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Abstract: The Hs / Hoo robust control problem is formulated as a Stackelberg differential game
where the leader minimizes an Hs criterion while the follower deals with the Ho, constraint.
For a closed loop information structure in the game, the necessary conditions to solve such a
constrained optimization problem are derived for the finite time horizon case. It is shown that
such an approach leads to a singular control and the Stackelberg strategy degenerates due to the
omnipotence of the leader. Using conjugate times theory, we prove that the derived necessary
conditions are also sufficient. Copyright© IFAC 2008

1. INTRODUCTION

Robust Hs / Heo control problem has been treated exten-
sively in recent years to achieve a compromise between
‘Hs and Hs norm specifications Bernstein and Haddad
[1989], Zhou et al. [1994], Doyle et al. [1994]. In fact, a
predefined level for the Hoo-norm cannot be guaranteed
by a pure Ha-control. Several approaches have been pro-
posed to solve the mixed Hy / Hoo control problem. This
includes non-standard Riccati equations Bernstein and
Haddad [1989], Youla parametrization Scherer [1995], con-
vex optimization Khargonekar and Rotea [1991], entropy
interpretation Mustafa et al. [1991]... The state feedback
case was treated in Rotea and Khargonekar [1991] while
a compromise between Hs and Ho-regulators is proposed
in Halder et al. [1997].

In this note, the mixed Ha / Hoo robust control problem
is formulated as a Stackelberg differential game Basar and
Olsder [1995], Starr and Ho [1969a,b], Ho [1970], Simaan
and Cruz [1973a,b]. A gametheoretic approach has been
already proposed to solve the Hy /Hoo control problem
Limebeer et al. [1994], Florentino and Sales [1997], Chen
and Zhou [2001] via a Nash strategy. However, due to the
symmetry between players in a Nash strategy, one player is
minimizing the Hy norm and the second one is associated
with the worst case disturbance seen in terms of H,, norm.

For the Stackelberg strategy, the hierarchy between the
leader and the follower leads to minimizing the Hs-norm
by the leader subject to the Hoo-constraint dealt with by
the follower. The information bias in such a game is quite
suitable to solve such a constraint optimization problem.
The model used here was introduced in Zhou et al. [1994],
Doyle et al. [1994].
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The paper is organized as follows. The problem is formu-
lated in Section 2. The main contribution is given in Sec-
tion 3 where the Stackelberg strategy and the associated
necessary conditions are derived under closed loop infor-
mation structure condition. It is shown in Section 4 that
the necessary conditions become sufficient using conjugate
times theory. Concluding remarks make up Section 5.

2. PROBLEM STATEMENT

Consider the plant described by (Fig. 1)

z(t) = Axz(t) + BooWoo (t) + Bawsa(t) + Bu(t)

= f(xa Woo, W2, U),

Zoo(t) = Coo(t) + DooWeo (t) + Dooyu(t), (1)

Zg(t) = ng(t) + Dguu(t),

2(t) = (1),
with z(t) € R™, wa(t) € R™, we(t) € R™, u(t) € R",
29(t) € R™2, and 2z (t) € R™=. The matrices A, By, Ba,
B, Cw, C3, Dy, Dsoy, and Dy, are constant matrices with
appropriate dimensions. B, is assumed of full rank.

W2 = — <2
Woo — =] > = Zeo
(A x

-K

Fig. 1. System structure.

The finite horizon [to, ] case is studied here (initial time
to and final time ¢y > tp). The Ha-norm of a signal,
denoted ||.|2,(z,t,], allows to define the induced norms Ho
and Hoo of the system. The input ws (respectively weo)
and the output zo (resp. zo,) define the channel for Hs
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norm || zo| ). For
tosty]
simplicity, the feedback output z is assumed to be equal to
the state z. The problem of mixed Hg / Hoo-control design
is to find a feedback control u(t) stabilizing the system (1)
and minimizing the He-norm under the constraint that the
Hoo-norm is less than a fixed level v, i.e. u(t) = —K(t)x(t)
such that

||Zoo||2,[to,tf]

gg{{"@”l[t“’m subject to  sup

<7
Woo EWoo [[weo|

2)[t07tf]

The system (1) being linear, the admissible set for the
inputs u, wy and we, are respectively U = L([to, ty] X
R™ R"), Wa = L®([to, ts],R™), and Woo = LZ([to, ts]
R™ R">=). The input wy is assumed to be known.

