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Abstract: The output regulation problem for nonlinear time-delay systems can be solved under
the assumptions that certain integral regulator equations are solvable and the full information of
exosystems is available. This paper shows that these two assumptions can be removed for a class
of nonlinear time-delay output feedback systems by introducing a transfer matrix dependent on
the system delays. Based on a filtered transformation and an adaptive control, a global output
regulation method is developed in this paper for a class of nonlinear time-delay output feedback
systems under disturbances generated from unknown exosystems.

1. INTRODUCTION

In this paper, we consider the global output regulation
problem of a class of nonlinear time-delay systems de-
scribed by

&(t) = Azx(t) + @(y(t), w(t)) + ¥(y(t — d), w(t)) + Bu(t)
y(t) = Cu(t)
e(t) =y(t) — q(w(t))
z(0) =6(0),6 € [~d,0] (1)
where z(t) € R" is the state vector, u(t) € R the control

input, y(t) € R the system output, and e(t) € R the
measurement output. The nonlinear functions

D(y(), w(t) = col(éy (y(t),w(t)), - ,6,(y(t),w(t)) €
R*gt — d) = col(y(t — di),---,y(t — d,)) € R,
U(y(t — d),w(t)) = col(y (y(t — di),w(t)), - ¥, (y(t —
dn),w(t))) € ™, and the smooth vector fields ¢;(,-) : R x
R™ — R and ¢,(+,) : RxR™ - Rfori=1,---,n are
polynomials of their variables and satisfy that ¢,(0,-) =0
and ,(0,-) = 0. d;,i = 1,2,--- ,n are the constant but
unknown time delays in the system output, d is the upper
bound of time delays, and §(6) is the initial condition of
the system. The system matrices are given as

0
0100 . 7
0010 :

A= B=|b|,c=|:],
000--- 0 5 0

by
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and the function ¢(w) € R is the disturbance to be rejected
or the desirable trajectory to be tracked. It is an unknown
polynomial of w(t) € R2™ which is generated from an
exosystem

w(t) = S(o)w(t), (2)
where S(-) € R2™*2™ ig diagonalizable, and o € R"* is
unknown.

It is observed that the system described by (1) and (2)
without time delays reduces to the class of output feedback
systems (see e.g. Ding [2001], Huang [2004], and Liu and
Huang [2006]). For simplicity, we also call this kind of time-
delay system as time-delay output feedback system. The
stabilization problem of this class of time-delay systems
has been studied in Hua et al. [2005].

The global output regulation problem concerns with sta-
bilization of dynamic systems as well as rejecting the
disturbances or tracking the desired trajectories within any
compact set. The measurement or the tracking error e(t)
converges to zero asymptotically. Recently, some global
adaptive output regulation approaches of output feedback
systems are reported in Ding [2001], and Chen and Huang
[2005]. In Ding [2003], an adaptive global output regula-
tion method is proposed for the output feedback systems
with completely unknown parameters, including the sign
of high frequency gain. This problem is also solved in Liu
and Huang [2006] for a class of uncertain nonlinear systems
with unknown high-frequency gain sign. However, to the
best knowledge of the authors, the global output regu-
lation method for nonlinear time-delay output feedback
systems has not been reported in the existing literatures.

As far as the time-delay systems is concerned, a solution
of output regulation problem was introduced in Gilliam
et al. [2002] for linear state delay system, where a pair
of finite dimensional regulator equations were proposed in
the infinite dimensional state space. The same equations

10.3182/20080706-5-KR-1001.2608
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are also discussed in Byrnes et al. [2002]. The solutions for
such equations are dependent on the matrix S of (2) and
the transfer function of the linear system. Therefore, it is
very difficult to extend this method into nonlinear time-
delay systems. More recently, based on center manifold
theory, it was reported in Fridman [2003] that the output
regulation problem is solvable for a special class of time-
delay nonlinear systems if and only if the integral regulator
equations are solvable. It should be noted here that it is
also difficult to solve the regulator equations even though
there exists an invariant manifold 7(t) on which the
exosystem is immersed into the dynamical delay system.
Moreover, the feedback controller design in Fridman [2003]
depends on the full information of 7 (¢). Thus this approach
cannot be applied to solve the output regulation problem
if there are unknown parameters in the dynamic systems
and/or in the exosystems.

