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Abstract: This paper considers the finite-time consensus problem for a multi-agent system
with second-order individual dynamics. Local (non-smooth) time-invariant consensus protocols
in different forms are constructed for each double-integrator agent dynamics in a quite unified
way with help of Lyapunov function, graph theory, and homogeneity with dilation. Finite-time
consensus can be obtained theoretically via the proposed non-smooth but continuous forms of
distributed coordination controllers. Also, numerical analysis is given for illustration.

1. INTRODUCTION

Recent years have witnessed a large and growing literature
concerned with the coordination of a group of mobile
autonomous agents, partly due to a broad application
of multi-agent systems including flocking and formation
(e.g., Egerstedt et al. (2001); Reynolds (1987); Lin et al.
(2005); Tanner et al. (2003); Olfati-Saber (2006); Hong
et al. (2006a)). Distributed control analysis and design
have been widely used and developed very fast in multi-
agent systems. In some applications, a team of agents are
required to agree upon certain quantities of interest, which
is often called consensus or agreement problem (Cortés
(2006); Hong et al. (2007); Ren et al. (2005)). To achieve
the aim, suitable neighbor-based rules are usually adopted
to interconnect the considered agents. Many results have
been obtained with local rules applied to each agent in
a considered multi-agent system. These neighbor rules for
each agent are based on the average of its own information
and that of its neighbors.

On the other hand, various finite-time stabilizing control
laws have been proposed using continuous state feedback
and output feedback controllers Bhat et al. (1998, 2000);
Hong et al. (2001). Moreover, the finite-time control de-
sign has been extended to nth order systems with both
parametric and dynamic uncertainties Hong et al. (2006),
though the finite-time design is generally more difficult
than that of asymptotically stabilizing control for the lack
of effective analysis tools. Non-smooth finite-time control
synthesis can improve the system behaviors in some as-
pects like high-speed, control accuracy, and disturbance-
rejection. Thus, it is not surprising that finite-time control
ideas have been applied to multi-agent systems with first-
order agent dynamics using gradient flow and Lyapunov
function Cortés (2006); Xiao et al. (2007).

In this paper, we will propose finite-time consensus pro-
tocols for multi-agent systems with each individual with
second-order dynamics. In fact, the consensus analysis of
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second-order agent dynamics is more difficult than that
of first-order dynamics, but it becomes a hot topic in
multi-agent control (such as Olfati-Saber (2006); Hong
et al. (2007); Tanner et al. (2003)) because many practi-
cal individual systems, especially mechanical systems, are
of second-order dynamics. Using Lyapunov-based method
and homogeneous properties, we design finite-time dis-
tributed control for multi-agent systems. To be specific,
we assume each continuous-time agent with dynamics in
the form of %;(t) = w;(t), t > 0, or equivalently

Ty = Vj

{'Ulzuz, ’L€In:{1,2,,n} (1)
with initial conditions z;(0) = 0, v;(0) = v;9, where
x;(t) € R™ denotes the position, v;(t) € R™ the velocity,
and u;(t) € R™ the control input. Our objective of
this paper is to seek a continuous distributed consensus
protocol u; involving information transmission of x; and
v; between agents so that finite-time consensus is achieved.

The paper is organized as follows. First, problem for-
mulation and preliminary results are given in Section 2.
Then we focus on the finite-time design for a multi-agent
network of second-order agent dynamics in Section 3 and
Section 4, where finite-time consensus protocols are con-
structed to make the multi-agent system achieve consensus
in finite time. Following that, an illustrative example is
given. Finally, the paper is ended by concluding remarks.

2. PROBLEM FORMULATION

This paper is to deal with the finite-time consensus of
multi-agent system (1) via time-invariant neighbor-based
feedback laws (called consensus protocols) using the infor-
mation from its neighbors.

