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Abstract: In this work piezo-stack actuators mounted in consoles are utilized to actively
dampen vibrations of a flexible car body structure by introducing bending moments. Using an
example of a heavy metro vehicle the complete design for the active vibration damping system
is presented. Both analytical modeling and a system identification of the vehicle are described,
issues of modal representation and model reduction are covered, and a robust controller design
is motivated and explained. The excellent performance of the proposed method is documented
by both experimental results from a scaled model and an extensive co-simulation of the overall
system.
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1. INTRODUCTION

One of the many design aspects of modern railway vehicles
is to ensure a good ride quality meaning the reduction of
the vibration amplitudes of the car body. This is usually
achieved by a careful design of the secondary suspension.
Additionally, active control schemes can be employed to
generate an active or semi-active secondary suspension
system (Foo and Goodall [2000], Stribersky et al. [1998]).

A novel method for vibration reduction is the application
of an active control system to attenuate the elastic vi-
brations of the railway car body. Both passive (Hansson
et al. [2004]) and active control schemes (Kamada et al.
[2005], Schandl et al. [2007]) have already been proposed.
The safety of the vehicle against derailment will not be
affected, and retrofitting of existing railway vehicles be-
comes possible. This approach is especially useful in the
design of extremely light-weight railway vehicles. In this
case properties such as stiffness and structural damping
need not be provided by the structure itself but can be
generated by means of the mechatronic damping system.

Due to the size, mass, and stiffness of the structure con-
siderable moments have to be applied by the actuator. For
this reason piezo-stack actuators mounted in consoles are
proposed which are capable of introducing the necessary
moments. The purpose of this paper is to illustrate the
design steps of such an active vibration control system and
to highlight the performance of this concept. Simulation
results for a heavy metro vehicle and experimental results
from a scaled model shown in Fig. 1 (Kozek et al. [2006])
demonstrate the potential of the approach. However, the
feasibility of a full-scale implementation is still not proven,
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and further research has to be conducted for that purpose.

Fig. 1. Experimental setup of a scaled railway car body

In the remainder of this paper a description of the system
and the active control scheme is given. Since the finite-
element (FE) model always differs from the real vehicle
an identification procedure is outlined in the following
section and results for the scaled experiment are given.
Then a short background on robust control design and
the controller design is presented, some considerations on
currently available piezo-stack actuators are included, and
the resulting performance of the proposed control concept
is demonstrated in an extensive co-simulation. The paper
is concluded by a discussion and an outlook.

2. SYSTEM DESCRIPTION

The dynamics of the bogie elements are described by cou-
pled rigid bodies and for the flexible car body an FE-model
is utilized. In Fig. 2 the master nodes of the FE-model of
the flexible car body together with the rigid bogie parts
are shown. The elastic deformations of the car body are
given by a modal representation which assumes that elastic
deformations can be represented by a finite sum of spatial
shape functions φi, each weighted by a temporal function
q(t), the so-called modal coordinates. To incorporate local
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Fig. 2. The FE model of a flexible car body coupled to
bogies, modeled by interacting rigid bodies

deformations additional shape functions like static modes
are used. In order to overcome the associated problems
of finding correct boundary conditions frequency response
modes (FRM) are used instead. This concept uses dynamic
harmonic forces acting at the location of the actuator
attachment points to obtain the frequency response. For
each actuator a frequency response mode is calculated
and finally a transformation is performed to decouple the
FRMs from each other, the elastic modes, and the rigid
body modes (Dietz [1999]).

The first 3 eigenfrequencies and eigenmodes of the elastic
car body are displayed in Fig. 3. For a given heavy

Fig. 3. The first 3 modes of an elastic car body

metro vehicle the elastic deformations of the car body
are modeled by 17 eigenmodes with eigenfrequencies in
the frequency range from 7 Hz up to approximately 25
Hz and as many FRMs as actuators. The eigenfrequencies
of the FRM range from approximately 150 Hz to 700 Hz
which is necessary to accurately describe highly localized
deformations (Benatzky and Kozek [2005]).

