Proceedings of the 17th World Congress
The International Federation of Automatic Control
Seoul, Korea, July 6-11, 2008

IFAC

Linear Quadratic Regulation for
Continuous-Time Systems with
Time-Varying Delay *

Huanshui Zhang * Wei Wang ** Lihua Xie ***

* School of Control Science and Engineering, Shandong University,
Jinan, 250061, P. R. China(e-mail: hszhang@sdu.edu.cn).

** Shenzhen Graduate School, Harbin Institute of Technology,
Shenzhen, 518055, P. R. China(e-mail: wangwei_ 531@hotmail.com,)
*** School of FElectrical and Electronic Engineering, BLK S2, Nanyang
Technological University, Singapore 639798 (e-mail: elhzie@ntu.edu.sg)

Abstract: In this paper we investigate the finite horizon linear quadratic regulation (LQR)
problem for a linear continuous time system with time-varying delay in control input and a
quadratic criterion. We assume that the time-varying delay is of a known upper bound, then
the LQR problem is transformed into the optimal control problem for systems with multiple
input channels, each of which has single constant delay. The purpose of this paper is to obtain
an explicit solution to the addressed LQR problem via establishing a duality principle, which
is applied to the optimal smoothing for an associated continuous time system with a multiple

delayed measurement.

1. INTRODUCTION

This paper considers the finite horizon LQR problem for
continuous time systems with time-varying delay in control
input, which is perfectly meaningful in both theory and
application. The potential applications of the proposed
LQR problem for linear systems with time-varying delay
in control input are related to a large number of remote
control problems in networked control systems and wire-
less sensor networks, where the input-state link, as well as
state output one, is intrinsically subject to communication
delays Nilsson et al. [1998], Sinopoli et al. [2005].

linear system states has been well studied, and their solu-
tions and properties have been well documented, as well as
the filtering one, since 1960s, such as Kucera [1979]. While
the solution to linear quadratic regulation for continuous
time systems has been well known, the same problem
for systems with delays, especially with time-varying de-
lays remains difficult. For continuous time systems, the
time delay problems can in principle be treated by the
infinite-dimension system theory Delfour [1986], Keulen
[1993]. However it leads to a solution in terms of operator
Riccati equations which difficult to be understood and
implemented. In Kharatashvili [1967], a maximum prin-
ciple was used to discuss systems with delays while the
dynamic programming method was applied to a specific
time-delay case in Oguztoreli [1966]. It should be noted
that no explicit formula for optimal control law was given
in these works. In Liu [2006], the LQR optimal controller
was implemented for single input and single output system
by applying a special conversion from the transfer function
to the state space expression. In very recent years, the
optimal control problems for systems with multiple input
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delays under both Hy and H, performance criterion have
received much attention and several important progresses
have been made, such as Moelja et al. [2005], Zhang et al.
[2006], Kojima et al. [2006]. In Moelja et al. [2005], the
H, optimal control problem of systems with multiple i/o
delays was proposed and discussed by considering the
regulator problem in time-domain as a linear quadratic
regulator problem with multiple input delays. Kojima
et al. [2006] addressed the H, preview control for systems
with multiple delay and provided an explicit LQ control
law based an operator Riccati equation.

In this paper we first establish a duality between the LQR
problem for systems with multiple input delays and a
smoothing problem for a backward stochastic delay free
system. In doing so, the complicated LQR problem for
systems with time-varying delay is transformed into a
smoothing one, and the obtained optimal controller gain
matrix is constructed as dual transpose to the optimal
smoother gain one and the optimal controller gain equa-
tion is obtained as dual to the variance equation in the
optimal smoother.

In the interest of space, proofs of lemmas and theorems in
this paper are omitted.

