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Abstract: This paper deals with the class of continuous-time singular linear systems with multiple time-
varying delays in a range. The global exponential stability problem of this class of systems is addressed.
Delay-range-dependent sufficient conditions such that the system is regular, impulse free and o-stable
are developed in the linear matrix inequality (LMI) setting. Moreover, an estimate of the convergence
rate of such stable systems is presented. A numerical example is employed to show the usefulness of the

proposed results.
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1. INTRODUCTION

Singular time-delay systems arise in a variety of practical
systems such as networks, circuits, power systems and so
on [1]. Since singular time-delay systems are matrix delay
differential equations coupled with matrix difference equations,
the study for such systems is much more complicated than
that for standard state-space time-delay systems or singular
systems. The existence and uniqueness of a solution to a given
singular time-delay system is not always guaranteed and the
system can also have undesired impulsive behavior.

Both delay-independent and delay-dependent stability condi-
tions for singular time-delay systems have been derived using
the time domain method, see [2, 3, 4, 13] and references therein.
However, most of the delay-dependent results in the literature
tackle only the case of constant time delay where two ap-
proaches were used to prove the stability of the system. The first
approach consists of decomposing the system into fast and slow
subsystems and the stability of the slow subsystem is proved
using some Lyapunov functional. Then, the fast variables is
expressed explicitly by an iterative equation in terms of the
slow variables [2]. The second approach introduced by [3] and
it consistes of constructing a Lyapunov-Krasovskii functional
that corresponds directly to the descriptor form of the system.
The extension of these approaches to time-varying delays has
not been addressed yet. In [13], where time-varying delays are
considered, the response of the fast variables has been bounded
by an exponential term using a different approach. Using this
approach, it is not possible to give an estimate of the conver-
gence rate of the states of the system.

Recently, a free-weighting matrices method is proposed in [5]
and [6] to study the delay-dependent stability for time-delay
systems. In 2007, Zhu et al. adopted this technique for singular
time-delay systems [4]. Also, delay-range-dependent concept
was recently studied for time-delay systems, where the delays
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are considered to vary in a range and thereby more applicable
in practice [7].

Formally speaking, these conditions provide only the asymp-
totic stability of singular time-delay systems. In [8], the global
delay-independent exponential stability for a class of singular
systems with multiple constant time delays is investigated and
an estimate of the convergence rate of such systems is pre-
sented. One may ask if there exists a possibility to use the
LMI approach for deriving exponential estimates for solutions
of singular time-delay systems. In [13], exponential stability
conditions in terms of LMIs are given but no estimate of the
convergence rate is presented.

This paper addresses an important problem that has not been
fully investigated. Delay-range-dependent exponential stability
conditions for singular systems with multiple time-varying
delays is established in terms of LMIs. These conditions will
guarantee that the system will be regular, impulse-free and
exponentially stable. Moreover, an estimate of the convergence
rate of such systems is presented. It has been shown also that
this rate depends if the system has single or multiple delays. The
method used is based on the Lyapunov-Krasovskii approach,
and some graph theory terminology has been used to prove the
stability of the fast subsystem.

The rest of the paper is organized as follows. In section II,
the problem, the goal of the paper and some definitions and
Lemmas are stated. In section III, the main results are given. In
sections I'V and V, a numerical example and the conclusion are
given, respectively.

Notation: Throughout this paper, A4 (P) and A, (P) denote,
respectively, the maximal and minimal eigenvalue of matrix P.
C; = C(]—7,0],R") denotes the Banach space of continuous
vector functions mapping the interval [—7,0] into R” with the
topology of uniform convergence. || - || refers to the Euclidean
vector norm whereas ||¢||. = sup_r<;<o||¢(¢)|| stands for the
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Fig. 1. An example of a tree
norm of a function ¢ € C;. C} is defined by Cy = {¢ €
Ce;||19]lc <v,v>0}.

