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Abstract: In the present paper we obtain a closed form expression for the squared Hs norm
of a partial fraction expansion with repeated unstable poles. We also obtain a closed form
expression for the squared H, norm of a partial fraction expansion with repeated stable poles.
As an application we use the Hi result to extend the closed form solution of the discrete-
time linear time invariant (LTI) signal-to-noise ratio (SNR) constrained problem to the case of

repeated unstable poles in the plant model.

1. INTRODUCTION

Stabilisability in the area of Control over Networks has
been a growing topic of increased interest in recent years;
see for example Antsaklis et al. [2004], Nair et al. [2007]
and references therein. The most general results in the
area call for information theoretic arguments to obtain
necessary and sufficient lower bounds on the channel trans-
mission data rate [Nair and Evans, 2004, Nair et al., 2004,
Freudenberg et al., 2006, Nair et al., 2007, Charalambous
and Farhadi, 2007]. For linear plant models in [Nair and
Evans, 2004, Theorem 2.1] and [Freudenberg et al., 2006,
Proposition III.1] it is proved that if the unstable plant
is to be stabilised, then the transmission data rate has
to satisfy a lower bound that depends on the open loop
unstable eigenvalues of the plant. The result is extended
to nonlinear plant models in [Nair et al., 2004, Theorem
1].

) y(k)
L, —

| Channel | | Channel |
(R —J (R — 2

T u(k) E (

Control path
yyed juoweansesy

Fig. 1. General problem setting.

Another line of research introduced a framework to study
stabilisability of a feedback loop over channels that have
a signal to noise ratio (SNR) constraint [Braslavsky et al.,
2007, Rojas et al., 2006a,b], and work in Bassam and Voul-
garis [2005], Rantzer [2006]. A distinctive characteristic
of the SNR approach is that it is a linear formulation.
Braslavsky et al. [2007] obtained the infimal SNR required
to stabilise an unstable linear time invariant (LTI) plant
over a memoryless additive white Gaussian noise (AWGN)
channel, whilst in Rojas et al. [2006a,b] the infimal SNR
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is computed for additive coloured Gaussian noise (ACGN)
channels with memory, see Figure 2.

In Rojas et al. [2006a] the authors make use of a Youla
parameterisation of all-stabilising LTT controllers to obtain
a closed form solution for the infimal SNR (that is, the
solution depends explicitly on the unstable plant poles,
NMP zeros, relative degree and channel model). On the
other hand, the result in Rojas et al. [2006b] make use
of a linear quadratic Gaussian (LQG) optimisation to
solve the discrete-time LTI SNR constrained problem in
a non-closed form (that is, the solution is characterised
by two Riccati equations). When discussing stabilisability,
the advantage of the solution in Rojas et al. [2006b] over
the solution in Rojas et al. [2006a] is that it can deal
with repeated poles in the plant model, the disadvantage
is that in doing so we do not obtain a closed form solution
anymore.

In the present paper we address the current limitation of
the closed form solution for the discrete-time LTI SNR
constrained problem as presented in Rojas et al. [2006a].
To do so we start by presenting a closed form expression
for the squared Hs- norm of a partial fraction expansion
that contains repeated unstable poles. For completeness,
we also obtain an expression for the squared Hs norm of a
partial fraction expansion with repeated stable poles. We
then apply the Hj- result to the discrete-time LTI SNR
constrained problem lifting the single pole assumption
originally considered in Rojas et al. [2006a).

The present paper is organised as follow: in Section 2
we present the main H3 norm technical result and the
Hy counterpart. In Section 3 we apply the Hs- result
developed in the previous section to extend the closed form
discrete-time LTI SNR constrained solution developed in
Rojas et al. [2006a] to the case of repeated poles. Finally,
in Section 4 we give our conclusions and final remarks for
the present work.
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Fig. 2. LTI discrete-time control system with feedback over
an additive coloured Gaussian noise (ACGN) channel
with memory.

