing (73) by the esti-
mates at time instant N yields the BCIV-type estimate

/éBCIVt,N in (53)

Moreover, solving (72) for 7 in a least-squares sense yields

7-(0'xQ) Q"X (R0,

where X is an m x m positive definite weighting matrix.
Equation (74) implies that, for a given 8, the noise covari-
ances vector 4 can be obtained by solution of overdeter-
mined system of equations (72). Thus, by replacing (74)
by the estimate at time instant N, the estimate of noise
covariances vector 7 at time instant NV can be obtained by

(74)
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~T ~ -1
IN= (QBCIVt,N—lXQBCIVt,J\H) X
~T

QporvinaX (Rnp,NaBCIVt,N—l—?nz,N) . (75)

Based on the above discussion, the bias-compensation
method for the IV-type estimator can be established from
the combination of the BCIV-type parameter estimation
algorithm (53) and the noise covariances estimation al-
gorithm (75). To perform adaptive identification of noisy
input-output system, the following recursive BCIV-type
algorithm may be applied.

The recursive BCIV-type algorithm

Step 0: Set the initial values of the algorithm. Choose the
weighting matrices W and X, the IV-type vector n,.
Step 1: Calculate the IV-type estimate.

b\IVt,N = aIVt,N—l + Ky (917\}—‘1’%51\/1&,1\/—1)
where )
I (N_l)?z;z NaWny ZN}
(N 1)R np, N— 1Wny pN}

1
Ky=Myn1¥yN (AN—F‘I’?\}MNA‘I’N)
[0 1

-1
T — *W%WUN 1
_1 nvWny 1 0

My=My,-KyPiMy, .
Step 2: Calculate the covariance matrix and the covari-
ance vector.

gn =
Wy =

Ay =

~

~ 1 ~
Ryp N = Ryp N + N (UNPJI\} - RnnN—l)

A - 1 .
Tyz,N = Tnz,N-1 + N (nNZN - rnz,N—l) .

Step 3: Calculate the noise covariances estimates.

~T ~ -1
IN = <QBC[W,N—1XQBCIW,N—1) X
=T ~ ~
QpcrvinaX (Rnp,NeBCIVt,N— —’l‘nz,N) .

Step 4: Calculate the BCIV-type estimate.

Opcrvi,n = Orve N+

~T = ~
NQMNRnp,NWQBCIVt,Nﬂ’NYN .
Step 5: Set N = N + 1 and repeat from step 1 until the
chosen stop criterion is satisfied.
Initial value selection: Initial values at N = 0 are given

as /O\IW,O = 02,, My = pIs, (p is a large number),
R, 0 = Omxon, Ty-0 = 0. Initial value of the BCIV-

type estimate is given as EBCIW’T = §1Vt7T, 0<T<
L: L is a number for idling).

5. SIMULATION RESULTS

5.1 The case where the input noise and the output noise
are colored noise

Computer simulation which compares the proposed BCIV-
type algorithm with the LS algorithm has been carried out.
Consider the following second-order system:

RMSE of parameter estimate: section 5.1

LS algorithm

BCI Vl—type (1=3)

BCIV-type (1=4)

RMSE  (dB)

BCIV-type (1=5)

0 2000 4000 N 6000 8000 10000

Fig. 1. RMSE of parameter estimates (section 5.1).

Table 1. Mean values, standard deviations of
estimates for N = 10000 (section 5.1).

LS BCIV-type BCIV-type BCIV-type
True value| 1o vithm (1=3)  (1=4)  (1=5)
wi — 15| —0-7046  —1.5130 —1.5004  —1.5000
P= 7590 10.0162  +0.0934  £0.0159  +0.0122
o — 0.7 0.0567 0.7121 0.7004 0.7001
2= +0.0133  +£0.0860  +0.0120  +0.0085
b — 10 0.9997 0.9936 0.9950 0.9971
== +0.0326  +£0.0734  +0.0285  +0.0313
by — 0.5 1.9223 0.4726 0.4952 0.4969
2= +0.0421  +£0.1575  +0.0548  +0.0518
B(g™')  1.0¢g7* 4 0.5¢72 (76)
A(g™1) 1—-15¢7140.7¢2"