2. PROBLEM STATEMENT AND DEFINITIONS

Consider the linear singular time-delay system:

Ex(t) =Ax(t) + Zpl Apx(t — di (1))
k=1
x(t)=¢(),-d<t<0

where x(z) € R” is the state, the matrix E € R"*" may be
singular, and we assume that rank(E) = r < n, A and A; are
known real constant matrices, ¢(f) € C; is a compatible vector
valued continuous function and di(¢), k = 1,..., p, is the time
delay and that is assumed to satify:

0 <dy <d(t) <dy
di(t)<p <1

ey

2

with d; and d; are given positive scalars. Also, d and d
are positive scalars with d = max{d,,d>,...,d,} and d =
min{dl,éz,...7dp}.

The following definitions will be used in the rest of this paper:
Definition 1. [12]

i. System (1) is said to be regular if the characteristic poly-
nomial, det(sE — A) is not identically zero.

ii. System (1) is said to be impulse-free if deg(det(sE —
A)) = rank(E)

iii. System (1) is said to be exponentially stable if there exist
o > 0 and y > 0 such that, for any compatible initial
conditions ¢(¢), the solution x(¢) to the singular time-
delay system satisfies

()] < ve |9,
iv. System (1) is said to be exponentially admissible if it is
regular, impulse-free and exponentially stable.

Remark 2. In the rest of this paper, the following terminology
borrowed from graph theory will be used.

e A tree structure is a way of representing the hierarchical
nature of a structure in a graphical form (see Figure (1)).

o The topmost node in a tree is called the root node.

e A node is a parent of another node (child) if it is one step
higher in the hierarchy and closer to the root node.

e Nodes at the bottommost level of the tree are called leaf
nodes.

Lemma 3. [10] Suppose that system (1) is regular and impulse-
free, then the solution to system (1) exists and it is impulse-free
and unique on (0, ).
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Lemma 4. Given a set of matrices (Dy,...,D,). Let a set of
symmetric and positive-definite matrices (Si,...,S,) and a set
of positive scalars (11,...,1,) € (0, 1) exist such that

D{S1D;—m%8; <0
: 3)
T 2
D,SpDp—1,"Sp <0

then, any random multiplication of these matrices (each matrix
can appear more than once) satisfies the bound

Dy, Dry - D || < xe™* )
with

ceN, kie{l,....;p}

_ < o )vmax(Skl ))vmax(SkZ) s A'max(Skc)
A=in (anl> AT \/lmin(skl)afmin(skZ) . --)Lmin(Skc) ’

3. MAIN RESULTS
3.1 Delay-Range-Dependent Exponential Stability

Theorem 5. Given positive scalars d;, and dj, with d; < dj,
k=1,...,p, 0 <1and o > %. System (1) with time-varying
delays dy(r) satisfying (2) is exponentially admissible with
c>o— 5 if there exist a nonsingular matrix P € R™" nxn

symmetri(? and positive-definite matrices Q1, Ok2, Ok3, Zk1 and
Zin, k=1,...,p, and n x n matrices My;, Ny; and Sy;, i = 1,2,
k=1,...,p, such that the following LMI hold

Y AU
*«T 0 | <0 ®)]
* x =U
with the following constraint
E'"P=P'E>0 (6)
where
20dy eZadk eZan
T=d — Zil,— 7 7
ag 2o k1 2o (Zin + Zi2),
20udy, 20y,
e e
- Z k=1
2a k2}7 ) 7p
AT=[AA ... A,], withAy=[A; 00]
P _ _ _ _
U= Z {(dkZi1 + diZio) } withd; = di—d;
k=1
II, F - . . -
IFI:|:*1 G:| andY:[Nl S[ M] ]V])Sp p]
Nl: = [Nle 0n><3n(k71) NIL 00 0n><3n(p—k)] k= L...,p
Mlj = [Mkl 0n><3n(k—1) M};E 00 0n><3n(p—k)] k=1,. Y4

k= Sl—crl 0n><3n(k71) Ssz 00 OnXSn(pfk)} k= L....p

)4 3
I =P'A+A'P+Y {Z Qi+ N E + (NklE)T}
k=1 i=1
+20E'P

F=[W ... W,] and G =diag{J:,...,J,}
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Hk3 eadkngE 7€aEkSk2E
Ji= * —0n 0
* * —Qk