To deal with multi-agent consensus, graph theory usually
provides a big help. The information consensus problem
appears frequently in coordination of multi-agent systems
and involves finding a dynamic algorithm that enables
a group of agents in a network to agree upon certain
quantities of interest with undirected or directed informa-
tion flow. In this paper, undirected graphs are employed
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to represent a multi-agent network in the study of its
consensus problem based on its graph topologies (or infor-
mation flow). Specifically, an undirected graph G consists
of a (finite nonempty) set of nodes (representing agents),
denoted by V = {1, ..., m, } and the set of unordered pairs
called edges, denoted by € C V x V. If (m;,7;) € &, then
m; is said to be a neighbor of ; and the set of all neighbor
vertices of vertex 7; is denoted by N; = {i|(m;,7;) € £}.
The weighted adjacency matrix A = (a;j)nxn € R"*" of a
weighted undirected graph is defined on the following form:
a;; = aj;, Vi # j, since (m;,m;) € & implies (m;, ;) € €.
The weight between m; and 7;, a;;, is a positive constant,
(which is set equal to 1 for simplicity in this paper) for
all (mj,m) € € or j € N, and a;; = 0 if there is no
edge between m; and 7; (a;; = 0 since self loops are not
allowed in a simple graph). The undirected graph is called
connected if there is a path between any two vertices of
the graph.

Finite-time stability of some equilibria of nonlinear sys-
tems has been studied in the literature (for example, Bhat
et al. (2000); Haimo (1986); Hong et al. (2001, 2006)). Here
we study a related problem for multi-agent systems, the
global finite-time consensus.

Consider a multi-agent system in the form of (1) with de-
noting X; = (27, v)T € R?™. Without loss of generality
in the consensus analysis, we take m = 1 in the sequel.
Suppose that, with a given consensus protocol wu; of
the closed-loop system (1), for any initial condition
X;(0) € U, where U is a neighborhood of the set {X; =
X, Vi, j}, there is a settling time T' € [0, 00), such that
its solution X;(¢;0,X;(0)) of system (1) is defined and
Xi(t;0,X;(0)) € U/{0} for t € [0,T), and satisfies

and
X;(t0,X;(0)) = X;(t0,X;(0), Vt>T.
Then we say local finite-time consensus is achieved. Here

T is called the settling time. When U = R?", then the
(global) finite-time consensus is achieved.

Obviously, finite-time consensus is closely related to finite-
time stability. The main difference between the two prob-
lems is that finite-time consensus is to make the considered
multi-agent system converge to an invariant manifold (de-
scribed by {X; = X, Vi, j} or equivalently, {z; = z;, v; =
vj, Vi,j}. As we know, finite-time stability naturally re-
sults in non-smoothness, and so is finite-time consensus.
In the study of non-smooth dynamics, some conventional
results for stability analysis cannot be applied directly.
For example, the celebrated LaSalle Invariance Principle
was given first for smooth systems. In non-smooth cases,
different extension versions of this principle have been
given. Here we use a version of the non-smooth LaSalle
Invariance Principle given in Rouche et al. (1977).

Lemma 1. Let z(t) be a solution of z = f(x), x(0) =
r9 € RF, where f : U — RF is continuous with U
an open subset of R*, and let V : U — R be a locally
Lipschitz function such that DTV (z(t)) < 0, where DT
denotes the upper Dini derivative (referring to Rouche
et al. (1977)). Then, with denoting the positive limit set
as At (zg), AT(x9) N U is contained in the union of all
solutions that remain in S = {zx € U : D"V (z) =0}.

Note that Lemma 1 does not need the uniqueness of the
solution to the considered (non-smooth) system.

Next, let us introduce the homogeneity with dilation
(see Rosier (1992) for details) for finite-time convergence
analysis.

A function V(z) of z € R* is homogeneous of degree o > 0
with dilation coefficients (rq, ..., %), if

V(etxy,....e™*x,) =" V(z), €>0.
If ry = ... =rp =1, then the dilation is called trivial.
Consider k-dimensional system
i=f(x), x=(x1,...,75)7 € R’ (2)

A (continuous) vector field f(z) = (fi(x),..., fe(x))T is
homogeneous of degree o € R with dilation (r1,...,7), if
fil€ay, . e ay) =" Tifi(x), i=1,...k €>0.

Definition 1. System (2) is called homogeneous if its vec-
tor field is homogeneous. Moreover,

&= f@)+ f(@), f(0)=0, zeRF (3)
is called locally homogeneous if f is homogeneous of degree

o € R with dilation (rq, ..., %) and f is a continuous vector
field satisfying

fi(e”xl, ey e”ka)
€U+T,;

lim

e—0
Sometimes, system (2) is called the leading homogeneous
system of system (3).