3. STACKELBERG STRATEGY
3.1 Definition
Let

ty
JQ(wma'LUQ):/ Lo(2,u, Weo, w2)dt

to

- %/tof (23 (t)22(t) + Pwl (D Rywao(t)] dt, (2)

with R, = +*I — DI D, > 0, for v > 7(Dx), the largest
singular value of D, and

tf
Joo(u,woo):/ Loo(z,u, weo)dt

to

2

where z(-), zoo(-) and za(-) are solutions of (1). The
criterion Jo defined by (2) is associated with the Ha-norm
of system (1). For a« # 0, Jy is convex with respect to
Woo. The criterion Jo defined by (3) is associated with
the Hoo-norm of system (1). Note that, if Jo > 0, for

Z
any input wee € Weo, then sup,, e ||||w°° ||2’[[’507tf]]
0 (12,[to,tf

The infinimum of J, over ws € Wy is either finite
(and attained) or equal to —oo, depending on the values
of v and of the final time ¢;. In fact, denoting . the
first conjugate time of the system (see Section 4), then

inf Joo > 0 whenever t¢ < t., and inf Joo = —oo whenever
ty > te.

_1 /t T2 (0200 () + 720 (D (0] dt, (3)

The optimal control v = v* minimizes the He-norm when
Weo = Wi, the worst case input according to the Ho-
norm, is applied.

Stackelberg strategy is well adapted to deal with this kind
of constrained minimization problem. The leader acts by
choosing the control u and the follower by choosing the
input ws. For a control @ of the leader, the rational
reaction set Roo (%) of the follower is defined by the set
of the admissible input ws which leads to the infinimum
of Joo (1, Weo)-

A Stackelberg equilibrium (u*, w?,) is defined by

Wi, € Roo(u®),
max J2 (U*,woo) < J2 (U, wOO) 3 (4)
Woo ER oo (u*)

max
Woo ER oo (1)

Vu € L([to, tf],R") (see Simaan and Cruz [1973a,b]).

There are three inputs in the system u, we and weo. u
and we are considered as the two players of this non-
zero sum game. The input ws is not a player and is
considered as a disturbance. The framework corresponds
to a closed-loop information structure, u* = u*(z,t) € U
and wi, = wi (x,t) € Wy are implicit functions of the
time ¢t and the state x (see Papavassilopoulos and Cruz
[1979]).

3.2 Necessary conditions for the follower

Solving the problem from the point of view of the follower
corresponds to determine its rational reaction set Roo ().
This is a standard optimization problem that could be
solved by applying Pontryagin’s Minimum Principle. We
define the Hamiltonian (see Pontryagin et al. [1962]) Hoo =
Y3 Loo + Yoo f, where the line vector 1, € R™ is the
costate vector associated with the dynamic constraint (1)
and the scalar 12, > 0 with L. The necessary conditions
to be satisfied by the follower could be written along the
solution as

OHu . Lo of
@(t)_woo%(t)—i_woo(t)%(t) =0, (5
: 0L OLs ,, Ou*
dntt) =02 (520 + =055 0)
of of . ou

ol (o + Foftn). ©

In addition, since the final state is free, the transversality
condition leads to 9o (ty) = 0. This implies that 3, # 0.
Without loss of generality and for the sake of normaliza-
tion we assume that 2, = 1.

