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Abstract: In this paper, we discuss the model reference robust control (MRRC) for plants with relative
degree greater than one and without the knowledge of high frequency gain sign. Based on an appropriate
monitoring function, a switching scheme is proposed so that after a finite number of switching, the
tracking error converges to a residual set that can be made arbitrarily small by properly choosing some
design parameters. Furthermore, if some initial states of the closed-loop system are zero, we show that at

most one switching is needed.

1. INTRODUCTION

Model reference robust control (MRRC) was introduced by
(Qu et al. 1994) as a new means of I/O based controller
design for linear time invariant plants with nonlinear input
disturbance and has been found useful in some flight
controller design. In (Lin and Jiang 2004a), based on a
transformation of system tracking error, tracking performance
of the MRRC has been improved for plants with relative
degree greater than one by using a new Lyapunov function.

Like most of the model following techniques, one of the
fundamental requirements of the MRRC is that the high
frequency gain (HFG) sign is known a priori. In (Lin and
Jiang 2004b), a switching scheme was proposed to deal with
plants with relative degree one and without the knowledge of
HFG sign. The objective of this paper is to generalize the
scheme to plants with relative degree greater than one for the
MRRC.

The relaxation of the assumption of HFG sign has long been
an attractive topic in control community. Several approaches
have been proposed so far and most of them, however, are
based on Nussbaum gain (Nussbaum 1983, Mudgett and
Morse 1985). Related work may also be found in (Zhang ef al.
2000) in backstepping design. The main disadvantage of the
Nussbaum-type gain methods is that it lacks robustness.
Besides, the transient behaviour may be unacceptable.

An alternative way is switching. In adaptive control,
switching was first introduced by (Martensson 1985) and
then was extended to more general cases by (Fu and Barmish
1986, Miller and Davison 1989, Miller and Davison 1991).
The main idea of this kind of control is to design a switching
law which may determine among a set of controller
candidates when to switch from the current one to the next. It
should be pointed out that robustness to disturbance is still a
problem in (Martensson 1985, Fu and Barmish 1986, Miller
and Davison 1989). In (Miller and Davison 1991), a
switching method was proposed so that the tracking error
may have an arbitrarily good transient and steady-state

' Work supported by NSF of China (60174001).

978-1-1234-7890-2/08/$20.00 © 2008 IFAC

4863

performance specifications given by designer in advance
even when plant HFG sign is unknown. However, the price
of this solution is that the control signal may be very large.

In this paper, we generalize our switching scheme in (Lin and
Jiang 2004b) to plants with relative degree greater than one
and without HFG sign. The main idea of the scheme is to
construct a monitoring function to supervise the behaviour of
the tracking error and then a switching control law is
proposed. We show that after finite number of switching, the
tracking error converges to a residual set that can be made

arbitrarily small by properly choosing some design
parameters. Furthermore, the input disturbance can be
completely rejected without affecting the tracking
performance.

2. PROBLEM FORMULATION AND PRELIMINARY
RESULTS

Consider the following SISO linear time invariant plant
y=G,(u+d]l=k,(n,(s)d,(s))u+d], 2.1

where y and u are the system output and input, respectively,

G,(s) is the plant transfer function with d,(s) and

n,(s) being nomic polynomials of degree » and m ,

respectively, and 4 is an input disturbance. The reference
model is given by

yu =M $r]= (ky 1 dp (r], ky >0, (2.2)
where d),(s) is a monic Hurwitz polynomial satisfying

deg(dy (s)) =n—m:=n" and r is any piecewise continuous,
uniformly bounded reference signal.
We make the following assumptions:
(A1) G,(s) is of minimum phase. The parameters of G,(s) are
unknown but belong to a known compact set, the degree n
and the relative degree n" ( >1) of G,(s) are known

constants,

(A2) The sign of the high frequency gain k,(= 0) is unknown,
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(A3) The unmeasured disturbance d(t) satisfies
|d(t)|<d(t), Vt>0, (2.3)

where d(t) is a known, piece-wise continuous and uniformly
bounded function.