In order to overcome the difficulties caused by regulator
equations and the full information of invariant manifold
m(t), we extend the internal model design and parameter-
ization technique (see Ding [2001, 2003]) into the time-
delay systems (1) and (2) by introducing a transfer matrix
Ty(o,d). Most importantly, this matrix does not need to
be known. Based on an adaptive internal model, a mea-
surement feedback control method is proposed to solve the
global output regulation problem.

2. PROBLEM FORMULATION AND
PRELIMINARIES

The objective of this paper is to design a feedback con-
troller u(t) capable of forcing the regulated variable e(t)
to zero while keeping all variables of (1) bounded.

In the following, we list two standing assumptions.
Assumption 1. The system (1) is of minimum phase, i.e.
the polynomial B(s) = Y"1 b;s" " is Hurwitz.
Assumption 2. The eigenvalues of S are distinct and of
zero real parts.

For the simplicity of regulator design, two kinds of coor-
dinate transformation are to be conducted to the system
(1). One is so-called filtered transformation which is used
to deal with the high relative degree of (1). The resulting
system is then dealt with by the other transformation to
extract the zero dynamics.

For the system (1) with relative degree r > 1, we firstly
apply the following filtered transformation (see Marino
and Tomei [1993], and Ding [2003]):

E(t) = AcE(t) + Beu(t) (3)
where £(t) = col(&, (), -+ ,&,_1(1)),
X 1 0--- 0 0
0 X 1-- 0 0
dg=| i i i b [ Be= || ew!
0 0O 0--- 1 0
0 0 0--- =\ 1

and the positive scalars \; for ¢ = 1,2,--- ,7 — 1 are the

adjusting parameters.

Now, define a new variable vector as Z(t) = x(t) -
RE(t), where h = [hy -+ hy_1] hey = Byh = (A +
Xig1D)hip1,i=1,2,-- r—2.

Then the system (1) is transformed into

Z(t) = Az(t) + (y(t), w(t)) + W (g(t — d), w(t)) + h& (1),
y(t) = Cz(t), (4)

where h = col (hy,- -+ ,hy) £ [A+ A1 I]h1. It can be easily
seen that hy = b, and

2 Z his" ™" = B(s) 1:[(5 + i) (5)

Thus, it follows from Assumption 1 that this polynomial is
Hurwitz. Moreover, it has been shown that the system (4)
is of relative degree one and minimum phase with respect
to the input &, ().

Secondly, considering the relation of

&) = (21— 22 — ¢ (y(t), w) — 2y (y(t — d), w(t))/
from (4) and substituting it into the other equations of (4)
yields that

(t) = Hz(t) + O0(y(t), y(t — d), w(t))
y(t) = z1(t) + E(y (), y(t — d), w(t)) + &, (t),  (6)
where the new variable z(t) is defined as z(t) = Za.n(t) —
h—llhgmy(t). The notation (-)g., refers to the extracted

vector or matrix formed by the 2nd row to the nth row.
The other notations in (6)are given by

—ha/hy 1:-- 0
H= : RN 7

—hp_1/h1 0 -+ 1
—hn/h1 0 --- 0

@@@ﬂwﬂj(m:Hibw+%Mﬂmw

Fha (3t = ), 0(1)
2 (61 (y(0),0)
(3 = ), w(t),
S0, 50t = 7). w(0) = 225+ 61 (D). w(0)
3t~ ), w(t)).

Note that ©(0,0,w(t)) = 0 and =(0,0,w(t)) = 0. The
subsequent discussion is based on the transformed system

(6).
3. INTERNAL MODEL DESIGN

It is well known that the crucial step for solving output
regulation problem is the internal model design. The in-
ternal model can produce the desired steady state output.
In order to design an internal model for the time-delay
system (1), we need the following lemma and assumption.