An example for positioning of the actuators and sensors is
shown in Fig. 4, and the principle after which the actuators
work is shown in Fig. 5. Several criteria for optimal
actuator/sensor placement are available (e.g. Gawronski
[1997]), and in general the positions with strongest local
deformations will result (compare Fig. 3 and Fig. 4).
The actuators are assumed to be linear which means
that a force generated by the actuator is proportional to

Fig. 4. Actuator/sensor configuration for a car body

the voltage computed by the controller. The simulations
presented in section 8 have shown that this assumption
holds for commercially available piezo-stacks (blocking
force FB = 50 kN, travel △w = 0.2 mm, length l =
294 mm, and diameter d = 45 mm). These actuators
proved to be sufficient for achieving good performance in
the investigated metro vehicle car body. A more detailed
discussion on actuator characteristics can be found in
section 7.

F
wi wj

Fig. 5. Piezo-stack actuator mounted in console

3. ANALYTICAL MODELING

Only the elastic modes of the car body can be influenced by
actuator forces. Therefore, for controller design purposes
only a model of the elastic modes of the car body is
necessary. These equations of motion are given by the
following system of differential equations of order n:

Mẅ + Lẇ + Kw = f(t). (1)

Here M is the (n × n) mass matrix, L is the (n ×
n) damping matrix, K is the (n × n) stiffness matrix,
and f(t) is the (n × 1) vector of generalized excitation
forces containing excitation as well as control forces. A
transformation is defined by replacing the (n × 1) vector
of generalized coordinates w(t) with

w(t) = Φq(t) =

n
∑

j=1

φjqj(t), (2)

where
Φ = [φ1, φ2, . . . ,φn]T

is the matrix of eigenvectors of (1). Inserting (2) into (1)

and left-multiplying by ΦT , one obtains a diagonal system
in modal coordinates

q̈ + 2ζΩq̇ + Ω2q = µ−1ΦT f(t), (3)

where µ is the (n × n) matrix of modal masses, ζ is the
(n × n) matrix of modal dampings and Ω is the (n × n)
matrix of undamped eigenfrequencies. Definition of

x = [q, q̇]T (4)

leads to the state space system equation

ẋ = Ax + B1d + B2u (5)
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and the output equation

y = C2x, (6)

which together form the state space description of (3). In
(5) and (6) A is the (2n × 2n) system matrix, B1 is the
(2n×l) disturbance input matrix, B2 is the (2n×m) input
matrix, C2 is the (p × 2n) measurement output matrix,
x is the (2n × 1) state vector, u is the (m × 1) vector
of control signals, d is the (l × 1) vector of disturbances
(excitation of the car body from secondary suspension)
and y is the (p × 1) vector of controlled variables. The
controlled variables may consist of measured outputs as
well as of performance variables.

If one actuator is used, forces are acting in the directions
wi and wj according to Fig. 5, and if only one excitation
force is acting on the structure in the direction wl, the
disturbance input matrix B1 and the input matrix B2 are

B1 =



















0
...
0

φ1(wl)
...

φn(wl)



















, B2 =



















0
...
0

φ1(wj) − φ1(wi)
...

φn(wj) − φn(wi)



















. (7)

In (7) φm(wj) is the component of φm in direction of
wj . When the sensors are collocated with the actuators
(Preumont [1997]), the output matrix C2 is proportional
to the input matrix B2

C2 =
1

ls
BT

2 , (8)

where ls is the distance between the nodes wi and wj in
the unstrained state.

Equivalent transfer function descriptions for (5) and (6)
are given by

Gsu = C2(sI − A)−1B2 (9)

for the open loop transfer function from actuator action
to the outputs and

Gsd = C2(sI − A)−1B1 (10)

for the open loop action of the disturbances on the out-
puts.

4. SYSTEM IDENTIFICATION

Considerable differences may occur between the FE design
model and the manufactured vehicle regarding the pre-
dicted eigenfrequencies as well as the assumed damping
coefficients. A proper identification procedure is therefore
needed to obtain an accurate mathematical model for
controller design. This approach has been experimentally
validated using a scaled model of a car body, for which
such a mathematical model has been identified.