In this paper, the control signal is of the following form:

24
where u is the nonlinear control to be designed to ensure
that the tracking error

u=0Tw+ug,

2.5)

tends to a small residual set for »* >1, the constant vector

e=y—Ju

6 e R*" will be defined below and o , the regressor vector, is

T

defined as w=[v, y, v;, r]*, where v, and v, are

generated by input /output filters according to
v =Av+bu, v(0)=0,
vy =Avy, +b,y,v,(0)=0, 2.7)
where A e R0 is a matrix with det(s/ — A) a Hurwitz
polynomial and b, e R"! is chosen such that (A, b)) is a

controllable pair. It is well known (Narendra and Annaswamy
1989) that under the above assumptions with d(¢) =0, there

exits a unique constant vector 8" =[0T, 6;, 6%, kT

e R?", such that, modulo exponentially decaying terms due
to initial conditions,

¥ =G0 0] = M($)r]= yu

where k" = k) /k, . Since the plant parameters are assumed to

2.8)

be uncertain, the constant vector 6 in (2.4) is defined as
0=10". 0. 0,", kI"
B {é* =[@)" 05
=16 b6

0N KT, ifk, >0, 2.9)
0" KT, ifk, <0,

which is a rough estimate of 6" and is obtained from nominal
plant. From (2.1)-(2.9), the error model, including the 1/O
filters, can be expressed as

e=M@$)[0 0 +d; +ugll/k" +e,, (2.10)

where €, decays exponentially due to non-zero initial
conditions and
:=0-6" R
dp=(1-d\(s))Id],
dy(s) = 6% adj(s1 — A)b; . (2.11)

When »* > 1, we can write (2.10) in the following form

e=M() LSO @ +d, +21/ k" +¢,, (2.12)
where the Hurwitz polynomial
L(s) ="+ oys™ 2 4+ ey, (2.13)

is chosen such that M(s)L(s) is a SPR function, @ and d;
are defined as

o=L"(w], d, =L"(s)d], (2.14)

and

2= LN(s)[ug], (2.15)
whose controllable canonical form is
21 =2,
Zi =2y, I= 2,0 =2,
Zyr ] = —04Zpi_) — OpZys_p —**+ — Ops_1Z) + Up . (2.16)
For the sake of simplicity, let
M(S)L(s) = ky (s + 1), 1>0, (2.17)
then (2.12) can be rewritten as
é=-de+k,(0w+d, +z)+e, (2.18)

where ¢ decays exponentially.

The following lemma summarizes the main results when the
sign of k, is known.

Lemma 1: Suppose the MRRC system satisfy the assumptions
(A1) and (A3), and the sign of k, is known. Let the control

signal uy be defined as

+],,+ 7
H ‘/41 .
of =—(e——————gf,ifk, >0
1 L |atl il 1> P >
‘,Ul +oy'
v =
- —n
_ M ‘/11 .
o =Ce+ e S8 ifk, <0,
m| +of
Uy =Up
+|+]"2
H ‘/12 .
+ _ + +
ug =—p(z—v)—e+az - el " g2,ifk, >0,
‘/Uz +03?
= e
_ _ 2 ‘ﬂz _ .
ur =—p(zy —voy)+e+ oz + — T+1g2,1fkp<0,
‘ﬂz oy
ifn* =2,
+|,, 4%
H ‘,Uz .
+ + +
vy =—pz—of)—e———q7—83.ifk, >0,
+ ("2 %)
‘ﬂz (25} e
0y = ifn* >2,
| -2
- - H ‘ﬂz _ .
vy =—p(z; — vy )+e—ﬁg2,1fkp <0,
‘ﬂz oy’
+|,,+ 5
Hi ‘Hi .
+ + + +
v ==p(zi —v) = (Zi2 —0) ———4 gi,ifk, >0,
+ |5 7;+1
: +o;
v; =
— — %
- . . Hi | Ky .
v ==p(zig —v ) = (Ziy —0i2) - T4 r+1 8i $1fkp <0,
i +0;’
. *
i=3,,n -1,
+ _ + +
. Up = _p(zn*—l - Dn*—l) - (Zn*—2 - Dn*—2) +
Up = Upyx =
Up = _p(zn*fl _Un*fl) - (Zn*fZ - 071*72) +
A
Mo | Hox + .
+((X12n*71 + e+ (ln*,lzl) - ﬁgn*,lfkp > 0,
0 .
;lr* +U;l
fo | |
n* | Mn* _ .
+((X12n*71 + -4 (xn*flzl) - Tgn’“lfkp < 0, (2.19)
~ |t .
Lo +o