2. PROBLEM STATEMENT

This paper studies linear continuous time systems with
single input delay described by

&(t) = @ra(t) + Tru(t — h(t)) (1)
where h(t) is time-varying delay, (t) € R™ and u(t) € R™
are measurable state and input vectors at time t; ®;
and I'; are the state transition and input distribution
matrices, respectively. Our aim is to solve linear time-
varying quadratic regulation problem with time-varying
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input delay by finding control input u(t — h(t))(h(t) <t <
tr) of system (1) that minimizing the finite horizon cost

ty 2%
Joy =y, Py, +/u/(t)Rtu(t)dtJr/x’(t)th(t)db(Q)
0 0

where z¢, is the terminal state, P, = Pt’f > 0 imposes
a penalty weighting matrix on the terminal state. Ry > 0
and ); > 0 are bounded matrix functions. We assume that
all control inputs have a finite maximum delay, that is to
say the time-varying input delay h(t) can be chosen in an
interval [ho,---,hy], where 0 = hg < hy < --- < hy.

Note that the control input is single and input delay
is time-varying and can be chosen in a known interval
[ho, -+, hn] which is bounded, the finite horizon LQR
problem with time-varying input delay can be transformed
into the one with multiple input channels by defining the
following variable to model the control input,

~a J 1, the input delay equal to h; at time ¢; 3)
Tti =\ 0, otherwise.

In consideration of the property of h; that it can only be
chosen one value from the interval [hg, -, hy] at time ¢,
we can know apparently that

1, if i = i
Vesi X Ve = { 0lifi %] (@)

In consequence, the system (1) can be rewritten as

z(t) = Qx(t) + Z% JLru(t — hy) (5)

and the associated quadratlc cost function as

th:(E;fPtf{L'tf
tf—hi ty
+Z / )y, Reu(t dt+/x )Qux(t)dt(6)
=0 0 0

3. PRELIMINARIES

We first introduce the following notations:

[u(t — ho)
, hy <t < hiys;
— A _U(t* hl)
“uh=yr u(t — ho) (7)
: ) t 2 tN?
(t— hn)
ﬂ(t)é Z thut* h <t<h1+1, (8)
=1+1
07 4 2 hN;
poa Lo Lens i Dol hi << iy )
t Ceo.Ten,-- -, Ten], t> b,
dla/g {Rt—ho,O7 Rt—hl,la Ty Rt—hi,i} )
5 A h; <t< hi+1'
. ’ 1
Rt dla’g {Rtfho,(h Rtfhl,la Ty Rtth,N} ) ( 0)
t > hn,

where I'y; = v, Iy and Ry_p, s = ~y,iRi—n,, respectively.
By using the above notations, the system (5) can be
rewritten as

J?(t) - ‘I’tli(t) 4+ Ijtﬂ(t) + ’a(t), hz <t< hi+1;
o (btfﬂ(t) + Ptﬂ(t), t> hy.

and the associated cost function (6) as

(11)

th:Z':ffPtfl'tf
ty ty
+/ (t)Ryu(t) dt—i—/w HQuz(t)dt.  (12)
0 0

Now we introduce the following backward dual state space
model (the details can be seen in Zhang et al. [2006]):

—x(t) = Pix(t) + w(t),
y(t) =Tix(t) +v(t)

with terminal state x(ty) = x;, and

Xt X, Py, 0 0
<[W(t)] , [W(T)]> =1 0 Q(t—1) 0
v(t) 1 Lv(7)
d

0 0 Rté(t - 7')
In view of (9)and (14), it is obvious that y(¢) has the
dimension

. _ (Z-l—].)m)(]., hi§t<hi+1;
dimty(0) = { (N0 TS

Next, we shall denote the Gramian operator corresponding
to the continuously indexed collections y = {y(¢),0 <t <
ts} by Ry, which is determined by its kernels Ry (t,7) =
(y(t),y(7)); and denote the cross-Gramian operator cor-
responding to the continuously indexed collections y =
{y()0<t<tf}andx—{x( ,0 < s < tn} by Ryx,
which is determined by its kernels Ryx(t s) = (y(t),x(s)).
Then take equation (13)-(14) into account, the cost func-
tion (12) can be further rewritten as

TN

XE(O):l and RXO = <X0,X0>,

(15)

[N

(16)

where £ = o | X =

Ryxyy = (x0,y) = Ry, and Ry = (y,y); @ and @ denote
the continuously indexed collections {@(t),0 <t < t;} and
{u(s),0 < s < hn}, respectively.