Terminology: let C denote the complex plane. Let D™

D~, Dt and D denote respectively the open unit- dlSk
closed unit-disk, open and closed unit disk complements
in the complex plane C, with 0D the unit-disk itself. Let
R denote the set of real numbers, R the set of positive real
numbers, R} the set of non-negative real numbers and R~
the set of real negative numbers. Let Z1 denote the set of
positive integers. A discrete-time signal is denoted by z(k),
k=0,1,2,---, and its Z-transform by X(z), z € C. The
expectation operator is denoted by £. A rational transfer
function of a discrete-time system is minimum phase if
all its zeros lie in D™, and is non minimum phase if it
has zeros in Dt. Given P(z), the transfer function of a
discrete-time system, we say that P(z) € Lo if P(z) is
proper and bounded in C; P(z) € Hs if P(z) is proper,
bounded in D~ and stable (i.e, all its poles lie in D~) and
P(z) € Hy if P(2) is proper, bounded in D* and unstable
(i.e, all its poles lie in D). The Ly norm of P(z), denoted
by |PlL,, is given by [|P2, = (1/2m) [7 |P(e))[2df,
where j = /—1. Since Hs and Hj are subspaces of Ly we
have that, when appropriate, the ||P|x, and the [|P||z .

have the same definition as the ||P||r,. The H norm of
P(z) is given by || P m.. = suPpe|_r ] |P(el ?) ’ If a is in

C, a represents its complex conjugate and af = a’ the
hermitian (i.e. the transposed complex conjugate of a).
By general convention we have 0! = 1 and d°(f(2))/dz° =
f(2). LHS and RHS denote respectively the left and right
hand side of an equation.

2. TECHNICAL RESULT

In the present section we develop a technical result that
express in closed form the squared Hi norm of a par-
tial fraction expansion with repeated unstable poles. We
introduce first a fairly simple proposition for a partial
fraction expansion characterised by one pole with arbitrary
multiplicity.

Proposition 1. Consider z; € D™, n; € Z* and f(z) a
transfer function such that f(z;) # oco. Then a partial
fraction expansion of f(z)/(z — zi)”i is given by

f(z) _ Tia . Ti,ng
Gy =G T +(Z FR LT (1)
where
Ti =Ty 7z)l d nlfz (f(z))|z 250 (2)

are the residues.

Proof. The above proposition can be found for example
in [Oppenheim and Schafer, 1975, pp. 56-57]. The proof is
based on a repeated use of a L’Hopital’s argument. O

We address now the main technical result in the present
section which refers to obtain a closed form expression
for the squared Hy norm of a partial fraction expansion
expression.

Theorem 2. Assume p; € DT to be unstable poles each
with multiplicity n; € Z*, for i = 1,--- ,m. Assume also
that each related residue r;; € C, for i = 1,--- ,m and
l=1,---,n; is known. Then

2
2, -
1= =)' || g
2
Zm, Zni Tig o gl—1 m an 7"_7yp(—z)p_1
i=1 1=1 (-1 gzl—1 j=14up=1 (2p;—1)P

is the closed form expression for the squared H3- norm of

the partial fraction expansion > .~ >, (Z“p’ T

- 3)

z=p;

Proof. Start from the LHS of (3)
HZ i 11 (z pi) Hé‘:
m mn, H
~(EL T, wefp> )

( LI @)
1 [T m il _
— 1 m Ti1z

27 fan( i=1 1= 1 (1-=2p; )l)(
B mo§m Fia (=)t m s dz.
27§ Sap i=1441=1 (zp;-1)! i=14dl=1 (z pi )l

The minus sign in the contour integral is due to the
fact that in order to enclose the complement of the unit
disk to obtain the Hj mnorm, we have to maintain such
region to the left throughout our contour evaluation by
means of a clockwise motion. This in term implies that the
original integral between —m and 7 needs to be evaluated
between 7 and —, that is [*_(-) = — [~ (-) and thus the
introduction of a minus sign. For a better understandlng
consider expanding the notation in the last line of the
equation above into