Wi = [sz UM E —eaJkSklE ,k=1,...,p
My = PTA+ (NE) —NyE+SyE—MuE k=1,....p
My = — (1 — )e 2%%Qp3 + SpE + (SE) T — NioE
— (NE)" =MpE — (MpE)" k=1,...,p.

k=1,...,p

Proof. The system can be shown to be regular and impulse-
free. Therefore, there exist two matrices R, L such that (see

[10D)

- [Lo oA O
E_REL_[OO} A_RAL_{OHM] )
Now, let Akd = RAL and le‘ = LTQk,'
Ay — | Akart Akarz O = Qrit1 Qrir2
47 | Arant Aranz Oki21 Qkizz

Then, the following relations can be shown

A2 Ok3noArazs — € 2% Q30 <0 Vk=1,....,p (8)
p(e®*Arnn) <1 Yk=1,....p (9)

Let £(t) = L~1x(t) = {28 } where & (1) € R” and & (1) €

R"". System (1) is equivalent to the following one

i) =AG (1)
P
+ Y {Aan §i(r = di(1)) + AranaGa(t = di (1))} (10)
i=1
0=0(1) + i {Aka21 G (1 — di(t)) +Aa2 Go (t — di(t)) }-
k=1
(11)

Now, choose the Lyapunov functional as follows:
- - p [ -
V@ =S E P+ X { [ T 0t s)as
k=1 t—dy

+ C( )Teth(sft)Q'sz(s)ds

1—dj

_|_/ttdk g( )T 20(s— I)Qk3g(s)ds

NG
“La /

where §; = C (t—PB), B € (—d>,0]. Then, the following estima-
tion can be obtained

16 0)] < %nmue*‘”

where A; and A, are positive integers. In order to proof the
exponential stability of the fast system, the relation in (11)
should be used. For constant time delay, an explicit equation
of &(¢) can be found easily by an iterative method [2]. It can
be seen that {; at time 7 depends on {, at time ¢t — 7, where T
is the constant delay, and &, at time ¢ — T depends on §; at time
t — 27, and so on. In the case of multiple time-varying or even
single delay, such a simple relation can’t be found. Thus, a tree

)T Z0 EE(s)dsd®

VT2 20 EE (s )dsd@}

(12)
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Fig. 2. An example with p = 2. Take note that {,(z;;) depends
on the value of { at all times indicated by the children of
t;j in the tree.

structure will be adopted to model the dependency of &, (¢) on
past instances. Now, define

too =t (13)

lij = 1(i-1)v; — dmod(j p)+1) Ui~ 1)v;) (14)

© = {1;j | i € (=d,0] and 1_y),, & (—d,0]} (15)

Ag =1 (16)

Aij= (A(i—l)vj) X (—A(mod(j.p)+1)d22) a7
where

= the greatest integer less than or equal to ! ,
p

mod(j,p) = the remainder of the integer division l, and
p

t;; and A;; are undefined if fi-1yy, € (—d,0].