where {20, 7,20, ;>0 (j=L-n") and p>0 are
design parameters, and

g =BND(0"@ +d.|), ui =egr,
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g7 =BND(cju]), #j =z - n", (2.20)

where BND(‘;}Z‘) is obtained by applying triangle

U,i‘fl)g/i‘, J=2,

inequality to ‘1)}_1‘ so that ¢ can be separated from ‘1)}_1

,
ie.

‘z)ji-,l‘ <gj+e et = BND(‘ i ‘) +eet, (2.21)

with c;_, any positive constant. If the robust control is
chosen as (2.4), then all the closed loop signals are uniformly
bounded and e converges exponentially to a residual set
whose radius can be made arbitrarily small.

Proof. See (Lin and Jiang 2004a). |

Remark 2.1: The bounding function of a signal f, say,

BND(| f|) is a known, continuous, nonnegative function that
bounds the magnitude (or Euclidean norm) of f . Readers
may refer to (Qu et al. 1994) for detail about the definition.

Remark 2.2: As will be shown in (A-1) of the Appendix A,
the MRRC has to deal with |i;_,|. Let

s

€ =(zi1—0v4),i=2,n

. . IJ
ﬂw g j =l (222)
j J

u/ =- ‘1.',-+1
Here, for simplicity, we have dropped the superscript “ +
Then, taking (2.1 9) and (2.22) into consideration, one has

6 8111 .
+ e + 7L
Fé alel Gglgl’
Uy =—péy Té+—26 +au2g
= — + ~_ ’
: ? a2 : 0g» :
ou; ou;
= po i Mg s iy e 2.23
O = —pé; — & 2e, é; 2%, g, n ( )

From (2.18), ¢ includes the term ¢. Hence, we can see, step
by step, that v, , v, and v; include ¢ also. Since ¢ is not

available for measurement, as shown in (2.21), we must
separate it by using triangle inequality.

3. MAIN RESULTS

3.1 Signals to be switched

Since the sign of &, is unknown, we have to redefine the

control uy, and the vector 6 as

sif reT,
up =4 S 3.1
ug, if reT",
and
0%, if teT*
G (3.2)
6=, if teT,

respectively, and design a monitoring function to decide
when (ug,0) will be switched from (u},0%) to (uz,07) and
vice versa, where the sets T* and T~ satisfy

T UT =[0,0), T"NT =o,
and both T*and T~ have the form

3.3)

(et U ULty 240) -

(3.4)
Here, 7, or ¢; denotes the switching time for (up,0%) or

(uz,07), and will be defined later. Note that the difference
between (2.19) and (3.1) is that if the sign of k, is known,
we need only one u; and one § while if the sign of k, is
unknown, both (u},0%) and (uz,07) are needed. Since uy is
obtained recursively from o7 and v; , for i=1,---,n" -1, in
(2.19), both k,>0 and k, <0 in (2.19) should also be

replaced by t e T* and ¢t e T~
is unknown.

, respectively when HFG sign

3.2 Monitoring function and switching law

For simplicity, in what follows we assume that
ky €l=kp—k,1ULk,.k,] , k .k, >0. (3.5)

To proceed, we introduce the following lemma.

Lemma 2: Suppose the sign of k, has been correctly

estimated for all t > 1,. Let Lyapunov function

1, 1, .
Eez +§kp Z (z; —0))%if k, >0
V= o ,t2%. (3.6)
1 n

—\2
E _7k Z(Z Di)?