It follows from (5) and from v > (D), that R, is
invertible and that the optimal input w’_ (the worst input
in sense of Hoo-norm for an input u) is given by

wi, (t) = =R, [-DL Cooa(t) — DL, Docuu(t) + BLWwL (1))
=5(x, u, o). (7)

We introduce the following notations

= I+ DooR;'DT,

= D¥ Dy, + 02DL Do R7 DT Do,

= R, +a*DL Do, , U DL D,

= B+ BooR;'DY, Decu,

= Boo + 0?BU DT D,

D3,Cy 4+ o?DY, Do R DY Co,

= (DL Do, U~'C, — DLCy),

Sy = BU'B’,

= Se +a?BU'DL, Do R, B,

= B R;'BL,

= Se + a?BooR;' DL, Do .U DL, Do R BY,,
= 8+ 5 BNTIBT,

— CFCy + a*CL D R;'DLCo — T, U'T,,
= Q-a’CLN"'T,

= A+ BR;'DL C,

Ql
"8 p'bdtb:ﬂz Q&%

3

3

Nl 1

OO w8
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and

FL (2, u,000) =2 CLW, O + u" DL W, 00 — ¥ A,

F2 (2,u,Y00) =27 CLW, Doy + u' DL, W,y Doy — Yo B
Then
(1) = [ (), u(t), Yoo (t), wa(t))
=Ax(t) + Bu(t) — Socth(t) + Bawa(t), (8)
LL‘(tQ) =X, (9)
. ou\ 7T
UL = (Pl i) + P v 55 ) (10
Yoo(tr) =0, (11)
and

1
Loo(m,u,00) = —3 (Coox + Doouu)T W, (Coor + Doy tt)

1

- T

EQ(xvua 1/}007102) = LQ(Ia u, S(.I,’LL, 1/}00)7102)'

3.8 Pontryagin Minimum Principle for a particular case

The minimization of J; subject to (8) and (10) is not a
standard optimization problem. For the sake of clarity, we

*

denote in the sequel ——, the Jacobian of u(t,y) w.r.t.

the second variable, by u,. To solve this problem from
the point of view of the leader, the extended state X
is introduced X includes the state z, the costate vector

and the instantaneous cost z° (verifying i° = Lo):
XOﬁl (27 oo 2°) € R¥ 1 is solution of
, !
X=FtXuu))=| FI+ulF2T |, (12)
Lo
with boundary conditions
z(0) = z0, Yoolty) =0, z°(0)=0, (13)
where u = wu(t,h(X)) = wu(t,z), with h the projector

WX) =h (27 Yo 2°T)" = .

It is shown below that every optimal control u* for the
optimization problem of the leader (minimizing Jo subject
to the constraints (8) and (10)) is a singular control for
the system (12). This crucial fact permits to derive a
Pontryagin Minimum Principle adapted to this type of
problem (12). A similar approach is provided for the LQ
case in Papavassilopoulos and Cruz [1979]. However the
used arguments are not complete, even though the final
result is correct.

We next recall the definition of the end-point mapping and
of a singular control (see Lee and Markus [1967], Trélat
[2005], Bonnard and Chyba [2003]).

Definition 1. The end-point mapping at time ¢ of system
(12) with initial state X is the mapping
Exot; : U=L>([0,tf] x R",R") — R2"H!

U — Xu(tf), (14)

where X, (-) denotes the trajectory solution of (12) asso-
ciated with the control u such that X, (to) = Xo.

If the function F' in (12) is of class CP, p > 1, then the
end-point mapping Ex, ¢, is also of class C?.

To determine the Fréchet derivative of Ex, ; e consider a
control du such that u+du € U and let X be the trajectory
associated with v and X + 0X with w4+ du. By definition,
we obtain

d(X +6X)

dt B
F(t, X +6X,u(t,h(X + 6X)) + du(t, h(X + 6X)),
wy(t, h(X + 6X))T + Suy(t, h(X + 5X))T).

A Taylor series expansion leads to
d(6X)

15

" (15)

(Fx + Fuuyhx + Fu,uy,hx), B = F, and

= ASX + Bou+ Cou],

where A =
C=PF,,

Let M(t) be the transition matrix associated with A(t),

i.e. the solution of the Cauchy problem
M(t)=A@t)M(t),  M(0)=1. (16)

Then,

0X tf/M

and the next result follows.