If we let the parents of #;; and A,-j to be Li-1)v; and Au,l)vj,

respectively, f;;’s and A; ;’s will represent two trees with the
same structure (see Figure 2), with roots ¢ and I, respectively.
Note also that the values of the leaf nodes of the f;’s tree
belongs to ©. Noting that mod(j,p) = j if j < p, then from
(11), and using the definitions (13)-(17), we get

&(t) =— i {Aka21 81 (t — di (1)) + A2 &t — di (1)) }

k=1

1
1) = I’Z {=A(inan&i(t) +A5G0)) )

Z {A1;6(n0)) )+ Z {=A(+1a21C1 (1))}

t1]€®
+ Z AIJCZ tlj (18)
tl/¢®
if 7y ¢ O, from (11) and (13)-(17), we get
R - U+Dp-1
AyG(ty) = Ay Z {=A(mod(rp)+1)a21 61 (12/)
r=jp

_A(mod(r,p)+ 1)d22 CZ (t2r> }

. (+1p-1
Aybn) =Y,

r=jp

{_A]jA(mod(r,p)+1)d21 Ci(t2r)
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— A1jA (mod(rp) 4 1)a2252(t2r) }
(j+Dp-1 R
= Z {=A1jA (mod(r.p)+1)a21 61 (t2r)
r=jp

+A2r CZ (t2r) }
thus, & (¢) in (18) can be computed from

Z {A1;G@n)) )+ Z { —A(jt1) d21€1(l1,)}

t],E@
p—1 (j+1)p—1

+ Z Z {_Ale(mod(r,p)+l)d21CI(IZr)+AA2rC2(t2r)}
j=0  r=jp
t1j¢®

Z {A1;6(0)) } + Z {=A(+1a21 G (1))}

[1/
pr—1

+ Z { Alj (mod(j,p)+1 d21§1(t2/)+A2/C2(’2/)}

Jj=0
tlv-$®
t+l —1

=Y {A&n)} - Z Z

1,€0
frv ¢®

A(mod(j,p )+ 1)d21 X

p2—1

)+ Z A6 (ta))

Jj=0
tlv'¢®

Ciltiirn;

I+| 1

igmmm};z

liv; 0

mod (j.p)+1)d21 X

Lit1) Z 2j O(1)) j
12/¢®
Continuing in the same manner, if t; ¢ ©,
. (+1)p-1
Arjla(ny) = ),
r=jp
—A2A (mod(rp)+1)d2282(t37) }
(j+Dp-1

= Z {*Asz(nlod(np)+|)dz1 Giltsr) + A3, 5 (t3,) }
r=jp

{=A2jA (mod(rp)+1)a21 C1 (13r)

we get,

t+l 1

Y'Y

tzv ¢®

=Y ¥ {Agbaten)} -

i=11;;€0

mod (j,p)+1)d21 X

-1

)+ Z A3; G (1)

Jj=0
t3j¢®

Cl( (i+1))

Note that

lij =1i-1)v; —d(mod(j,p)+1)(f(i—1)w)

< 1i-1)v; ~ Dimod(j.p)+1) < i~ 1)y

which means that the time of a child is always less than the time

of its parent. Therefore, there exists a positive finite integer k(7)
such that
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=~
—~

1)

= Z {AIJCZ tl]

i=11;;€0
k( 1p1+1 1
- Z Z At]A(mOd(]p +1 d21§1( (i+1) )
’zv ¢®
[—d,0]. Thus, we get
t
[162(1) Z Z A1} 191l

E(f)

and 7;; €

k(1) — 1[7‘“71

+ Y Y AG1IAmed(jp)+ a2t IS e ) 19)
=0 =
x,»;;,g@)

Now, in order to estimate ||§,(7)||, the two terms in (19) have

to be estimated. For the first term, from (16)-(17), Aij can be
written as

Aij= (A(,-,lm) X (—A(mod(j,p)+1)a22)
= (A(H)vj) X (—Axa22)
Iterating on A(l-,l)vj gives after i-1 iterations,

Aij = Agans - - Arya2Aryan
where ki,k>, ... k; are integers between 1 and p. Using Lemma
4 and (8), Aij satisfies the bound

Aij|| = | Aka22 - - - AkyaroAryanz|| < Xe —ad; (20)
with

s Amax(Qi322) - - - Amax (Qky322) Amax (Qr, 322)
min(Ok;322) Amin - - - (Qky322) Amin ( Qi 322)