2

"'1 il

Till _
S 2 T |
2

- ny—1
1,1 71,1 1 f 71,nq (=2) T1,mq
27\'J fBD Zp1—1 2—p1 dz+ +375 S s L5 Rl poi s L5 dz+

1 f Tm,1  Tm,1 dz+-+ 1 f Fm,,nyn(_z)nm71
27j Jop #2Pm—1 z—pm 275 Jan (zpm —1)"m

By application of the Residue Theorem (see for example
[Churchill and Brown, 1990, pp. 169-172]) and Proposi-
tion 1 (notice that Proposition 1 is also valid if z; € D™ is
replaced by p; € D1) on each contour integral we have

i - =
1 (z=pi)" || o
2

- -1
T1,171,1 bt Ti,ny  gni—1l [ Tin, (=2)"1
p1P1—1 (np—1! gzn1—1 (zp1—1)"1

Tm,nm
G prm) o 42

)

m,17m, Ay Tmen arm =1 [ gy, (—2)"m 1
pPmpPm—1 (nm —1)! gznm—1 (zpm—1)"m
z2=pm

which can be seen to be the c_; coefficients of each
integrand Laurent series expansion (see for example [Seron
et al., 1997, pp. 315-316]). We finish by introducing a
compact notation
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Z i,
1= 1 (z—ps)* L_
Hy
Zm Zni Tyl gl—1 (Z
1=1 (I—1)! gzl—-1 p 1

7jp(=2)P "
(zp,—1)P

concluding the proof. a

Ezample 3. In the present example we make use of the
result from Theorem 2 to obtain the closed form expression
for the squared H3- norm when we have a pole p; with
double multiplicity

2

Ty )
z=p1 ' (2—p1)?

1
ri| —=t—+
1 (0101—1

TIT1 ___T1T2pP1
P1P1=1  (p1p1—1)2

1
H2

__—T2p1 _ _;'_Qi ’:71_;’_& —
(p1p1—1)2 dz \ 2p1-1 7 (2p1—1)2
z=p1

+ rora(p1p1+1)
(p1p1—1)3

__T17map1
(p1p1—1)?

)

where we have considered here 1 = ry; and ry = r12 to
simplify the notation.

Remark 4. If p; € Rand r;; € R for all ¢ and [, the squared
Hj result of Theorem 2 can be equivalently expressed
in terms of a squared Hy norm. If we consider a generic
transfer function W(z) with real coefficients to be in Hy,
it is well known that [[W(2)]|%,. = [[@(z71)||3, (see for

2
example [Zhou et al., 1996, p. 114] for the continuous-time
counterpart of this argument). If we define now ¥(z) to
be the partial fraction expansion in H3 from Theorem 2,
then

|z @

-z,
= 1 (1 P Z)l

llz‘])l Hg

Notice, however, the squared Hy expression in (4) does not
represent a partial fraction expansion.

The result in Theorem 2 provides a closed form expression
for the squared Hs- norm of a partial fraction expansion
with repeated unstable poles. In a similar way, a closed
form expression can be obtained for a partial fraction
expansion that is defined in H,. Notice that such result
can not be inferred directly from Theorem 2, since W(z~1)
does not represent a partial fraction expansion in Hs, as
noted in Remark 4. We include the squared Hy norm closed
form result next for completeness.