=0, Va#£0, i=1,.,k (4)

For convenience, in the sequel, set

sig(y)* = ly[*sgn(y), >0
where sgn(-) denotes the sign function and |y| denotes
the absolute value of real number y as Haimo (1986) did.
Clearly,

d
Ty|y = (a4 1)sig(y)*
and

d . (e «
—sig(y)* ! = (a+1)|y| a>0

dy
Several lemmas are given for the finite-time analysis in the
following.

The following lemma has been known (see Bhat et al.
(1998, 2000); Hong (2002)).

Lemma 2. Suppose system (2) is homogeneous of degree
o with dilation (71, ...,7%), f is continuous and x = 0 is its
asymptotically stable equilibrium. If homogeneity degree
o < 0, the equilibrium of system (2) is finite-time stable.
Moreover, if (4) holds, then the equilibrium of system (3)
is locally finite-time stable.

In multi-agent systems design, for agent ¢, u; only depends
on its own variables (i.e., z; and v;) and the relative
difference between its own variables and other of its
neighbors (i.e., z; — x; and v; — v; for some j € N;)

Set Zi = Tj — Tj41, W; = Vi — Vi41, 1= 1, ey — 1. Then
the system (1) can be expressed in 2(n — 1) equations with
variables z;, w; (i = 1,...,n — 1), that is,

Zi = Ww;
5
{wi:ui—ui_;,_h 1=1,...,n—1. ( )
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In what follows, the considered consensus problem of
system (1) can be viewed somehow as the stability problem
of system (5).

The next lemma is quite obvious, and the proof is omitted
here.

Lemma 3. Suppose that, for some given protocol u;(z,v), i =when the undirected graph is connected, V =

1,...,n, system (1) with (z1,...,2n,v1,...,0,) is homo-
geneous of degree o with dilation (rqy,...,r1,72,...,72).
——

n n
Then, with the same protocol, system (5) with variables

(21, +ey Zn—1, W1, ..., Wn—1) is also homogeneous of homo-
geneity degree o with dilation (71, ...,71,72,...,72).
——
n—1 n—1

3. FINITE-TIME CONSENSUS

In this section, we consider the finite-time consensus
problem for multi-agent system (1).

Here is our main result.

Theorem 1. Suppose that the undirected graph G with A
of system (1) is connected. Then the globally finite-time
stable is achieved under the distributed consensus protocol
given in the following form:

wi =Y g (sigle; — 2:)™) +a(sig(v; —vi)*2)], (6)
i=1
with 5
aq
1 =
O0<a; <1, ao 1+ (7)

where 17 and 9 are continuous odd functions with
yi(y) > 0 (Vy # 0 € R) and ¢;(y) = c;y + o(y) (around
y = 0) for some positive numbers ¢; (i = 1,2)

Proof. Take a Lyapunov function

Vel [ e s 53t

=1 j=1
zj (Vi # j)

T;—T;

which is positive definite with respect to z; —
and v; (Vi € I,).

Note that sig(xz; — x;)® is an odd function. Consider the
derivative of V along the trajectories of the closed-loop
system, and then we have

V= Z’U vﬁ—ZZalﬂbl sig(x

=1 j=1

_ Z Z i W1 (sig(x; — 1)) + o (sig(v; — v:)°)]

+ZZQ'L]7//1 SZg ) ) Vs

i —x)" )i

i=1 j=1
=33 vasjunlsiglv; — vi)*)
i=1 j=1
] e . .
D) [(asj + aij)vivha(sig(v; — v;)?)]
i=1 j=1
] e ‘ .
T2 DD (v = vjayda(siglv; —v;)™) < 0.
i=1 j=1

since (v; — v;)sig(v; — v;)* = v; — v;|1 T2,

Then we employ LaSalle invariance principle (Lemma
1). Since the constructed Lyapunov function is smooth,
Dini derivative becomes the regular derivative. Denote the
invariant set S = {(21,01, ..., Tn,vn)| V = 0}. Note that
0 implies
that v; = v; = v, Vj # 4, which in turn implies that
u; = uj, Vj # i Because v; = vj, Vj # 1, it follows from
(6) that
n
u; = Zaij¢1(sig(a:j —x;)), i€,

Moreover, Y i u; = 0 because a;; = a;;, which implies
u; =0, ¢ € I, which in turn implies that

n
Z aijwl(sig(xi — .’Ej)al
j=1

Then we obtain

)=0.