Lemma 2. The Fréchet derivative of Ex,,
u€elUis given by

dBx, .,
= M(ty) / M~ B(s)du(s )—l—é(s)éu?(s))ds
(18)

Definition 3. Let u be in U, the control u is said to be
singular on [0,%;] if the Fréchet derivative dEx, ,(u) is
not surjective.

B(s)du(s )—i—é(s)éuf (s)) ds,
(17)

at a point

If the control w is singular, then there exists a line vector
¢ € R?"1/{0} such that

¢ -dEx, ¢, (u) = 0. (19)
The line vector p(t) = @M (t;) M~ (t) verifies
p(t) = —p() A1), plty) = . (20)
It follows from (18), (19) and (20) that
ty B N
/ () (B(t)5u(t, (X)) + C(t)sul (¢, h(X))) dt =0,
0
(21)
for every du(t, h(X)). In particular, considering first con-
trols du(t), (21) yields
p(t)B(t) =0, and p(t)C(t) = 0,a.c. on [to,tf].
Define the Hamiltonian Ha(t, X, u uy,p) =pF(t, X, u,uy).
Then a singular control u(t, h( )) is characterized by
aHQ . A o dH2
= ap pb=-—-paA = ax’ 0
O s -0 22 oce - o
ou T Ouy -
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This Hamiltonian characterization is next used to derive
necessary conditions for the leader.

3.4 Necessary conditions for the leader

Lemma 4. If the control w* is optimal for the problem
defined by (8) - (10) and (2), then it is singular on [0, ]
for the extended system (12).

Proof of Lemma 4. Let X be the trajectory solution of
the system (12), associated with a control u issued from
Xo = (2§,vL,0)". If u is optimal for J, the final state
X(ty) lies at the boundary of Ex, :, (U). Hence the end-
point mapping FEx,, is not open at u, and it follows
from the Implicit Functions Theorem that the control w

is singular for system (12) on [0, ¢/].

The Hamiltonian H, associated with Js subject to the
constraint (12) can be rewritten as

Hy=Mf+X (FL+ F2u) + X002, (23)
by setting p(t) = (A1(t), A2(t), A°(t)), with A1 (t) € R”™,

A2(t) € R™ (line vectors) and A°(t) € R. The Hamiltonian
characterization of a singular control leads to

OH, . Of OFL oF2 \' 0L,

% =\M'F2 =y, (25)
Y
. af OFL or% \' . 0L,
. of OFL oF2 \' oL,
M =M (fwoo * 5o “) "N 2
A° =0. (28)

From (28), A°(t) = A° is constant. According to the
Pontryagin Minimum Principle, we assume that A° > 0.

3.5 Transversality conditions

Since the initial state £(0) = zp and the final costate line

vector Poo(ty) = 0 are fixed, the extended costate line
vector (A1, A2, A°) must verify the transversality conditions
X2(0) =0, A (ty)=0. (29)

(see for example [Trélat, 2005, page 104] for more details)
3.6 Degenerate Stackelberg strategy

From (25), we infer that Ay = 0 or F2 =0 (or both).
Proposition 5. If the matrix
OFZ%

T —1pT T
e D_, (I + Do R DOO) Doy = D3 Wa Doy
(30)
is invertible, then Ay = 0. In this case, the Stackelberg

strategy degenerates, due to the omnipotence of the leader.

Proof of Proposition 5. By contradiction, assume that Ay #
2

0. Then, F2 = 0. Since 8500

U
the Implicit Functions Theorem that, locally around the
trajectory u = u(t, x, Yoo )-

invertible, it follows from

Hence, system (8) - (10) writes

&= f(2, Vo0, u(t, T,100)), Voo = F1 (2, oo, ult, 2, o0 ).
(31)

The dynamics and the criterion Js are both independent of
uy. Hence, every control u, is optimal, which contradicts

(24).