Let the design parameters  and p in (2.19) be chosen such
that

if k,<0

y=i+tk,{-c.>0, p-a 2y, (3.7)

is any positive constant satisfying the following
triangle inequality

where c,

ge<ce’ +e’lc,, 3.8)
. is defined by (2.17), and a; is any positive constant.
Then, the following inequality holds:

VS—ZyV+‘kp‘a+€,Vt27(), 3.9)

where € is a bounded, differentiable and exponentially
decaying real function whose definition will be found in the
following proof, and

(3.10)

o= er,v ,

i=1

where o; are defined by (2.19).
Proof. See Appendix A. [ ]

The inequality (3.9) motivates us to consider the following
differential equation:

=i +kylo+e, EB)=V(h),t2Th.
Comparing (3.9) with (3.11) we have V <¢&,Vr>1,, which

by using the Comparison Lemma (Filippov 1964, Th.7, p.214)
and by noting that &(4)) =V (4)) leads to

(3.11)

V<EVE2T,. (3.12)
With no loss of generality, let
le| < cexp(-261), 120 (3.13)
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where ¢ and § are unknown positive constants since € is
unknown. The solution of (3.9) thus satisfies

V(1) < @) < exp[-2y(1 — 1)1V (%)

e — — _ (3.14)
<exp[—2y(t — )V () + ok,/2y + c5exp(-261),t 2 &,

where Ep is defined by (3.5), and the constant ¢; in this

section is defined as
[

- 3.15
ly = 4| (3-15)

Cs

where it is assumed that J <y since a less J can only make
(3.13) more conservative. However, since ¥ is not available
for measurement due to the uncertainty of %, , let

n*-1

1,1 2
v =5¢ +§/£,, ;: (zi —v)",
1 1 n*-1
72 2 T 2
14 =5e +§kp ,«:21 (z; —v)", (3.16)

then from (3.14) and (3.16), the following relation holds:

V <V <exp[-2y(t — 1)1V (i) +0k /2y + c; exp(-251) 317
<exp[-2y(t — )V (7)) + algp/Zy +oyexp(=200),t > %.

Thus, we can define the monitoring function as

Wi (8) = exp[-2y(t — )V (t;) + O-];p /12y + ¢ exp(=26;2) ,
Vtet,tin), k=015 t,=0, (3.18)

where ¢, is the switching time to be defined, 6, is any

monotonically decreasing positive sequence satisfying

6 >0 as k> o, (3.19)

and ¢, is any monotonically increasing positive sequence
satisfying
¢ > o as k—> oo,

(3.20)
It is clear that we obtain w,(r) from (3.17) mainly by
replacing both ¢; and § by ¢, and §,, respectively. From
(3.16) and (3.18), for each 7, we always have

V) <yi(f) . (3.21)

Hence, we define the switching time of (uz,0) as follows:

min{t : ¢ > #;,V (t) 2 y; (2)},if the minimum exists
=] (322)

+00, otherwise.

3.3 Main theorem

We now introduce the main result of this paper.

Theorem 1: Suppose the MRRC system given by (2.12)
satisfies the assumptions (A1)-(A3). Let (uy,0) be given by
(3.1), (3.2), where uy is obtained recursively by (2.19) with
k,>0 and k, <0 being replaced by teT* and reT”,
respectively. Let the switching time of (ug,0) (from (u},0%)
to (uz,07) and vice versa) be defined by (3.22) where the
monitoring function is given by (3.18). Then,

1) (up,0) will stop switching after a finite number of
switching and all the closed loop system signals are

uniformly bounded;

2) The tracking error e converges to a residual set that is
proportional to \|ok,/y , where o, k, and y are
defined by (3.10), (3.5) and (3.7), respectively.

Proof. 1) By contradiction, suppose (uz,0) switches
according to (3.22) without stopping. Then, after a finite
number k of switching, (uz,0) must have a correct sign, i.e.,
up =up, 6 =6+ if k, >0 or up =ug, 6 =6 if k, <0 and,
at the same time, from (3.18), (3.19) and (3.20),

cs <y ,exp(—0t) < exp(—0yt) ,t =1ty . (3.23)

Note that we can make u; and u; to be continuous (or
piece-wise continuous) by properly choosing the signals
o ,---,0% as shown in (Lin and Jiang 2004a). Thus, for any
finite number of switching, the control signal uj is piece-

wise continuous and therefore, the solution of (2.12) exists
and is continuous, which by noting (3.17) and (3.18), and by
taking (3.23) into consideration, implies that

VO SV(E)<w(@),t=t, (3.24)
where we have replaced 7, by 7 in (3.17). Combining

(3.22), the above inequality shows that no switching is
needed for all #>1,, a contradiction. That is, after a finite

number of switching, u, will stop switching. Then according
to Lemma 1, we have that the overall control u, and all the
signals of the close-loop system are uniformly bounded.