Z$Zzatj¢l sig(w; —x;)*") = 0.
Then we have
B} Z Z“w zj)hi (sig(xi —x;)*) = 0.

11]1

Since undirected graph of A is connected, we have z; =
x;, Vj # 4. (The proof is similar to Theorem 1 of Olfati-
Saber et al. (2004)). Thus, we obtain v; = v; = 0, z; =
x; = Ut + &, Vj # i, where ¥ and T are some constants.
Thus, according to Lemma 1, z; — z; — 0, v; —v; —
0, Vi,j €I, ast — oo.

According to the assumptions given to odd functions )y
and ¢2 (that is, ql)z(y) = ¢y + O(y) (7’ = 172))7 we call
rewrite the protocol (6) as u; = uy + 4; with

up = Z aijle1sig(x; — 2;)™" + casig(v; — vi)*?]
Jj=1
;= Z[o(sig(xj —2;)*) + o(sig(v; — v;)*?)].

j=1

With «? (by setting @; = 0), it is easy to find that
system (1) with variables (x1,...,Zn,v1,...,0,) is homo-
geneous of degree ¢ = a3 — 1 < 0 with dilation
(2,...,2,14+ aq,...,1 + ). Therefore, system (1) is lo-
——

n n

cally homogeneous of degree o with the same dilation
under the protocol u{ + ; (that is, protocol (6). By
Lemma 3, it is not hard to see that system (5) with
variables (21, ..., 2pn—1,W1, ..., Wn—1) is also locally homo-
geneous of the same homogeneity degree with dilation
(2, ceey 2, ]. —+ A1y ey 1 —+ Oll).

——

n—1 n—1

Consider a modified Lyapunov function
Ti—Tj n

Vo= ZZ/ a;j1 (sig(s)*t)ds + %Z(vi—ﬁ)Q.

=1 j=1 i=1
Considering the derivative of V; and following almost the
same arguments as above, we can show the Lyapunov
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stability of the invariant manifold {z; = z;, v; = v;, Vi,j}
for system (1), which implies the Lyapunov stability of
the origin of system (5). Thus, the origin of system (5) is
globally asymptotically stable.

To show finite-time convergence, let us focus on system
(5). From the above discussion, system (5) is (globally)
asymptotically stable and also locally homogeneous with
degree o < 0. From Lemma 2, system (5) is locally finite-
time stable.

Note that, if the equilibrium of a nonlinear system is
globally asymptotically stable and locally finite-time con-
vergent, then it is globally finite-time stable. The reason
is that globally asymptotical stability implies finite-time
convergence to any given bounded neighborhood of the
equilibrium. Based on this observation, system (5) is glob-
ally finite-time stable. In other words, for system (1), we
have z; —2; — 0, v; —v; — 0, Vi,j = 1,...,n in finite
time. Thus, the conclusion follows. |
Remark 1. If oy = 1, then the finite-time consensus
becomes the asymptotical consensus (from the proof of
Theorem 1) and (6) becomes a conventional consensus
protocol. Moreover, with protocol (6), the steady-state
velocity of all the agents will be o = Y ; v;(0)/n since
o 0(t) = 0, and the collective motion in the steady
state will be z;(t) = > i, v;(0)t/n+ Y7, 2;(0)/n.

Note that t; (¢ = 1,2) are very general functions. In
fact, we can take some special forms of ¥; (i = 1,2). For
example, we will take a simple form of consensus protocol
as follows:

=3 aylsigle; — w)™ + siglv; —v)*2]. (9)
j=1

Moreover, (6) is not necessary to be bounded. In other
words, if we choose 1;(-) as bounded functions, then we
have consensus protocols in saturation forms, for example,

u; = Z a;j[tanh(sig(z; — x;)**) + tanh(sig(v; — v;)*?)],
j=1

U; = Zaij [sat(sig(xj—x;)*")+sat(sig(v;—v;)*?)], (10)

where sat(-) denotes the well-known (non-smooth) satura-
tion function. Thus, finite-time consensus can be achieved
by bounded protocols.