Lemma 1. Given the exosystem (2) and a constant delay
d, there exists a constant matrix Ty(o, d) such that w(t —
d) = Ty(o,d)w(t).

12142



17th IFAC World Congress (IFAC'08)
Seoul, Korea, July 6-11, 2008

Proof. Given the exosystem (2), there exists a state
transformation w(¢) = Dw(t) with an invertible constant
matrix D € R¥™**m guch that w(t) = S(o)w(t), where
S(o) = DSD~! = diagblock{S1, - -+ , S, } and

e [ 5] n [ e [ 74)
w; for i =1,--- ,m are the frequencies of the signal w(t).
The time response of w(t) is given by

w(t) = D15 Dw(0) = D~'TT,(t)T~ ' Dw(0),
where T = diagblock{T1, -, T}, T; = T, T.(t) =

diagblock{T,(w1t), -, Te(wmt)}, Te(w;t) = diag{e’,
e %t} for i = 1,--- ,m, and w(0) is the initial condition
of (2).

Moreover, we have

w(t —d) =D 'TT,(t — d)T~*Dw(0)

=D ' TT(-d)T'DD*TT.(t)T ' Dw(0)
=Ty(o, d)w(t)
with the transfer matrix
Ty(o,d) = D™ diagblock{Ty(w1,d), - , Ta(wm,d)}D,
Ta(wrd) =TT = | R0 050 @)
for i = 1,--- ,m. This completes the proof. W

Based on Lemma 1, we have q(w(t—d;)) = q(Ty(o, d;)w(t))
for i =1,---,n. Since col(q(w(t — di)), -+ ,q(w(t — dy)))
is a vector function of w(t), we can define it as p(w(t)).
Thus we are ready to present the following assumption.
Assumption 3. There exists an invariant manifold

m(w(t),o) £ col(my, - - - e Rt
satisfying

77Tn71)

om(w(t),o)
e S

= Hr(w(t), o) + O(q(w(t)), p(w(t), w(t)).  (8)
Remark 1. With the assistance of Ty(o,d), the delay
(functional) differential equations defined in Lemma 2 of
Fridman [2003] reduce to the standard differential equation
(8) which is similar to the one in Ding [2001, 2003] for
non-delay systems. Most importantly, it will be shown in
a moment that Assumption 3 facilitates us to apply the
reformulation technique of internal model design. It thus
avoids solving the finite dimensional equations in Byrnes
et al. [2002] and Gilliam et al. [2002], and the integral
equation in Fridman [2003].

Based on Assumption 3, it follows from (6) that there
exists a function a(w(t), o) such that

D) g

w(t)) + bra(w(t), o).

Here, a(w(t),o) is the desirable feedforward term for
output regulation to tackle g(w(t)).

Set an error state vector as Z(t) = z(t) — m(w(t), o), and
then we have the following error model for internal model
design,

with

:(t):@(y(t),ﬂ(t*d)w(t)) O(g(w(®)), p(w(t)), w(t)),

E(t) = E(y(®),y(t — d),w(t)) — E(g(w(t)), p(w(?)), w(t))

It is easily seen that O(t )et)=o = 0 and 2(t )|e(t) o =0.

Since all the nonlinear functions of the system (1) are poly-
nomials of their variables, it is known from Byrnes et al.
[1997] that there exists a mapping ((w(t), o) satisfying the
immersion conditions

I¢(w(t),0) _
T@)S(U)w(t) - Q(U)C(w(t)v U)a

a(w(t),o):I‘C(w(t),o), (10)
where the pair (2(¢),T") is observable. The matrices Q(c)
and I are constructed by the internal model principle (see,
e.g., Byrnes et al. [1997]). The spectrum of Q(o) contains
the distinct eigenvalues of the exosystem (2) and their
certain multiples. These multiples represent higher order

sinusoidal harmonics generated by the nonlinearities of the
system (6).