Furthermore, whatever which one of u}; and u; can finally
be chosen, the other one is still uniformly bounded because
of the finite number & of switching of (ug,6) .

From (3.24) and (3.6), we have ¢*/2 <y, () ; hence,

le| < \/2exp[—2y(t — WV () + 01;1, /y+ 2(k +1)exp(-20;1) ,
t>1..(3.25)
Since (1) > aI;p /y as t—o , (3.25) shows that the
tracking error e converges to a residual set that is
proportional to W . This completes the proof. ]

The following corollary shows a more interesting fact of our
switching scheme.

Corollary 1: if £ =0, then at most one switching of (ug,0) is
needed.

Proof. From (A-9) in the Appendix A, ¢=0 implies that
€=0. Hence from (3.13) and (3.17) with %, being replaced
by # , we have

V() V(1) < exp[-2p(t — )V () + ok, /2y, t 2 ;. (3.26)
Taking into account (3.18) it follows that for any finite k>0,

V) <y (), Vize . (3.27)

From (3.22), if we correctly estimate the sign of &, at 4, =0,

no switching occurs; whereas, one switching is enough. =
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4. SIMULATION RESULTS

An example is given in this section by using Matlab/
Simulink toolbox. The relative degree two plant is

G,(s) =k, /(s> +as+b), x(0)=[0.5, 0.5]",  (4.1)

where the plant parameters belong to the following compact
set:

S=1{k,,a,b:-2<k,<-050r05<k, <2, 4.2)
0.5£a<1505<b<1.5}.

Therefore, in view of (3.5), both &, and Ep can be obtained.
The reference model is

M(s)=2/(s* +6s+5). (4.3)
We choose L(s)=s+5; hence, M(s)L(s)=2/(s+1) is a SPR
function. From (2.17), we have 1 =1. The parameters of the
/O filters are A=-10 and b, =1, the reference signal

r=sint , the disturbance d =cosz+0.5cosy + y?sinz , and
d(t)=15+y* . To obtain ugp=v, , let =1, 7,=0 ,
o =0,=2, (=8, p=9,then from (2.19),

+| 0+
ISR
o =of =FleF #g% 4.4)
+ 2
‘#1 ‘ +oj
and
+
up =up =vy = —p(z -0 ) Fe+ayz —iﬂizgzi , (4.5)
‘ﬂz ‘ +0;
where

g =g =BND(|0"@ +d,|)

0N+ + L A0,

L |ovf . e,
‘1‘: 8ee+6g1gl
ovit s "
< 5[—164‘]([7(9 C()+df+Z|)+8]+ai‘g]g1

ovt
< BND( 5
e

)BND[~/e + k,(0 & +d; + 2,)]

ot )
+ L 24 BND(
Oe ogy

=BND( ¢ ) + %2 = g5 +£%/2,

)BND( 1) +%/2

1 =(z —0i)gs s (4.6)
where
+ 3.2
BND(| L) = ¢+72‘e‘2g1”‘2 =,
de ((eg))” +o7)
ooi gt +3e g6t
ND( ) = = B S (4.7)
g1 ((eg1)” +07)

Let the nominal plant parameters k,, « and b be-1, 1 and 1,

respectively, and choosing =0, hence, together with (4.2),
we obtain that BND(k) =2, BND(f,) =113.5, BND(4,) = 5.5
and BND(#,) =1061.5 . The monitoring function is given by
(3.18) withy =18, ¢, =k and J; =1/(k +1). The simulation
results are shown in Fig.1 where we can see that after one
switching of u, from u} to uj, the tracking error converges
to a small residual set.