Theorem 5. Assume z; € D™ to be stable poles each with
multiplicity n; € ZT, for 4 = 1,---,m. Assume also
that each related residue r;; € C, for ¢ = 1,--- ,m and
l=1,---,n; is known. Then

an nt il
=1 (z—z;) Hy

m ng i gl—1 m n; TiprPTl (5)
i=14ai=1 (I—1)! gz1—1 =1 p=1 (1—2%,)P >
J—

is the closed form expression for the squared Hs norm of
the partial fraction expansion Y ;" >, (27:72’1),
Proof. The proof of this theorem follows the same steps

of Theorem 2, with some minor differences. Start from the
LHS of (5)

Z77L n; il
i=1 =1 (Z_Zi)l -

H
1 ™ m ng il m
2 J_ o i=1 =1 (ﬂje,z.)l i=1 1= 1 e_;e,z)
1 j‘ Z m an Z m nl
2m (e .19 = z 1 eje,z)
1 m g 1,12 m g il dz __
275 Jon i=1 =1 (1-z%;)" i=1 =1 (2—z z
n

)l)
1 f m ng Fiaz ! m i,
27§ Jap i=1 =1 (1,zgi)l i=1 )l

o —
For a better understanding consider expanding the nota-
tion in the last line above

z il
= 1 (z ZI)I
- -1
15, 2" 10

1 71,1 71,1 . 1 ‘¢‘ s m
2rj 3%@ T—22] z—21 dztt5n5 op (1—221)"1 (2—21)"1 dz+

dz.

Ny —1
Tm,1 z"m

555 ﬁm L fBD M(qu"%,n)nm
By application of the Residue Theorem (see for example
[Churchill and Brown, 1990, pp. 169-172]) and Proposi-
tion 1 on each contour integral we have

Zm nl il
=1 (2— 27)

r F nyp—1
r1,171, oy Thm d™ L e SR +
T—2z7127 (np—1)! g,m1—1 (1—zz1)™1

z=z1

Tm,nam
Gzt 42

)

TmATml g Tmenm P R
l—zmzm (nm—1)! gznm—1 (I—zzp)nm

which can be seen to be the c_; coeflicients of each
integrand Laurent series expansion ([pp. 315-316]Seron
et al. [1997]). We finish by introducing a compact notation

2o -
l 1 (z zt)l
] _ 7. zp—1
Z’” Z"i _ril al=l Z’” Tip®
1=1 =1l gl-1 p 1 (I—z%;)P )
2=z

i

concluding the proof. m|

Ezample 6. In the present example we make use of the
result from Theorem 5 to obtain the closed form expression
for the squared Ho norm in the case of a pole z; with
double multiplicity

2
1 T2
z—2zq (z— )2
=07 ||y,
T1 7221 T2 d T1 T2 % _
T1(172151+(172151)2)+TE (1*2514»(17221)2)‘ =
Jo—
riT 17221 T1T2%] roro(142121)
T=aa Tz Vs a2 T (o )?
where we have considered 1 = 717 and ro = 712 to

simplify the notation. Notice that the case of complex
conjugate poles is not represented by the above result,
since in that case each pole would have multiplicity one
and therefore the correct expression would be

T1 T2

__T1i7T1 172 T17T2 T2T
= T a tot +

|H2 T—z121 P T T

The previous example shows the use of Theorem 5 for the
simple case of one pole with double multiplicity. We clarify
that Theorem 2 and Theorem 5 can deal with poles in the
complex plane, not just in the real line, although in general
we focus on the case of z; € R, |z;| < 1,i=1,--- ,mor
Pi €R7|pl‘ >17’:17 ,

The results in the present section are technical. In the
next section we propose their application, in particular of
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Proposition 1 and Theorem 2, to the discrete-time LTI
SNR constrained problem defined in Rojas et al. [2006a).

3. APPLICATION TO THE DISCRETE-TIME LTI
SNR CONSTRAINED PROBLEM

We start the present section by listing the general assump-
tions for the LTI filters in Figure 2:

Plant model: through the present work, if not stated
otherwise, it is assumed that the plant model G(z) has
m unstable poles, |p;| > 1,Vi = 1,--- ,m, each with
multiplicity n;; ¢ NMP zeros, |a;| > 1,Vj =1,--- ¢
(no NMP zeros match any of the m unstable poles),
and overall relative degree ng > 1.

Channel model: the channel model F(z) is a stable,
biproper transfer function with f NMP zeros, |w;| >
1,Vj=1,---, f (no NMP zeros match any of the m
unstable poles).