The noise free input u; is assumed to be generated as
u; = 0.9u;_1 + ¢; where ¢; is a zero-mean white noise with
unit variance. The colored output noise e; is assumed to be
generated as e, = —0.8e;—1 + we; + 0.3we t—1 Where we ¢
is a zero-mean white noise with variance aw . = 1 8898,
which yields SNR = 10log,o(E[y?]/Ele?]) = 20 [dB].
The colored input noise d; is assumed to be generated
as d; = 0.6d;i—1 + wa + 0.2wg 1 Where wg, is a zero-
mean white noise with variance Uid = 0.0263, which
yields SNR = 10log;,(E[u?]/E[d?]) = 20 [dB]. The IV-
type vector m, is chosen as in (54). In particular, the cases
of I =3, 4, 5, which yield m = 8, 10, 12 respectively, are
examined. Weighting matrices are chosen as W = I, and
X = I,,. Computer simulation for comparison is carried
out through M = 100 independent runs with a data length
of 10000. Fig. 1 gives a plot of the root mean squared error
(RMSE) which is defined by

RMSE = 201log,, [dB]  (77)

Z Hek + — 02
1612

where Ek,t denotes the estimate of @ at time step ¢ in the
kth independent run. Table 1 provides the mean values,
the standard deviations of estimates for N = 10000.

Simulation results indicate that the LS method gives
biased results. On the contrary, the proposed BCIV-
type method can give consistent estimate. Especially, the
resulting BCIV-type estimates in the cases of [ = 4, 5 are
more accurate than those obtained with [ = 3.
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RMSE of parameter estimate: section 5.2

T

LS algorithm

= 10
=
"é Zheng' s algorithm
o -20

10

BCIV-type algorithm
]0 -30 L L L L
0 2000 4000 6000 8000 10000
N

Fig. 2. RMSE of parameter estimates (section 5.2).

Table 2. Mean values, standard deviations of
estimates for N = 10000 (section 5.2).

Towevae | 18 Thones - BOIV-vpe
o=ty | IR L o
w=0606s | L0000 oo e
=069 | 0000 ST soosns
b=oias | 0wt b

5.2 The case where the input noise is white noise and the
output noise is colored noise

By computer simulation, the proposed BCIV-type algo-
rithm is compared with the LS algorithm and Zheng’s
algorithm (Zheng [2002]). Consider the folowing second-

order system:
B(qg™) _ 0.169901¢g~* + 0.143831¢ 2 (78)

A(g™1) 1 - L575157¢~1 + 0.606531¢—2

The noise free input u; is assumed to be generated as
ur = € — 0.36,_1 + 0.56;_9 — 0.7¢;_3 + 0.9¢;_4 where ¢
is a zero-mean white noise with variance 1/(1 + 0.3% +
0.5%2 4+ 0.7%2 4 0.92) = 0.3788. The colored output noise e;
is assumed to be generated as e; = e;—1 — 0.4e¢—1 + we t —
0.87we,t—1 + 0.57we 1—o where we; is a zero-mean white
noise with variance o2 , = 0.2264, which yields SNR =
10log,o(E[y?]/Ee?]) = 10 [dB]. The noise variance of
white input noise d; is set as 03 = 0.1 which yields
SNR = 10log,y(E[u?]/E[d?]) = 10 [dB]. The IV-type
vector 7, is chosen as in (54), where | = 4 which yields
m = 10. Weighting matrices are chosen as W = I,,, and
X = 1,,. Computer simulation for comparison is carried
out through M = 100 independent runs with a data length
of 10000. Fig. 2 gives a plot of the RMSE which is defined
by (77). Table 2 provides the mean values, the standard
deviations of estimates for N = 10000.

Simulation results indicate that the LS method gives bi-
ased results. On the contrary, the Zheng’s method and the
proposed BCIV-type method can give consistent estimate.
Though the BCIV-type method requires only the input
noise variance estimate, the resulting parameter estimates

obtained by the BCIV-type method is more accurate than
those obtained by the Zheng’s method.

6. CONCLUSIONS

In this paper, the method of consistent estimation of
noisy input-output system has been studied. A new bias-
compensation based method has been proposed for EIV
model identification. The proposed BCIV-type method
consists of the parameter estimation algorithm which is
based on compensation of asymptotic bias on the IV-type
estimates, and the noise covariances estimation algorithm
which is based on an overdetermined system of equations.
The proposed method can treat not only the white input-
output noise case but also the colored input-output noise
case. It is demonstrated that the proposed method can
give consistent parameter estimate via simulation results.
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