Now recall the Krein space stochastic model (13) and (14)
and in view of I'; defined in (9), the measurement y(t) and
the noise v(t) can be decomposed as follows:

col B, -,V h; St hiiy:
yit)= {colgggtg, ?&B} t> < o)
col{vo(t), --,v DRy <t < s
v(t) = {COl}VEEt;,“',V]\E()t;}, > th + (18)

where y;(¢t) and v;(¢) with dimension m x 1 satisfy the
following equation
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yi(t) = yeilix(t) +yivilt),
and the inner product of v;(¢) in Krein space is
(vi(t),vi(s)) = Re—p,0(t — s).

Next, we reorganize the decomposed measurements y;(¢)
and noise v;(t) (i = N,---,1) as follows

(19)

col{t,0y0(t + ho), -+, ye,nyn(t + hn)},

§t<tf7hN,

o 0
t) = 2
y() COZ{%,OYO(t-Fho) S Vti—1Yi— 1 t+hz 1 f 0
ty — h; <t<tf—hz 1
col{Ve,ovo(t+ ho), -+, v, nVN(t+hN)},
oo 0< t<tf h;
v(t) = col{v,ovo(t+ ho), -, Ye.im1Vie1(t + hi—1) ?21
tr—hi<t<t;—hi

and they satisfy

[ Yt,00 o X(t + ho)
+ (1),

e NT X (E+ hy)
0<t<t;—hy;

’Vt 0Ft+h0 (t + ho)
’ + V(t)v

Yei—1lg g, X+ hio1)
tf7h7;<t§tffh,;_1.
In the same manner, we can further reorganize the control
input @(t) defined in (7) as

N+1 blocks
(1)}, 0 <t <tf—hn;

—
col{u(t), -, u(t

ii(t) = i blocks (23)

—_—~
col{u(t), -, u(t)},ty —h; <t <ty —hi_1.

In virtue of the cost function (16) and the above descrip-
tions, we can obtain the following result.

Lemma 1. The cost function (16) can be reformulated
equivalently in the following quadratic form:

(24)

where

- (51051)- 142 %
y|'|y Ryx, Ry |’

¢ and xo are as defined in (16), @ and y denote the
continuously indexed collections {u(t),0 g < ty} and
{y(t),0 <t <t;}, respectively.

In order to obtain a more simpler form of cost function
(24), we introduce the following notation:

N
> syt +hy),0<t <ty —hy;
=0

Z’Yt,j—1}’j—1(t +hj-1),
=1

z(t) =

tffhi<t§tffhi_1,

and it satisfies

N
Z Ve, Uign, X(t + Rj) + v (1),
§=0
z(t) = ; 0<t<ty—hn; (26)
> ATy g X(E o+ hyo1) + v (D),
j=1
ty —hi <t <ty—hi,
where
N
Z’thjvj(t + hj)ﬂo <t< tf — hN;
j=0
Vz(t) = A (27)
Z%J*l"jfl(t‘F hj-1),
j=1

tp—hy <t <ty—hi_1,

with zero means and covariance

N
Z%,J’Ru
z — =0
Qe =1 75
Z%j—lRt, tr—h; <t<ty—hi_.
j=1

0<t<ty—hn;

On the basis of the above description, we can get a new
performance index equivalent to (24) according to the
following lemma.