Note also that if t;; € O, d; ; will be greater than or equal to ¢.
Therefore, using (20), the first term in (19) can be estimated as

k(1) . k(1) .
Y X {lAltlel. <Y Y xe *i|oll.

i=1ll‘jE® i=1ll‘jE®

2y

Noting that #;; € ©, which implies that cf, ;> 1, (21) can be
estimated as

%) Y {lAil} el <

iil[,‘jE@

0]
Y Y xliglle™

i:It,-jeG)

k(1)
<x), Y {1}elle™

i:ltij6®

(22)

The summation in (22) equals to the number of leaves in the
tree (see Figure f1). It can be seen easily that the worst case
when all the leaves are in the level k(¢) (i.e. i = k(¢)), thus the

summation can be bouneded by p¥(*), and we get

k(r
> Y {14l 10].e® < xp D [¢] e (23)
i=11;;€0
Now, in order to estimate the second term in (19), define
A1 || = max{||Awaa1],- - ., [|Apazt ||} (24
|Aell = max{[|Arane ... [Apane®® ||} (25)
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From (8), there exist constants § > 1 and y € (0, 1) such that
Al <BY, i=1,2,--. (26)
Then, from (13)-(17), we get

||Alj||e (i)
<A (- 1)y, A (mod( )4 1)z | €~ 3 X mottiyen i)
< ||A(i71)vj€7a<rivf)A(mod(j,p)+1)42260’3(‘“"‘“"’”)“) [
< ||A(571)vj€_a(tivj)Akldzzeag"l | 27

Iterating on A<<_ v and liv; gives after i-1 iterations,

Aijlle™ o) < |Te” m”‘tHAk 126%% . A e |
< || Aar2e® ... Agane oy || =0t g0
< ||Ak,'d228adki || . ||Ak1d226adkl ||€*(Xteotd

< ||A||le % e (28)

Therefore, using (12) and noting that [|A moq(j p)+1)a21 | < Ay ]|
for any integer j, the second term in (19) can be estimated as

k(t)—1ptl—1
Z Y 1A A moa(p)+1yazt 1161 E i)
t,\; ;@)
5 A k()—1pti—1
SHAIH\/):'(P Z Z HAl]”e (i)
z,v ¢®
using (28),
k(t)—1pitl—1
<[]y e L L (M} e
r,v gé@)
S
Note that for any i, Z |4, ||" = m||A, ||, where m equals to
z,-vjj:%)@

the number of nodes in level i+ 1 (see Figure 2). It can be seen
easily that the worst case is when all the nodes exist in the level
(i.e. p"! nodes), and we get

k(t)—1ptl—1 k(t)—1
Z Z 14|l < Z PA|!
t1v ¢®

k(t)—1 -
PY A
i=0
using (26)
B

< p*M where M = T (30)

Therefore, using (29) and (30), the second term in (19) can be
estimated as
k(t)—1pitl—1

) Z 1A 1A mod(j.py+ 1)a21 |11 (2i1y,)

i=0

ti\}j¢®

2
“d||¢|| pIMe

Now, from (31) and (23), ||C2(t)|| in (19) is estimated by

< [JAi] 3D

1O < |21l + “d||¢|| pPrOM| e
Note that,
k(t)—1 < —
(t) - <2
pro-! Spé
r 1
U < 5 —at —1if L
I}lgg{p } <max{pde™™}=1i a>g
Then,

10l < [x\|¢||cpk<f>e*ﬁf

o Bipg| o (@B

+ [|Ai] °“’H¢H pM (32)

< lxp+||Ai]] 2 “dpM 9]l e @ P (33)

where § > %. Thus, system in (10) and (11) is exponentially
stable with a minimum decaying rate equals to (& — ). Finally,
as we have shown that this system is also regular and impulse-
free, by Definition (1), we conclude that the system (1) is
exponentially admissible. This completes the proof. O