Channel additive noise process: the channel addi-
tive noise process is labelled n(k) and it is a zero-mean
i.i.d. Gaussian white noise process with variance o2.
Noise model: the system H(z) colouring the channel
additive white noise n(k) is assumed to be a stable,
biproper and minimum phase transfer function.

We assume that C(z) is such that the closed-loop system
is stable in the sense that, for any distribution of initial
conditions, the distribution of all signals in the loop will
converge exponentially rapidly to a stationary distribu-
tion. The channel input power, defined by ||s||pow =
limg_ o € {y2(k)} is required to satisfy an imposed power
constraint

P>£{y2}, (6)
for some predetermined power level P, where &£ {yQ}
stands for limj—oc £ {y?(k)} and it is introduced to sim-
plify the notation. Under reasonable stationarity assump-
tions [Astrom, 1970, §4.4], the power in the channel input
may be computed as

E{v?}=ok [T 1 Tyn(e?)PoPdo,

where

_ C(2)G (=)
Tyn(2)== 1+C(z)G(2)F(z)H(z)’ (7)

is the transfer functions that relate y(k) with n(k). Since
the feedback control system is stable, we have

(v }=ITyn ()13, 0.

Thus, the power constraint (6) at the input of the channel,
translates into a SNR bound defined by the squared Hs
norm of Ty, (2)

STy ()l - (8)

Remark 7. Tt can be seen from (7) that the biproper
assumption for F'(z) and H(z) is without loss of generality.
Indeed, if the transfer function F(z) has relative degree
ny, with ny > 1, then the case of F(z) strictly proper
would be equivalent to consider Fy;,(2) = 2"/ F(z) and
G(z) = CZ:T(L?, since the factor 27"/ would not modify
the squared H» norm of Ty, (z). Similarly, if the transfer
function H(z) has relative degree ny,, with n, > 1, we can
observe from equation (7) that this would be equivalent to
Hyip(z) = 2™ H(z), since the factor 2™ will not modify
the squared Hy norm of T, ().

From (8) we observe that a fundamental limitation in the
SNR of the ACGN channel will be given by the infimum
of ||Tyn(z)||i,2 , which indeed is at the core of the infimal
SNR problem definition that follows.

Problem 8. (Infimal SNR for LTI Stabilisability
Problem). Find a proper rational stabilising LTI con-
troller C(z) such that the feedback control loop is stable and
the transfer function in (7) achieves the infimum possible
constraint (8) imposed on the admissible channel SNR.

The problem stated here of characterising a lower bound
for the SNR required for stabilisability of a discrete-time
LTT output feedback, as in Figure 2, has been previously
addressed in Rojas et al. [2006a] for n; =1,Vi=1,--- ,m.
In the present paper by means of the technical result from
the previous section we consider the more general case of
n; # 1 for some i, i =1,--- ,m.

Denote the Blaschke product containing the unstable poles
of G(z) (that is the poles in DT) by

Bo(2)=T[1", (=)™ (9)
The use of such a definition for the Blaschke product when
dealing with unstable poles with multiplicity greater than
one can also be found, for example, in [Toker et al., 2002,
8III] where it was applied to solve a unit-step tracking
problem. Define

(10)

Denote, also, the Blaschke product containing the DT
zeros of G(z) and F(z) by

z z—w,;

Beo@=[11_, 7= Ber@=[1]_, 7= (11)
In general, if it is not necessary to stress the different
sources of the NMP zeros we will use B¢(z) as notation,
with Bc(z) = ng(Z)ng(Z) and {C]|j = 1,' c ,q+f} =
{ah"' s Ag, W1, "+t ,U)f}
Theorem 9. Consider the discrete-time output LTI feed-
back represented in Figure 2 and that G(z), F(z) and H(z)
satisfy the assumptions listed in the present section, then

EB0 DD Dt ey & LU ST N e
o2 i=1 1=1 (I—=1)! gzl—-1 j=1 p=1 (2p;—1)P

IN L
ﬁk:% 4ok BP(Z)

z=0

+4,

z=p;

(12)

in which we have

n;—1 . — — ~
o= A (e By (B () @) H ()

_ s
z=p;

if ng=1

4 o
= —1 . )
SZhe el it mg>1

min{k,n;} [ k=1 k=l
=1 (ll)n,z/)i .