Lemma 2. The cost function (24) is equivalent to the
following quadratic form

(28)

where

v- (o] o]y -2 )

and xg is as in (16), v and z are the continuously indexed
collections, i.e.,

u={u(t),0 <t <t}
z={z(t),0 <t <t}

The cost function (28) can be further rewritten as

Jf :§IP£+ (uiu*)/Rz(ufu*)a (29)

where

w = {u*(t),0 <t <tp} = —R, " Ryx,é, (

P = (x0 — X0, X0 — Xo), (31

xo={x(t), 0 <t <t} (32
and u* is the minimizing solution of the cost function (28

and x(t) is the projection of state x(¢) onto the linear spac
L{z(t), 0 <t <ty}. In that

oy = (. [0 |} = 1R R

the minimizing solution (30) can be redescribed by the
following form

o — ~— —

@
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u* = —R; " Ryx(0)z(0) — R, ' R,k (33)
Now, we define a new measurement
Zi(t) £ ’ymF;JrhiX(t + hi) + Vt,i Vi (t + hi) (34)
and denote
[ Zo(t — ho)
Zl(t - hl)
) , 12> hys
Lzn(t — hn)
z(t) = (35)
—Zo(t — ho)
Zl(t — hl)
. 3 hi S t < hi+17
L z;(t - hi)
and it satisfies that
z(t) = Tix(t) + v (1), (36)

P COZ{%,OF;KH—MJF;, e fYt—hN,N/FQ},f > hy;
¢ col{ve,0T 4 Ye—ny 1l Yemng Ui by he <t < hiya,
col{ve,0vo(t), Ye—n,,1Vi(t), -, Ye—ny.NVN ()},
t > hy;
col{Vt,0vo(t), Ve—ny 1 Vi(t), -, Ye—ni,iVi(t) },
h; <t< hi+1~

In view of v, (t) defined in (27), it is readily to obtain that
v(t) is white noise with zero mean and covariance matrix

V(t) =

7fyt7hN,NRt7hN}7
t> hN'
- ) 37
a’ytfhi,iRtfhi}a( )
hi <t < hiyr.

Seen from function (35), z(t) is composed of different
measurement associated with the same state x(t). Obvi-

ously, there has no delay existed any more in measurement
equation (36). Moreover, the following lemma is a truth.

dmg{%,oRt’ Ve—hy 1 Be—hy, -

v o_
QF = diag{’yt,ORta Yeehy 1 Bi—hyy

Lemma 3. The linear space spanned by the reorganized
measurements sequence (35) is equivalent to the one
spanned by the measurements sequence (26), i.e.,

L{z(t), 0<t<t;}=L{z(t), 0<t<t;}. (38

Under the above lemma, the minimizing solution (30) can
be further given as

u* = —R; " Ryx()2(0) — R; ' Raxl. (39)

Now that @(t) = 0 for t > hy, (39) can also be represented
as

hn
W = R Ry)2(0) — / R Rpyi(t)dt  (40)
0

To sum up, the key sight to solve the optimal LQR
problem with time-varying delay is to compute the filtering
gain matrix Ry )zl ! and the smoothing gain matrix

Rx(t)gRi_l (0 <t < hpy) of system (13) and (36).

4. SOLUTION TO THE PROPOSED PROBLEM

By applying the standard Kalman filtering formulations
to the stochastic backward systems (13) and (36), the
filtering estimate x(t|t) can be calculated as

—(t]t) = ®jx(tt) + K[z (t) — Tix(t]t)]
= ,x(tt) + Kyz(t), (41)
where
K:Qs(t) = P(t)T%, (42)
b =P, — KT, (43)

and the estimation error covariance matrix P(t) obeys the
following backward differential Riccati equation

—P(t) = ®,P(t) + P()®, + Q; — K:Qs () K|  (44)

with the terminal condition P(t;) = P;,. Let U(¢,7) be
the transition matrix of —®,, then we have

ﬁMDZQQWW@WHf/@@ﬂKJUMT<%)

with X(t¢|ty) =0, and for t =0,

x(0]0) :/\Il(t, ) K Z(T)dr.
0

(46)

Next, we give the smoother %(¢|0) according to the follow-
ing lemma.