0.4
o2} P / 3 N //ﬁ\\ ~ -
Ry N / N\
a4 b‘“\ ///
or- / \y\ S/ ]
/ “, //
o2r / N |
70.43,."‘H il
- = ym
-0-65 2 a 6 8 ¥ 10
time /second
Fig. 1-1. Tracking error
150
100 -
50 —
o i
_s0 1
-100 B
-1595 2 a 6 8 10
time /second
Fig. 1-2. Control signal u,
20
15} E
10 b
sl 1
00 2 4 (] 8 10
time /second
Fig. 1-3. Monitoring function ¢,
1 ]
0.5 —
ol 1
-0.5 4
-1
o o.1 0.2 0.3 o.4 0.5

time /second
Fig. 1-4. Switching from “+” to “_”
5. CONCLUSION

In this paper, we have introduced a switching scheme for the
controller design of MRRC systems with relative degree
greater than one and without the knowledge of HFG sign. We
have shown that for plants with relative degree greater than
one our scheme can guarantee the tracking error converge to
a residual set that can be made small by properly choosing
design parameters o,, { and p. In particular, if some of the
initial states of the closed-loop system are zero, we have
shown that at most one switching is needed.

Appendix A. PROOF OF LEMMA 2

If k, is greater than zero and has been correctly estimated for

t>17, from (3.6), for all 1 >7,, V satisfies
n*-1
V==l +k[(07@+d)e+zel+ec+k, Y (z—v)(E — ;)
i=1

=—)é? +kpe[(éT@+dL)+u]]+eg+kp(zl —o)e+vy —1;)
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n*-2

+k Z(z (le

+kp (Zn*fl — Upr_| )[(zn*—Z - Un*72)

;1) + v — ;]

+(—0qZpx_g = = Oyx_1Z1) + Up — Opx_q] > (A-1)

Zn*-1

where (2.18) and the following relationship have been used

(zi —0)(Z; =) = (z; — 0 )V =0 )21 — V) > (A-2)
in which we note that from (2.16), z; = z;,, . Replacing (2.19)

—-0;) + (z;

witho, =of, v, =03, v, =v], w; = and ug =u} in (A-1) it

follows that

n*-1 +[a+2
V——pk Z(z 2+ k [(97w+dL)e— ‘Hl 1+ee
+|at 7+l
‘ M +0o;
¥ 4+ |Tint2
i+1
—(h+ k,O)e* +k, Z (z = 0 )i ———, 1.(A-3)
e
From (2.20) and (2.21),
—(z; — v} <lz —of zi—v7|. (A-4)
By applying triangle inequality to the term ce?|z; —of|, it
follows that
o)+t (A-5)
where g, is any positive constant. Therefore,
—p(z; —07)? + etz —vf | < — -0t ) + ic,-g4
a;
<=z —v) +diet,i=1,,n" —1, (A-6)

where the term —p(z; —v7)? is given by (A-3), and the design
parameters p, { and the constant g;, are chosen such that
(3.7) holds.

Now, using (A-6) and (3.7), and noting that the term ee
satisfies (3.8), (A-3) can further be written as

‘ L|nt2
; 2 + “
V<t k¢ —e)e +ky(uf | - — -
M 01
n*-1 n*—1
+—8 - pZ(z an
(A5)
n*—1 4 |Tint2
Hiv1
hp 2 |-
1+1 "'0'1:11
n*—1 n*

<—ye’ —yk, D (zi—v)? (A-7)
i=1

where the following inequalities have been used (Qu et al.
1994, p.2226):

+kpZa,-+e, 127,

+1/+2
AWA—AJ;%—ijashppjemzmm?,(A%)
|7 oy
and ¢ is defined as
12 S 4
=—g? +|k d; A-9
ecga\p\;le, (A-9)

which apparently is still an exponentially decaying function.
If k, is less than zero and has been correctly estimated for all

t> 1y, from (3.6), and similar to the above analysis for &, >0,

we can get
. n*-1 n*

V < —pe? +ykp2(z,- -7 )? —kI,ZJi +€,t27%.
i=1 i=1

Combining (A-7) and (A-10), for both £, >0 and &, <0,

(A-10)
n*—1
V<—ye® —y|k,| Z (zi

n*-1 n*
Zy[e +f‘k ‘Z(z —0,)? j+kngi+€
i=1

=2V +|k,|o+e,Vt 27,

n*
-0;)? +‘kp‘20i +€
i=1

(A-11)

where ¢ and e are given by (3.10) and (A-9), respectively.
This completes the proof. ]
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