Proof. We proceed by considering the function spaces
Lo, Hy, Hi, and RH,, defined in the Introduction,
with the stability region given by the open unit disk
in the complex plane. Introduce a coprime factorisation
F(2)G(z) = N(z)/M(z), and the parameterisation of all
stabilising controllers (see Doyle et al. [1992, pp. 64-65])

C(2)=(X(2)+M(2)Q(2))/(Y () =N (2)Q(2)),

and

m=32", (15)
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where X (z
+M(2)Y (z) = 1. It follows that T, (z) = — (N(2) X (2)+

( YM(2)Q(z)) F~Y(2)H(z). Further factorise M(z) =

B,(z)Moy(z), where B,(z) is the Blaschke product in
9 ) and N(z) = ng(z)BCF(z)No(z), where B¢g(z) and
B¢r(z) are the Blaschke products in (11) and M,(z) and
N,(z) are in Hy. It follows from the Bezout identity that
B, !(z) and My(z)Y (z) have power series expansions at
infinity of the form

B, (2)=

N\—/l\lv

oo

k=0

Bez™F,
(16)
ng 1

Mo (2)Y (2)= Brz"

P> apzh
where [y is defined as in ( 0). Since B,(z) is biproper,
N(z) and Ny(z) have relative degrees ng, and the set

{z’k; k=0,--- ,oo} forms an orthonormal basis for Hs.
It follows that

infQ(2ye RE oo I Tyn i,
=infozyerns || (By B —MoY B '+ Mo NoQ) F 1H||

(17)
=infQ(yermo, ||By "B P H—B U FT Y M e
-B{'FT'HY ¥«
where F~1(z) = Bzg(z)F_l(z). Consider also a partial
fraction expansion of B;l(z)Bgl(z)Ffl(z)H(z) which
permits the decomposition

k4 MoNoQF~ 1H||L2

By 'BI'F T H=I*4T, (18)

where
= Zm Z;LZ1 (z— p)’ ijfﬁ7 (19)

and
roi= g i (=p) ™ B (2B (F T @ H@)|
t=0-16%)B; (6P )G [T S
1#]

(20)

The expression for 7;; comes from direct application
of Proposition 1 recognising f(z) = (z — p))" B, !(z)
BC_1 (2) F71(2) H (2).

Consider now (z;j;gl ﬂkz_k> B '(2)F~Y(2)H(2) in (17)
and use a partial fraction expansion to isolate the terms
in B¢(z) due to NM P zeros

(S et m i =y (S 2 ) 2 ve, (21)
where
my=(1-1¢;1? (Hqﬁfl = %‘,’) YGHHG), (22)

and O(z) is in Hy. Consider now the third term in (17)
defined by

( o, O _">B Fota=y 1t e+, (23)

in which the RHS is obtained using again partial fraction
expansion and € is in Hy, where

=(1—1¢;] )( ;f} = ‘Ql)ﬁl(an(cn(spl(q)—Z’,’;gol f—k)

(24)

and Y (z) satisfy the Bezout identity, N(z) X (z)

Finally, this allow us to redefine the expression in (17) as

. m ng i,
=infQ(z)erHo |l Zi:l 21:1 (szi)l +

a+f tj q+f( ng—1 Bk) mi et 9

j=1 2—¢Cj j=1 k=0 ? z2=Cj j=1 #2—¢j

(25)
A close analysis of the zeros related residue coeflicients
reveals that

n 18 .
tj*(Z,cgo C;’S)WJ ¢;=0, Vj=1,,q+f,

due to the result on ¢; from (24). This noticeable simplify
expression (25) into

Q—@+F+MUNOQF*1H\|12.