Remark 2. In some cases (for example, flocking or ren-
dezvous), we may also need to make v; = 0 (1,...,n) in
finite time. Still suppose that the undirected graph G with
A of system (1) is connected. Then the globally finite-time
stable is achieved under the distributed consensus protocol
as follows:

wi = Y aigtn(sigla; — ™) = vasiglv)™) (1)

with (7), that is, 0 < a1 < 1, ay = 1%;21’ where
and 19 are continuous odd functions with yi;(y) > 0
(My # 0 € R) and ¢;(y) = c;y + o(y) for some positive
number ¢; (i = 1,2). The proof is similar to Theorem 1.
Still consider the Lyapunov function (8). Differentiating V'

along the trajectories of the closed-loop system is given by

(2

n n
> asgin(sig(e; — @) v+ vid
Jj=1 i=1

I
—
I

-
M=

aijwl(sig(xj — l'i)al)’l)i
7

I
—
<.
I
-

+ Z v; Z aijp1(sig(w; — x;)™) — a(sig(vi)*?)
i=1 j=1

= — Zviaijwz(sig(vi)az) < 07

i=1

which straightforwardly implies the Lyapunov stability of
the origin of system

iel,={1,2,..

,n}
Note that V = 0 implies that v; = ... = v,, = 0, and then
u; = Z?:l a;j1 (sig(x; —2;)*) = 0. Then, system (12) is
globally finite-time stable. In other words, for system (1),
z; —2x; — 0, v; = 0, ¥i,j =1,...,n in a finite time.

Z’i = V; — Vi41 ’fJi = U, (12)

The main difference between Theorem 1 and Remark 2
is whether or not v; = 0, Vi. With protocol (11), the
velocities of all the agents will be zero in finite time and
the steady-state position will be z; =z = Y " | 2;(0)/n.
It is not hard to see that once we can get a protocol to
make finite-time multi-agent consensus like (6), we will
easy get a protocol like (11) to make finite-time consensus
along with with v; (¢ = 1,...,n) vanishing in finite time.
Therefore, in what follows, we only consider the finite-time
consensus protocols without requiring vanishing velocities.

In fact, there are many other finite-time consensus proto-
cols, which can be viewed as a generalized form of (6). For
example, we take

wp =Y aijn (sig(x; — 2:)™)
j=1

+ha(sigv; —vi)*2[a; — )] (13)

with
O<a; <1, (1=1,2,3) 2(aqg —a3)=(14+a1)as

where 17 and 15 are continuous odd functions with
yi(y) >0 (Vy #0 € R) and 9;(y) = ¢;y + o(y) for some
positive number ¢; (i = 1,2). The following the same proof
idea of Theorem 1, we have

Corollary 1. Suppose that the undirected graph G with A
of system (1) is connected. Then the globally finite-time
consensus can be achieved under the distributed consensus
protocol (13).

The proof is almost the same as given in Theorem 1.
Consider Lyapunov function (8) and find that

n

V= 0 30— vg)aiga(sig(e — vy — wi]") < 0.
i=1

Still employ Lemma 1 and obtain that system (5) is

globally asymptotically stable. Then it is easy to see the

global consensus of system (1) can be achieved in finite

time. The detailed proof is omitted here.
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4. STEADY-STATE VELOCITY

Clearly, with the protocols given in the last section (in-
cluding protocols (6) and (13)), the steady-state velocity
of all the agents will still be v = Y7, v;(0)/n since
i, 0i(t) = 0, and the collective motion in the steady
state will be z;(t) = > i, v;(0)t/n+ Y., 2;(0)/n.

However, in some cases, we do not want o = >, v;(0)/n.
Thus, in this section, we present a new protocol with
different steady-state velocities.

To make the steady-state velocity maybe different from
v =", v;(0)/n, a protocol can be taken in the following
form:

Ui = Zaij [wl(sig(wj —x)™) + U;-%(Sig(”j —vi)*)],
j=1

(14)

2 (p,q) = 1, and p and ¢ are odd

whereO<r,r=q

integers such that
20&1
1+a;

Here, 7 and 1), are continuous odd functions with

yi(y) > 0 (Yy # 0 € R) and ¥;(y) = ciy + o(y) (around
y = 0) for some positive numbers ¢; (i = 1,2).