Lemma 4. The smoother %(¢|0) corresponding to the sto-
chastic backward system (13) and (36) can be calculated
as

%(1]0) = / B(t, ) Koi(r)dr + / P (1, )R (r)dr
t 0
— / P(t)V (1,t) K, T" / (7, 8)Kz(s)ds | dAT)
where ’ '
f(.,-Q(,(T) = f‘7' (48)

In order to rewrite the smoother described in (47), we
define the following notations,

i blocks

[1707"'70/a hl S7—<hi+1;

A
IO(T) = N blocks
[1707"'70/a T Z hN
i+1 blocks

7 blocks
i+1 blocks

———
0,---,0,10,--

N+1 blocks

Ii(T) é
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By using the above notations, we can obtain the following
corollary.

Corollary 5. The projection x(¢ | 0) can be rewritten as

th

x(t]0) = /Z%Zaﬂtf K(t,7 + hy)I;(1)z(7)dn(51)

where a;(7,tf) = e(1) — e(T + hy — ty),
unit step function and

e(+) denotes the

K(t,T—l—hi) =
t

(B(t, 7+ hs) — P(0)] / U (r, )T
_ 0
T+h;

PO (7 + hos ) i, — | / W (r,t) K, T

_ 0

XU (r, 7+ h))dr|K,;4pn,}, 0<7 <t—h;
Furthermore, by applying a similar discussion of Corollary
5, we can easily obtain

%(0]0) = / U(t, 7) K, a(r)dr
ty N

/Z%’al Tt )V, T+ hi) Krgn, Li(7)z(7)d7(52)

Now, in virtue of the filter expression (52) and the
smoother expression (51) and the duality principle be-
tween the LQR problem and the smoothing problem for
the backward stochastic delay-free system, we can obtain
the optimal controller that minimizing the cost function
(2) according to the following theorem.

Theorem 6. Consider the system (1), the minimizing so-
lution of (2) can be given as follows:

N
w (t) ==Y iRy Thyp, P(t+ hi) W' (0, ¢+ hi)a(0)
=0
hn
—Z% ; / (8 )R (s, + h)i(s)ds,  (53)
where
K(S,t —+ hl) =

Ry'T Pt + h){¥/ (s, t + hy) — G(t + hy, $)P(s)},
QSSSt—hi<hNOI‘f—hiZhN; (54)
R, {U(t + Ry, s) — P(t+ hy)
X G(t+ hiys)}P(s), t—h; <s<hn.

and

G(t + hs, S) =

/\i/’(s, t+ hy) K, T, U(r, s)dr,
0

Ogsgtfhi<hN0rt7h¢ZhN;(55)
t+h;

' (s,t + hy) K, T/ 0(r,s)dr,t —h; < s < hy.

0

However, the optimal control u*(¢) derived in the previous
theorem is given in terms of the initial state x(0) rather
than the current state x(7). Next, we shall investigate this
case by shifting the time interval [0, hy] to [7, 7 + hy].

Denote
ru(t 4+ 7 — ho)
, hy << higa;
o) Lu(t+7—hy)
urt)=9 r u(t+ 7 — ho) (56)
: t>t,
(t + 7= hN)
N
. Diprju(t+7—hy), hi <t < hiy;
(t) — :zz:l t+7,j ( ]) +1 (57)
Oa t Z hN7
f\'r — [FtJr‘r,O; Ft+T,17 e aFtJrT,i] ) h’L <t < hi+1; (58)
t Cerr0, Tigras s Depr ], £ 2> b,
diag {Ri1r—ho,0s Ridr—ny, 1, Rigr—n, i},
— h, <t < h: 1
R-r — z = 1+1 59
t diag {Rt+r—ho,0; Rt+‘r—hl,1a Tty Rt+r—hN,N(} ) )
t Z hN7