4.1 State space representation

Augmenting the output equation (6) with a q × 1 perfor-
mance vector z (typically vertical accelerations at various
positions), the overall representation becomes

[

ẋ
z
y

]

=

[

A B1 B2

C1 D11 D12

C2 D21 D22

] [

x
d
u

]

. (11)

Here C1 is the q×n performance output matrix and D11,
D12, D21, and D22 are the feed-through matrices. The
explicit notation of performance variables z is reasonable
since only strains are measured but the accelerations are
used to quantify performance. Furthermore, this system
structure is well suited for a robust controller design (see
section 6).

4.2 Identification procedure

The MIMO system (11) is identified from the scaled car
body experiment (Kozek et al. [2006]) utilizing the n4sid-
algorithm as implemented in Matlab. In the experimen-
tal setup, measured secondary suspension forces for the
identification of disturbance transfer functions have to be
applied to the car body structure (Benatzky and Kozek
[2007]). For an actual rail vehicle these measurements can
be performed during test runs.

A suitable sampling time for measurements was found to
be Ts = 0.001s. Applying the data sets to the n4sid-
algorithm, a model of order 200 is identified and then
transformed to the modal representation (11). This model
is referred to as ”full model”. It is then subject to a
preliminary reduction since eigenfrequencies from local
vibration modes can lie very close to global vibration
modes. Therefore, these additional poles, which are usually
less controllable and observable than the global modes,
first have to be removed. Finally, a balanced reduction
is performed which retains only 3 eigenmodes. Table 1

Table 1. Natural frequencies ωn and damping
coefficients ζ for a scaled laboratory model

Eigenmode ωn [Hz] ζ [1]

First vertical bending mode 65.66 0.0037

First torsional mode 73.91 0.0043

exemplarily shows the eigenfrequencies ωn and the modal
damping coefficients ζ for the modes of the scaled labora-
tory car body (eigenfrequencies are roughly 8 times higher
than for the actual vehicle). In Fig. 6 the identified transfer
functions Gy1u1

of this experiment for the ”full model”
and the ”balanced reduced model” are compared with an
empirical non-parametric transfer function estimate Ty1u1

.
The identified transfer function Gy1u1

shows an excellent
match with the transfer function estimate Ty1u1

.

5. BACKGROUND ON µ-SYNTHESIS

5.1 Structure of robust control systems

The open loop system P with controller K and uncertain-
ties ∆ is shown in Fig. 7, left. The output vector z contains
the performance variables, while the vector of measure-
ments y is only used for feedback control. Therefore, this
system structure is ideal for the current control problem.
Using lower and upper fractional transformations, K is
absorbed into P forming M , and consequently ∆ into M
yielding N .
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Fig. 6. Transfer function: action from u1 to y1
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Fig. 7. System structures and fractional transformations

5.2 Uncertainties, structured singular value, and robust
stability (RS)

Uncertainties ∆ in Fig. 7 can be any kind of parameter
perturbations like uncertain natural frequencies ωn and
damping coefficients ζ. Additionally, an additive uncer-
tainty P (s) + W a(s)∆(s) is utilized to model neglected
high frequency dynamics. Uncertainties are assumed to be
bounded by

||∆||∞ = sup
s=jω

σ̄(∆(s)) ≤ 1, (12)

where σ̄ is the largest singular value of ∆. The structured
singular value µ(M), a generalization of σ̄, cannot be
computed directly but can be bounded numerically by
suitable inequalities (Preumont [1997]).

5.3 Robust performance (RP)

The aim of any control system design is not only to achieve
a robustly stable system (µ(M 11) < 1) but also to reach
the (robust) performance specification ||Fu(M ,∆)||∞ < 1
for the closed loop system N with uncertainty ∆. A
necessary and sufficient condition for RP is µ

∆̂
(M) <

1, where ∆̂ = diag{∆p,∆}, and ∆p is a feedback
uncertainty from z to w.

5.4 D-K-iteration

An upper bound for the structured singular value of robust
performance µ(M) is given by

µ(M) ≤ inf
D∈D

σ̄(DMD−1). (13)

where the scaling matrix D must satisfy ∆ = D∆D−1.
The synthesis procedure is therefore defined as a minimiza-
tion of this upper bound over frequency:

min
K

( inf
D∈D

||DMD−1||∞). (14)

Since the combined optimization problem (14) is not
convex, a procedure known as D-K-iteration is used, which
alternately keeps D fixed and optimizes for K, and vice
versa. A more detailed presentation is given in Benatzky
et al. [2007] and an elementary introduction to robust
control can be found in Preumont [1997].