The fact that Ay = 0 means that the leader does not
take into account the rational response of the follower
represented by the evolution of the costate vector ¥, to
minimize his own criterion Js. The Stackelberg strategy
with a closed-loop information structure seems to lose
globally its hierarchical structure. In fact the condition
(30) indicates that, if the criterion of the follower depends
on u, then the leader is able to impose to the follower
a desired control. Even though the hierarchy seems to
disappear, the leader is omnipotent with respect to the
follower. To a certain extent, this could justify using Nash
strategy in Limebeer et al. [1994] for a mixed Hs2 / Heo
problems.

3.7 Computation of the optimal control
Since the costate vector (Ai(ts),A2(tf),A°) = (0,0,A°)

must be nontrivial, up to normalizing, we next assume
A% =1.

From (24), we deduce the expression of the optimal control

W= -U"Cpz — U B AT

+0’U™' DY, Do Ry BL YL, (32)
Plugging this expression into the dynamics (8) yields
f=Az — S\AT — SopZ + Baws. (33)

According to (26), we obtain
)\1T = —AT)\lT — Qx — 0426:{0}3;13501/)30 = g7 (2, M\, Vs0).
(34)
The evolution of ¥ (10) reads now
oo = Flo (@, M, ¥o0) + F2 (2, M, oo )y, (35)
with FL(2,M1,%00) = FL(z,u* (2, M1, %), Yoo), and
F2 (20, t00) = FE (2,07 (2, M, ) o).
Since A2 = 0, the relation (27) yields the constraint
SEN = a?Sectvl — a®Boo Ry 'Cocr = 0. (36)
Remark 6. If « = 0, then the necessary condition (36)

becomes A\ So, = 0. In particular, taking into account
the transversality condition (29), the first and second
derivatives of this relation at ¢ = t¢ yield

{ 7T(11)Q80 =0, A
2T (t1)(QA — AQS) = wl (t7)BaQSme.

These conditions are additional constraints. The relation
(37) is a relation at time t; between the exogeneous
input wy and the state z. This necessary condition is
not generally verified all the more so since ws is in
general considered as a disturbance. In conclusion, the case
a = 0 does not lead to a relevant solution for the mixed

(37)
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‘Hz / Hoo problem. This result justifies the additional term
azonoRywoo in the criterion Jy associated with the Hs-
norm, which yields convexity with respect to the control
u whenever « # 0. In the sequel, we assume that o # 0.

Differentiating (36) with respect to ¢, it is clear that (36)
is equivalent to the following relations

#7(t5)Co = 0, (39)
P2 %BnglNRngoTo = (égS’m—Fgo—de;).
(39)

The relation (38) implies that every x is not necessarily
the starting point of an optimal trajectory. The initial
state xy of an optimal trajectory must belong to a rso-
codim subspace of R", where ro, = rank C,. The con-
straint (39) leads to

ou*

~ —1 —
FOQO%BOO = VB (BLBx) R,N'R,, (40)
and hence
-~ Ou* _ _
25— €vBu(BLBx) 'R,NT'R,(BLBx) 'BL

+ (KerBZ)" . (41)

Even though the optimal trajectory is unique, the expres-

sion for in not unique.

x
Remark 7. wy is not the action of one player, but a

and f, the control u*(t, x)

does not depend on this input ws.

Remark 8. To facilitate the research of the optimal con-
trol, a restricted class of w*(¢,y) can be imposed. By
choosing an affine representation (see Papavassilopoulos
and Cruz [1979]) of u*(t,y)

u*(ty) = uy (y —2(t)) +u(t),

it is possible to avoid the exact computation of

disturbance. Contrary to

(42)

*

on
T

the optimal trajectory x(¢).
3.8 Solving by Riccati equation

From (36), and by assuming that B is of full rank,
1 - _
Yoy = (—2)\18 - xTCfo)N*RV(BZOBOO)*lBZO. (43)
«
Plugging this relation into (33) and (34), we obtain

&(t) = At)z(t) — SN (t) + Bawa(t),
M (1) = =Q(t)a(t) — AT(D)AT (1).