(26)

. 2
infQzye R | Tyn i, =
2

m )
infqo( >eRHooHZ D ST —Q—O+T+MoNoQF ' H

Lo
(27)
At this point we are only faced with the relative degree

difference of T'(z) and ©(z) (biproper, since filters F(2)

and H (z) have been selected to be biproper too 1), on one

side, and (z) and N,(2)M,(2)Q(2)F~1(2)H(2) of degree

ng, on the other.

The term I'(z) can be defined, from (18), as
O S DD DM s SO DHES 73

Similarly for ©(z), from (21) we have
o=(izy e ) B F e (S 2 ) 2
| (29)

At this point we are interested in the impulse response of
I'(z) — O©(z) and since by definition

Byl=Y""0 g (30)
making explicit the first ny, — 1 sampling times, we have

that
m n; ng— k—1 _
i=1 Zl=1< kiz 1<l1)nmk ! k)
=Y (e T ) +
S [T (S & ) mc ez, (68D)
where from expl1c1tly considering the impulse response of
Sy (o7, we observe that the coefficients r; Pkt

show an arrangement according to Pascal’s triangle (de-

fined by the binomial coefficient (];11>) The Z(z) term

(28)

I'(z)—O(2z)=-—

in (31) is in Hy with relative degree ng,. From (30) we also

have the fact that B, (¢;) = n"_l Bl k¥ Together with
the definition for ¢; and mj, this effectlvely cancels out the
second and third term on the RHS of (31), leaving us with

ng—1 m min{kn;} (E=1\ — p i\ _p, =
k=1 ( i=1 =1 (ll TislPy 27 +E(2)-

1223

I'(2)—©(z)=—

(32)
The final result is then
=32 T e I I3 e
lan(z)eRHoo||_7Q+]W[)N0QF_1H||22 (33)

1 Notice that since F(z) = BCF(Z)F(Z) then also F(z) will be
biproper.
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By taking Q = —(2— Q)M 'N;'FH!, the last term in
(33) is zero, therefore equation (33) becomes

infQ(zye RH oo | Tyn 3, =
m n;  Tig gl—1 m n; Tjp(=2)P7!
i=1 Zl:l (=1 gzl-1 ( j=1 p=1 (2p;—1)P +
z=p;
(34)

ng—1
IR

with
nz:ﬁ% ((z=pi)*i B (2) B (2) F 71 (2)H(2))]

;ii;{kmi} (’;_f) Ti,LPf_L)
(35)

which completes the proof. O

_ >
z=p;

”k:ZZl

Remark 10. Notice from Theorem 9 that we regain the
result of Theorem 2 in Rojas et al. [2006a] whenever
n;=1,1=1,---,m, that is

2D DD DA e (36)

where r; = r; 1 in order to simplify the notation, and in
which

ri=(1=lpi|)BZ (o) F (o) Hpo) [[ =1 ek (37)
JF#i
-~ 0, if ng=1
6{2’:911m2, i g1 (38)
where
pe=3 " b (39)

Remark 11. In the application of the technical result de-
veloped in Section 2 to the proof of Theorem 9, we have
not considered the case of repeated NMP zeros (either
from the plant or channel model). Such choice was made to
avoid increasing unnecessarily the complexity of the proof
of Theorem 9. Nonetheless, we are of the opinion that such
extension should be feasible.

4. CONCLUSION AND REMARKS

In the present paper we have developed closed form
expressions for the squared Hy and Hy norms of a partial
fraction expansion that explicitly considers repeated poles.
The result for the squared Hs- case is then applied to the
infimal discrete-time LTI SNR for stabilisability problem,
where we observe that the obtained solution agrees with
the earlier result in Rojas et al. [2006a] when dealing with
single unstable poles. Further directions of research should
consider application of the technical results developed here
to other suitable problems such as the one addressed in
Rojas et al. [2008].
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