6. CONTROLLER DESIGN

As already stated, the reduced order model Gred contain-
ing only three modes is utilized for control design based
on the µ-synthesis methodology. An extensive treatment
and comparison of controller design methods is given in
Benatzky et al. [2007]. In the following, the design and
performance at the scaled experimental model and later-
on in co-simulations of a full-size metro car vehicle are
shown.

6.1 D-K-synthesis design

For a realistic design additional measurement noise inputs
n are fed into the identified reduced order model of the
flexible structure Gred (see section 4.2). With the input
weight W d for the disturbance, the remaining weights
for performance are W p,u and W p,a (control energy and
acceleration signals, respectively), the additive uncertainty
is W a, and the measurement noise filter is W n.

The choice of the performance weights W p,u and W p,a

is based on a pre-scaling of the maximal singular values
supω(σ̄)=1 of the different transfer functions contained
in Gred. The additive uncertainty weight W a is chosen
according to Fig. 8: The uncertainty is small where the
model for controller design Gyu,red is accurate and large
where no system information is contained in the model.
The controller KDK is the result of the D-K-iteration
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20

σ̄(Gyu); σ̄(Gyu,red); σ̄(W a)

σ̄
[d

B
]

frequency [Hz]

Fig. 8. Singular values σ̄ of Gyu, Gyu,red, and W a

procedure, and in Fig. 9 the predicted performance en-
hancement using this KDK controller becomes apparent.
The dashed line represents the performance of a state-
feedback controller KPP using a Kalman-filter as observer
(Benatzky et al. [2007]). The implementation at the scaled
experiment shows that the robust controller KDK ob-
tained by D-K-iteration achieves much better performance
than KPP. It is important to note that the advantage
of KDK already exists for the nominal case without any
uncertainties ∆.

7. ACTUATOR FEASIBILITY

It was shown that readily available piezo stack actuators
(as specified in section 2) allow for effective vibration
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control of a full-size metro vehicle car body. Tensile forces
in the actuator stacks are avoided by system design (pre-
loaded configuration encapsulated in a robust metal shell,
secured lift-off at excessive elongation). Also, temperature
differences have not been found critical, as even though
metro vehicles can operate in a considerable temperature
span of 60◦, temperature differences between car body and
actuator were negligible in experiments. Furthermore, the
force reference point can be appropriately set by applying
an adaptive voltage offset. The setup used (see Fig. 10
for the experimental setup of a commercially available
stack actuator) is highly energy efficient, using a power

Fig. 10. Experimental setup of a piezo-stack actuator

recovering high-voltage amplifier. The net electrical power
consumption of a one-actuator laboratory test bed always
stayed below 150W (at 15Hz, ±1.8kN, and ±450V).

An open question is that of long-time reliability and fa-
tigue. However, high-power cycle counts of up to 1010

are reported from the piezo actuator manufacturer, which
would suffice for an actuator life-time of more than 10
years at 12h/day continuous full-stroke operation at a
main working frequency of 10Hz. The use of stack ac-
tuators (instead of monolithic ones), as well as special
considerations in their construction enable long lasting
solutions.

8. CO-SIMULATION

The proposed control concept was furthermore validated
in extensive co-simulation studies. Rail vehicle test runs
with active vibration control were simulated in order to
evaluate the controller performance at a highly realistic
system behavior.

8.1 Modeling and implementation

The co-simulation structure is partitioned into the control
part (simulated with Matlab/Simulink) and the multi-
body dynamic system simulation of the vehicle (simulated

with SIMPACK). During simulation, these computations
run in parallel and the SIMAT interface handles data
exchange and synchronization (see Fig. 11). The rail ve-

Controller

Multibody

Simulation

yu

d z

SIMAT Interface

MATLAB/Simulink

SIMPACK

Fig. 11. Co-simulation of rail vehicle and controller

hicle is modeled in terms of elastic (car body) and rigid
(bogies, wheel sets) bodies and connecting elements (in-
cluding wheel-rail interaction). Two different track excita-
tion scenarios were used in the co-simulation, entering the
simulation as geometric irregularities (”Deutsche Bahn-
High” and ”Frederich, bad track”, Frederich [1984]).