Choose a controllable pair {F, G} with compatible dimen-
sions such that there exists an invertible real matrix M (o)
satisfying the Sylvester equation M (0)Q(o) — FM (o) =
GT'. Based on this equation, we can re-formulate (10) into

(t) = F(t) + Ga(w(t), o),
a(w(t),o) = LTn(t), (11)
where n(t) = M (0)¢(w(t),o) € R® and LT =TM (o) €
$*. Since n(t) and L are both dependent on the unknown
parameter o, we introduce the following internal model,
i(t) = Fit) + G&, (D). (12)

Consider the mismatch of the states between the internal
model (12) and the mapping (10), and define an auxiliary
error as 7)(t) = n(t) — A(t) + b, 1Ge(t).

It follows that

i(t) = Fi(t) = b FGe(t) + b, ' G(Z1 (1) + (1))

Then the controller design and stabilization for the overall
system with combinations of (3), (9) and (13) is to be
analyzed in the next section.

(13)

4. CONTROLLER DESIGN AND STABILIZATION
ANALYSIS

If r = 1, i.e. the system (1) is of relative degree one, let
&, (t) be the control input u(t) for (9). For the case of r > 1,
a kind of backstepping technique will be used to obtain an
adaptive control law.

Introduce a new vector £(t) = &(t)—&(t), where £ € R is
the virtual control vector. It can also be considered as the
estimate of the desirable value of £(¢) with which the con-
troller u(t) stabilizes the overall system aforementioned.

Since the nonlinear functions involved in ©(t) and Z(t)
are polynomials with ©(¢) = 0 and Z(¢) = 0 for e(t) = 0,
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and w(t) is bounded with constant unknown vector o, the
following propositions hold,

P

IO < ro(e?(t) + e (t) +ZZU (t—d
i=1 j=1
IEOI7 < 50(e2(0) 1 27(0) + 303 st — dy)(14)
=1 j=1

where p is a known positive integer which depends on order
of the polynomials O(t) and E(t). The positive scalars ro,
S0, j; and s;; fori=1,---,p,j =1,--- ,n are unknown.

Now, design the virtual control vector é 1(t) as follows:

E1(6)=LT(®)it) — b, " [eoe(t)
+er(t)(e(t) +e7H(D))] (15)
with ¢ > 0, where L(t) is the estimate of L, and the

adaptive tuning law of the parameter ¢; is
ér(t) = k(e2(t) + €% (1)), k > 0. (16)

Thus the resulting error dynamics of (9) can be shown as
é( (), e(t — d), w(t)) + b, (& (1) —
— coe(t) — 01(t)(6(t) +e*7H)).

For the case of r > 1, we present the other virtual control
variables as follows:

€o=—bre(t) — c2€1(t) + Mi&, (1) — ky (%ilé?) & (t)

08, (t)
AL(t) " e(
0, (t): .\ O&,(t) ;

O

o "W Fe

08, (t)
£

+ L(t) +b (&1(t) — L")

éi(t), (18)

ép = _ép—2(t) - cpgp—l(t) + )‘p—lép—l(t)
06,10\ ; 08,1 (1)
—kp_1 (T(t)) Eomr () + ———1p-1(1)

0
Pt~ 17300 9,200

0 1 1
- 540

where [,_1(t) = b.Q [Zf 11 %ge 0) A(E(t) — nt)e(t) |,

2 9, 1(t) 9E,(H)
Ypoalt) = bQ T B 00 (1), ¢, > 0,81 > 1
for 2 < p <r,and @ € R**° is a positive definite matrix.

+b’)"

+ 1t),2<p<r (19)

Now we are ready to design the control law as
u(t) = &, ().

In order to analysis the stability of the closed system with
(20), define the following Lyapunov-Krasovskii functional
candidate

(20)

V(t) = a1 21 (1) PZ(t) + aqoii” (t) Pyi(t) + % (k7' (@)

FLT(OQTL()) + Velt) + Ve(t) + Va(t),

with positive scalars o;,% = 1,---,3, where P and P, are
positive definite matrices satisfying PH+HTP = —1I, and
P,F + FTP, = —I, L(t) = L — L(t), &i(t) = 1 — &1(b),
and ¢; is an unknown constant.