O<ap <1, as= —r>0.

(15)

Theorem 2. Suppose that the undirected graph G with A
of system (1) is connected. Then the globally finite-time
stable is achieved under the distributed consensus protocol
(14).

Proof. Also consider the Lyapunov function in the form of
(8). Note that sig(x; — x;)® is an odd function. Consider
the derivative of V along the trajectories of the closed-loop
system, and then we have

V= val—&-zzazﬂﬁl sig(w; — x;)*" v

i=1 j=1

= Z v Z aij[Y1(sig(xy — x4)™) + viha(sig(v;
= o

n n

+3 03 agn(sig(zi — x;)™ )v;
i=1 j=1
=Y ) vfaijiba(sig(v; — vi)*?)
i=1 j=1
1 n n
= 5 DD — vasjua(sig(v; - vi)*?) < 0.
=1 j=1

since (v; — vj)(v] — v}) > 0. Denote the invariant set

S = {(Jcl,vl,....,xn,vnﬂv = 0}. Note that we continue
the same step in Theorem 1, then V' = 0 implies that
v =V =0, T =x; = 0t +2,V] #£ 1.

Similar to the proof of Theorem 1, system (5) is locally
finite-time stable, and moreover, it is globally finite-time
stable, which implies the conclusion. |

Remark 3. Note that, with the protocols given in the last
sections, Y, v; is unchanged along the time since its
derivative is zero. However, this is not true in this section.
Therefore, the steady-state velocity with the proposed

—v;)**)]

protocol (14) may not be v = Y, v;(0)/n, and its value
will be different with different protocols.

5. EXAMPLE

In this section, we give two simple examples for illustra-
tion.

Example 1. A numerical simulation is given for illustra-
tion. Here we consider a 5-agent system described by an
undirected graph G shown in Fig 1.

\05
2@ [ W

Fig. 1. G for a system with 5 agents.

Fig. 2. Positions and velocities of the 5 agents with (9).

Take two special forms of protocol (6): (9) and (10),
where nonzero a;; = 1. In the simulations a; = 3/5 (and
therefore, aip = 3/4). The initial conditions are randomly
selected as follows:

21(0) = 0, 22(0) = 1, 23(0) = 3, 24(0) = 2, 25(0) = 5
1}1(0) = —1, 112(0) = O7 1}3(0) = —2 1}4(0) = 1, 1}5(0)

400 600 800 1000 1200 o 200 400 600 800 1000 1200
time time

Fig. 3. Positions and velocities of the 5 agents with (10).
The numerical results given in Figs. 2 (protocol (9))
and 3 (protocol (10)) show the effectiveness of the given
consensus protocol. Also, it is easy to see that the steady-
state velocity of the multi-agent system is 0.4, which is
consistent with the discussion given in Remark 1. Also,
we van find that the convergence rates of the agents with
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protocol (9) are larger than those with protocol (10) since
the latter one is in the saturation form.

Example 2. Still consider the system shown in Fig. 1. for
protocol

wi =Y ayl(sigla; — 2)™) + vl siglv; —v;)™]  (16)
j=1

with nonzero a;; = 1 and @ = 1/5 and r = 1/5 (and
therefore ag = 2/15 according to (15)).

Fig. 4. Positions and velocities of the 5 agents with (16).

The initial conditions are randomly selected as follows:
xl(o) = 07 £C2(0) = 17 .%3(0) = 37 (E4(0) = 2; 1’5(0) = _]-a
Ul(O) = 1, U2<O) = 7, ’1)3(0) = 3, ’U4(O> = 1, ’U5(O> =4
The numerical results given in Fig. 4 show the effectiveness
of the given consensus protocol. It is not hard to see that
the steady-state velocity is not Z?Zl v;(0)/5 = 3.2, unlike

the results shown in Example 1.

6. CONCLUSIONS

In this paper, finite-time consensus algorithms were de-
veloped for multi-agent networks with second-order agent
dynamics. With proposed consensus protocols, finite-time
consensus as a generalization of conventional consensus
was achieved in order to obtain the consensus in finite
time. Lyapunov function, homogeneous properties, and
graph theory were used in the theoretical analysis.