Direct acceleration measurements at nine performance po-
sitions at the vehicle floor enables ride comfort evaluation
as proposed in ISO 2631 and the UIC 513 guidelines.
A single ride comfort comparison value κ̄ is computed
by 1) weighting the nine vertical acceleration signals az,i

with the respective filter defined in ISO 2631, 2) calcu-
lating the RMS value over the simulation time, 3) re-
lating each sensor’s weighted RMS value to a reference
weighted RMS value from a non-controlled test ride, and
4) averaging these ratios over all performance positions.
The µ-synthesis controller has been designed as outlined
in section 6 and has been optimized for robust performance
with regard to realistic actuator and sensor limitations.

8.2 Results

All results are referenced to open-loop test rides of a light-
weight car body vehicle; its main vibration modes are
summarized in Tab. 2. Table 3 shows average ride quality

Table 2. Primary structure vibration modes of
the light-weight car body

Diagonal distortion mode 7.1Hz
Bending mode 8.5Hz
Torsion mode 9.5Hz

indices κ̄ of a conventional (heavier and stiffer, otherwise
identical) vehicle without vibration control, as well as of
the light-weight vehicle using a µ-synthesis controller. The
control can be accomplished by four off-the-shelf piezo-
stack actuators as defined in section 2. The PSD-plots

Table 3. Averaged ride quality indices κ̄ for
different configurations and excitations

Ride quality index κ̄

Vehicle Conv. Light-weight Light-weight

Act. placement (none) Floor Door/roof

80km/h,DB-High 0.836 0.796 0.729
100km/h,DB-High 0.886 0.841 0.799
80km/h,Fred.bad 0.946 0.722 0.699
100km/h,Fred.bad 0.997 0.801 0.791

in Fig. 12 show that the bending and torsion modes are
well damped, while the diagonal distortion mode cannot
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be attenuated with this actuator configuration. It is also
obvious that a higher-order mode at about 10.5 Hz is
slightly excited. This vibration mode is of more complex,
mixed shape with characteristics of the diagonal-distorted
mode, the torsion mode and local structure deformations.

An average improvement of 20.4% (see Tab. 3) is achieved
for v = 80 km/h at ”DB-High” excitation, while the
conventional vehicle without vibration control only yields
16.4% improvement in the same setting. Further studies
have shown that placing actuators at vertical door columns
and along roof trusses yields good controllability of all
three vibration modes and results in an excellent improve-
ment of 27.1%. However, this configuration suffers from
less stiff mounting positions, which might render the use of
currently available piezo-stack actuators (maximum strain
2%o) complicated or infeasible.
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Fig. 12. Acceleration PSD-plots: Controlled test ride (4
actuators along floor trusses)(red,solid) and non-
controlled reference ride (black,dashed) at v =
80km/h, DB-High excitation

9. CONCLUSION

In this paper the potential of active vibration damping
has been demonstrated. Both an experimental 1/10 scaled
model of a heavy metro vehicle, measurements of a full-
size piezo-stack actuator, and an extensive co-simulation
document the versatility and performance of the con-
cept. The complete design steps from the FE-model to
a modal state-space representation, an adequate identifi-
cation procedure, and a robust controller design utilizing
a µ-synthesis are incorporated. The robust controller is
superior to conventional control concepts, and only the
D-K-design explicitly takes into account characteristics
from actuator to the performance positions. Results from
the co-simulation prove that an improvement in passenger
comfort of 20% to 27% is possible for a heavy metro
vehicle. The necessary piezo-stack actuators are already
commercially available and will become even more effective
with technological progress.

Several important issues could not be included although
they have also been thoroughly treated: Robustness of the
controller with respect to load variations, a fault detection

concept, and compensation of the piezo actuators’ nonlin-
earities using a force-feedback control. The major tasks for
future investigations will be the constructive integration
into a real vehicle and the investigation of fatigue due to
harsh environment.
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