The time derivative of V(¢) along the transformed overall
system can be obtained as follows:

V)= [—zT(t)z(t) + ng(t)Pé(t)}

Vo () + Ve(t) + Va(t)
<~ 2T (O20) + 300 | PO — S et (07(1)
90,2 (| PLFGIPE ) + [GIPGERD) + (1)

~ET(O)Q L) — & (1)((1) + (1))
(¢

V() + Ve (t) + Va(t). (21)

For simplicity, we first obtain the derivative of V(¢),
Ve(t) < —coe®(t) — &1 (1) (€ (1) + €*(1))
+(ga1—1 +L7G + §a;leLTL)e?(t)
T (7 1.2 1 =
25 ) + a3 + DE
+bre(t) (€4 () — LT (0)i(1))-

If the adaptive law of L is chosen as

i/ = lrfl(t)a
then we obtain from (15)-(19) that

(67
+27)
(22)

(23)
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Z2(0) + Z2(0) + 025 (O LLT7() + |17 G2e3(1)|

HLT(Q7L + beiy(t)e(1)).

Next, the derivative of V; is shown as

= ag Z Z(rji + s5i) [e2i(t) —é?

i=1 j=1

(24)

“(t—dj)] . (25)

Finally, it follows from (21)-(25) that

|
—

T

V(t) < —coe®(t) = > (cier + M)E; (2)

1

*(5041 - €1)2T(t)§(t) - (%QQ - 62);’T(t)rf7(t)

—(c1 —e3)(e*(t) + € (1))

n

tea Y Y (rji+ s50)e* (¢ — dj) + Va(t)

i=1 j=1

(26)
where

a1 =90, 2||G|? +7r — 1,60 = (r — )V2LTL,
(6]
€3 =31 ||P|*ro + (e1 + ?1)50 — (9b; 22| P, FG|?

+ga;1 +L7G + Za;lbfLTL,
o
es = max{3o4 || P|? e + 31}.

Thus it can be shown that there exists a sufficiently big
positive scalar as satisfying as > 6Geo, and then sufficiently
big positive scalars a; and ag satisfying a; > 6e1,a3 > €4.
Finally, there exists a sufficiently big c; satisfying ¢; > e3+
ages, where Yo7 370 (rji+sji)e? (1) < es(e(t)+e*P(t)),
so the following result holds

V(t) <

70()6 6
It thus implies that e(t),&;(t),2 ﬁ(t) € Ly N Ly for
it = 1,2,---,r — 1 and ¢;(¢t) and L(t) are bounded.

Furthermore, it then implies the boundedness of él(t)
and thus the boundedness of &,(t). Tt follows from the

boundedness of e(t), &, (t), &, (t), &, (£), 7(t), é1(t) and L(t)
that £,(¢) is bounded. Together with the boundedness of

&,(t), the boundedness of &, (t) implies the boundedness
of &,(t). Similarly, we can establish the boundedness of

fiai: 1,2,
It further implies the boundedness of é(¢),;(t), 2(¢), and
7)(t), which implies, together with e(t), &,(t), Z,7(t) € L2 N
Loo, limp oo e(t) = 0,limyo0 2(8) = 0, hmt_,oO nit) =
0,lim¢ 00 &; = 0,7 = 1,2,--- ,r — 1 based on Barbalat’s
Lemma. In summary, we have established the following
theorem.

,7— 1. Therefore, all variables are bounded.

Theorem 1. Under Assumptions 1-3, the feedback con-
troller composed of (3), (12), (16), (20) and (23) solves
the global output regulation problem for nonlinear time-
delay system (1) with the unknown exosystem (2).

Zczﬂ ST 03(0) — ST ().

5. ILLUSTRATIVE EXAMPLE

In order to illustrate the proposed output regulation
approach, consider a nonlinear system described by

i1 (t) = 22(t) + y*(t — di)wa (1),

Eo(t) =u,y(t) = z1(t), e(t) = y(t) —wi(t)  (27)
and set d; = 2. The exosystem is described by w;(t) =
o,w2(t) = —o, with an unknown frequency o. So the
transfer matrix in Lemma 1 is Ty(o, 2).