Remark 6. If we perform the slow-fast decomposition pre-
sented in [9] to the class of singular systems, we will get two
subsystems. These subsystems are referred to in the literature
as fast and slow subsystems. The dynamics of the slow one
is governed by differential equation while the dynamics of the
fast one is governed by algebraic equation and it goes to zero
immediately (This is why it is called fast subsystem). Yet, if
we perform the decomposition to our class of systems (i.e.
with multiple time-varying delays). It has been shown in the
proof of Theorem (5) that the subsystem which is usually called
slow converge with a guaranteed convergence rate equals to «,
while the subsystem which is usually called fast converge with
a guaranteed convergence rate equals to o — % In other words,

the so called fast subsystem usually converge slower than the
one called slow subsystem. In this sense, we prefer to refer
to the two subsystems as differential and algebraic subsystems
instead of fast and slow subsystems.

As a special case of our class of systems, we present here the
result in the case of single time-varying delay.

Corollary 7. Given positive scalars d; and d; with d; < d,
1 < 1 and a, system (1) with time-varying delay d, (¢) satis-
fying (2) is exponentially admissible with o = « if there exist
a nonsingular matrix P € R"™*", n X n symmetric and positive-
definite matrices Q1, Q2, O3, Z1, Z>, and n X n matrices M;, N;,
S;, i = 1,2 such that the following LMI hold:

r e2ad2 1
I Iy *"ME —e%28|E !
2a
e2lxdz —1
*x Iy *MME —e*2$E —— N,
2a
*  x -0 0 0
*  x * ) 0
20udy
e 1
* * * * Z
20 !
P * * *
* * * * *
L * % * * *
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eZocdz _ eZadl eZadz _ 62(1{11

s M, ATU
20d 20 20d 1 20d 2 20d l
p2ady _ p20d; p2ady _ p20d) T
N M, A; U
2a 2 20 2 Ad
0 0 0
0 0 0
0 0 o | <0
20d, _ L20d)
e e
*27(21 +2) 0 0
o eZ(xdz _ 62(xd|
-7 0
* 2a 2
* -U ]

with the following constraint

E'P=P'E>0
where

3
I =P A+A"P+ Y Qi+NE+(NE)" +20E'P

i=1
[y =P Ay + (NE)T —N{E +S1E — M{E
My = —(1—p)e 203+ HE+($E) " = MoE — (ME) T
—MyE — (M2E)T
d=d\ —d,, U=d\Z+dZ,

Note that the guaranteed exponential rate in this special case is
« and not o — é as it may be expected from Theorem (5). This

is due to the fact that p = 1 to the power any number equals one.
Therefore, the steps in (32) and (33) in the proof of Theorem (5)
are not needed and the guaranteed exponential rate is going to
be a.

4. EXAMPLE

Consider the following singular system with multiple time

delays:
100 -3 20
E:lOlO], A:[OS]],
000 1 02
0 05 0 0.05 0.1 O
A= [ 0 0 0.1 Ay = [ 0 -04 0.051
-0.1 0 —0.1 0.1 0.1 -0.1

Letd; =0.5,d; =0.6,d, =0.6,d, =0.8 and u = 0.5. Us-
ing Theorem 5, the guaranteed convergence rate of this sys-
tem is given by o = 0.4. Note also that o = 2.4, this means
that the differential subsystem exponentially converge with
a guaranteed convergence rate equals to 2.4. Figure 3 gives
the simulation results of xj, x, and x3 when d;(¢) = 0.55+
0.04sin(5¢), da(t) = 0.7+ 0.5sin(5¢) and the initial function is
¢(t)=[2 —1 —1.0556]7,1 € [-0.7,0]. Note that the algebraic
subsystem x3(#) converge slower than the differential subsys-
tem.

5. CONCLUSION

This paper deals with the control of singular systems with
multiple time-varying delays. New sufficient conditions for
checking exponential stability are developed. The results can
be extended to uncertain systems.
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