However, much remains to be done and the extension
will be carried out for the cases with variable network
topologies and communication limitations as well as vari-
ous uncertainties. Moreover, many practical concerns such
as avoiding collision and optimal location were not taken
into consideration in this multi-agent consensus study, but
they should certainly be taken care of when we deal with
practical problems.

REFERENCES

S. Bhat and D. Bernstein, Continuous finite-time stabi-
lization of the translational and rotational double inte-
grators, IEEE Trans. Autom. Contr., vol. 43, 678-682,
1998.

S. Bhat and D. Bernstein, Finite-time stability of contin-
uous autonomous systems, SIAM J. Control and Opti-
mization, vol. 38, pp. 751-766, 2000.

J. Cortés, Finite-time convergent gradient flows with ap-
plications to network consensus, Automatica, vol. 42,
1993-2000, 2006.

M. Egerstedt and X. Hu, Formation constrained multi-
agent control, IEEE Trans. Robotics and Automation,
vol. 17, 947-951, 2001.

A. Filippov, Differential Equations with Discontinuous
Right Hand Side, Dordrecht: Kluwer, 1988.

C. Godsil and G. Royle, Algebraic Graph Theory, New
York: Springer-Verlag, 2001.

V. Haimo, Finite time controllers, SIAM J. Control and
Optimization, vol. 24, 760-770, 1986.

Y. Hong, J. Huang, and Y. Xu, On an output feedback
finite-time stabilization problem, IEEE Trans. Auto-
matic Control, vol. 46, pp. 305-309, 2001.

Y. Hong. Finite-time stabilization and stabilizability of a
class of controllable systems, Syst. Contr. Lett., vol. 46,
231-236, 2002.

Y. Hong, J. Hu and L. Gao, Tracking control for multi-
agent consensus with an active leader and variable
topology, Automatica, vol. 42, 1177-1182, 2006.

Y. Hong and Z. P. Jiang, Finite-time stabilization of
nonlinear systems with parametric and dynamic uncer-
tainties, IEEE Trans. Automatic Control, Vol. 49, 1950-
1956, 2006.

Y. Hong, L. Gao, D. Cheng, and J. Hu. Lyapuov-based
approach to multi-agent systems with switching jointly
connected interconnection. IEEE Trans. on Automatic
Control, vol. 52, 943-948, 2007.

Z. Lin, B. Francis, and M. Maggiore, Necessary and
sufficient graphical conditions for formation control of
unicycles, IEEE Trans. Automatic Control, 50(1), 121-
127, 2005.

R. Olfati-Saber, Flocking for multi-agent dynamic sys-
tems: Algorithms and theory, IEEE Trans. Automatic
Control, vol. 51, 401-420, 2006.

R. Olfati-Saber and R. M. Murray, Consensus problems in
networks of agents with switching topology and time-
delays, IEEE Trans. Automatic Control, vol. 49, 1520-
1533, 2004.

W. Ren and R. Beard, Consensus seeking in multi-agent
systems using dynamically changing interaction topolo-
gies, IEEE Trans. on Automatic Control, vol. 50, No. 5,
665-671, 2005.

C. W. Reynolds, Flocks, herds, and schools: a dis-
tributed behavioral model, Computer Graphics, ACM
SIGGRAPH’87 Conference Proceedings, vol. 21, No. 4,
25-34, July 1987.

N. Rouche, P. Habets, and M. Laloy, Stability Theory by
Liapunov’s Direct Method, Springer-Verlag, New York,
1977.

L. Rosier, Homogeneous Lyapunov function for homoge-
neous continuous vector field, Syst. Contr. Lett., vol.
19, 467-473, 1992.

H. Tanner, A. Jadbabaie, and G. Pappas, Stable flocking
of mobile agents, Part II: dynamic topology, Proc. IEEE
Conf. on Decision and Control, Hawaii, 2016-2021, Dec
2003.

F. Xiao and L. Wang, Reaching agreement in finite time
via continuous local state feedback, Proc. of Chinese
Control Conference, pp. 711-715, Zhangjiajie, China,
July 2007.

15190