Since the system (27) is of relative degree 2, we choose

the filtered transformation as &,(t) = —2&,(t) + u. The
transformed model of (27) is thus obtained,

(1) = —22( +0(y(1), y(t = d), w(t)),

y(t) = (y(t)vﬂ(t —d),w(t)) + &), (28)
with ©(y(t), ( w(t)) = —4y(t) = 2y>(t ~ 2)uwn(t) and
Z(y(1), y(t = d), ( )) = 2y() + 42t — 2)wn (o).

Observing the fact that the disturbance w(o) = [wy w2 ]

is bounded and the following relations,

O = —de(t) — 2e2(t — dy )wa(t)
de(t — dy)wi(t — di)wa(?),

== 26( ) +e (t — dl)wg(t) + 26(t — dl)wl (t — dl)’u}g(t),
we get p = 2. Moreover, there exist unknown constants rg,
S0, 11,712, S11 and s12 satisfying (14).

In order to show that Assumption 3 is satisfied with
the invariant manifold 7(w(t),o), we first consider the
invariant manifold of (27) as w1 (w(t),0) = q(w(t)) =
wy (t) and

Tpo = ows(t) — (cos? 20)w? (t)wo (t)

—2(cos 20) (sin 20wy (t)w3 (t) — (sin? 20) w3 (t).
In this case the desirable input term is given by

a(u(t).0) = =S ()u)

= (—2cos® 20 + 3sin’ 20)ow; (t)w3(t)
—o?wy (t) + (0 cos® 20)w? (t)

—20(cos 20 ) (sin 20) (wi (t) — 2wl (t)wa(2)).

Hence there exists a mapping v(w(t),

%%U)S(J)w(t) = —2v(w(t), o) + a(w(t),o).
It should be noted that the existence of v(w(t),o) is
established by observing the fact that it is the steady-
state response of the first-order linear system &,(t) =
—2&,(t) + p(w(t), o). To this end, the invariant manifold
is constructed as mw(w(t), o) = mza — v(w(t), o) — 2w (¢).
Thus Assumption 3 is satisfied.

Let

o) satistying

0 0
0 O
0 o
—30 0

Qo) =

OO o9
w

0
-0

0

0
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such that the function a(w(t), o) can be generated by (10).
Furthermore, we can choose the controllable pair {F, G}
as

—_ o= O

Let o =1,c0 =2,co =k =X\ =1,k=5and Q = 51.
Based on the design procedure developed in Section 4, the
regulator for (27) can be constructed as follows,

u(t) = —e(t) = & (1) + E(t) — N?¢,(t)
+50" (=) NE; () = i(t)e(t))
HLT(E) + N(E (1) = L) + (e + €*)éa(t),
N= %561(( ) _ = —2—¢1(t)(1 + 3€2(t)),
ﬁ(t =Ff7(t)+G£1( ér(t) = 5(e*(t) + e (1)),
L(t) = 51  (Ni)(t)&, () — 7(t)e(t)).

The control results are then shown in Figs. 1 3 where the
initial conditions are set as (s ) [—0.7 1] € [-2,0],
uw=0,L(0)=#0)=[0000]" 7{1():0andcl(0):0.

Output

. . . . . . . . .
0 2 4 6 8 10 12 14 16 18 20
Time in Second

Fig. 1. Actual output and desired output (solid line: ¢(¢);
dash-dotted line: y(¢)); dotted line: e(t))

Estimates of L and ¢1

20 . . . . . . . . .
0 2 4 6 8 10 12 14 16 18 20
Time in Second

Fig. 2. Estimat variables L and & (solid line: ﬁl; dashed
line: Lo; dotted line: L3; dash-dotted line: L4; marker
+S 61)

Input
&
o

0 2 4 6 8 10 12 14 16 18 20
Time in Second

Fig. 3. The control input wu(t)
6. CONCLUSION

An adaptive global output regulation method has been
proposed for a class of nonlinear time-delay output feed-
back systems. The assumption on the invariant manifold
of nonlinear delay systems is reduced to standard one for
non-delay systems via a delay dependent transfer matrix.
An adaptive internal model has been designed to deal with
the unknown disturbances in the measurement.
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