where 'y - ; and R+, —; ; denote i~ ;I'y and yeqr s Re—p,
respectively. By using the above notations, the system (5)
can be rewritten as

z(t+71)=

Pra(t+7)+T7a™(t) +a”
Six(t+71)+T]a"(b),

the cost function (6) as

(t), hl <t< hi+1;

t> ha. (60)

ty—T

Ji, = a(ts) P(tp)(ty) + / (@ () Ry (t)dt
0

—T

<

+ 2 (t+7)Qpyrx(t + 7)dt

20\

+Z/u e Rew(t)dt + / "(£)Qqux(t)dt. (61)
=07 0
We also define the following Riccati equation:

dP7 (¢
SO 4 pr) P07 + Quir — KT QRO

with the terminal condition P7(t; — 7) = P(ty), K] and
QZ(t) have the same form as (42) and (37), respectively.

By using the above notations, the optimal controller u™*(t)
can be given in terms of the current state x(7) according
to the following theorem.

8783



17th IFAC World Congress (IFAC'08)
Seoul, Korea, July 6-11, 2008

Theorem 7. Consider the system (60) and the perfor-
mance index (61), the optimal controller u™*(t) associated
with u(t 4+ 7) can be given as follows:

UT*(t) _
N

- Z 7t+7,iR;JrITF;+T+hi PT (t + hi)\iﬂ—/(oﬂt + hl>$(0)
i=0
hn

—Z’yt+71/az (t4 7, hn) K7 (s,t + hy)a" (s)ds, (62)
where

KT(t—i-hi,S) =

R Ty o PT(E+ ) {87 (s,t+h) — GT(t+ hy, s)
x P7(s)}, 0<s<t—h;<hyort—h;>hn;
Rt_j‘rri-l-T-ﬁ-hi{‘I’T(t + hi? 8) - PT(t + h’l)
XGT(t+ hi, $)}P7(s), t—h;<s<hn,

and

G (t+ hl,s) =
/@T’(s,t—i— hi)KITT'U(r, s)dr,
0
0<s<t—h;<h t—h; > hy;
+hi >85> Z< NOI' 1 N> (63)

O™ (s,t + hy) K70 (r, s)dr,

(t
t

o

t—h; <s<hp.

In terms of the above theorem, we can easily obtain the
optimal controller «™*(0)

Z'yn

RO, P (h)®™(0,t + hy)z(0)

hn

—Z’yﬂ/al 7, hn)K7 (s, h;)a" (s)ds.  (64)

It is apparent that u (T) is the optimal controller associ-
ated with the cost function (2) given in terms of the initial
state x(0) while «7*(0) is the optimal controller associated
with the cost function (61) given in terms of the current
state x(7). Next, we express the optimal controller u*(7)
minimizing the cost function (2) in terms of the current
state z(7) according to the following theorem.

Theorem 8. Consider the system (1) with time-varying
delay, the optimal control u(r) (0 < 7 < ty) that
minimizing the cost function (2) is given as

N
- § '77',1'
1=0
hn

fzv”/

where 47*(-) has the form as (57) with u(-) replaced by
u*(-) and K7 (h;,s) is as defined in (63).

T PT(he) 0T (0,8 + hy)a(T)

(1,hn)K7 (s, h;)a™(s)ds. (65)

5. CONCLUSION

In this paper, we have investigated the finite horizon opti-
mal LQR problem for continuous time system with time-
varying delay. We established a duality principle between
the LQR problem for systems with multiple input delays
and a smoothing problem for a backward stochastic delay
free system. In doing so, the complicated LQR problem
for systems with time-varying delay is transformed into
a smoothing one. By applying the established duality
principle, an intuitive and much simpler derivation and
solution to the proposed problem is given.
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