(44)
(45)

Similarly to LQ problems, it is possible to express A;(t) in
the form
M) = Ki(t)x(t) + ha(t). (46)

Indeed, it is clear that if the matrix K;(¢) € R"*™ and the
column vector hq(t) € R™ verify

Ki(t)=—K (t)A(t) — At)T K, (t)

—Q(t) + K1 (t)S(t) K1 (t), (47)
hi(t) = —K1(t)S(t)hy(t)
+AT (t)hl (t) + K1 (t)BQU)Q (t), (48)

with boundary conditions

Ki(ty) =0, M(ty) =0, (49)
then A;(t) defined by (46) solves the differential equation
(45) and the boundary condition (29). Equation (47) is a
standard Riccati equation, which can be linearized using
Radon’s Lemma (see Abou-Kandil et al. [2003]). For a
given input ws, both equations (47) and (48) can be solved
by backward integrating from final conditions (49).

4. SUFFICIENT CONDITIONS

In order to obtain sufficient conditions for this problem,
some well known facts of conjugate times theory are next
recalled (see for example [Bonnard et al., 2006, chapter 9]
for more details).

Definition 9. The variational system

d ox B A -8 ox
i (o) =20 ) ()

is called Jacobi’s equation. The Jacobi’s field J(t) =
(62T (t),5M1(t)) is a nontrivial solution of (50).

(50)

The transition matrix associated with (50) is denoted ¢(t),
and

(5(;?(8) ) =o(t) ( 5(;:%(?3) ) - {2; g% fﬁig } ( 6(;:%(?3)() )
51

Definition 10. The first conjugate time t¢. is the first
positive time for which there exists a Jacobi field such
that dz(0) = dx(t.) = 0.

This is equivalent to rank ¢s(t.) < n.

The following results are standard in LQ theory (see
[Bonnard et al., 2006, chapter 9]).
Proposition 11. The first conjugate time ¢. corresponds to
the first finite escape time of the Riccati equation (47).
Proof of Proposition 11. The solution of the Riccati equa-
tion (47) is given by

Ka(t) = 6a(0)65 (1), (52)
The first conjugate time ¢ is the first time at which ¢2(t..)
is not invertible, that is, || K1 (¢)|| — +oo, when t — ..
Proposition 12. The solutions of Pontryagin Minimum
Principle are optimal before their first conjugate time. The
control (32) with A;(¢) given by the Riccati equation (47)
is optimal if and only if this equation admits a well defined
solution on [0, t/].

Thanks to these results the necessary conditions are also
sufficient. Before the first conjugate time, the optimal

control -if it exists- is unique. Actually, if () is nonnegative,
then the following additional properties hold.

Proposition 13. If Q > 0, then the solution K7 (t) of (47)
is symmetric and nonnegative.

Proof of Proposition 13. See [Abou-Kandil et al., 2003,
Theorem 4.1.6], observing that K;(t;) = 0, S > 0 and
Q> 0.

Proposition 14. If Q > 0, then t, = +oc.

Proof of Proposition 14. It is sufficient to apply [Abou-
Kandil et al., 2003, Corollary 3.6.7, Example 3.6.8], ob-
serving Ky (tf) =0, Q@ > 0 and S > 0.
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Proposition 15. If Q > 0, and if K (t) converges to a limit
K?° when t — 400, then ([l — SKfO) is stable.

Proof of Proposition 15. Taking the limit in (47) leads to
the Lyapunov equation
K®(A-SK®)+(A—SK®)TK® = —Q—KX®SK® < 0.

(53)
The result follows because K{° is symmetric and nonneg-
ative.

In general, we do not know whether Q is nonnegative or
not. In the scalar case however we are able to prove the
following result.

Proposition 16. In the scalar case, 7 =n =1, my = mg =
land roo =12 =1, Q is nonnegative.

Proof of Proposition 16. Let 3 = DL Do, and n = Day,,
the matrix Q writes

Q=[C CLDR;' | M [vagicm} . (54)
where
20432 B g
M = R, {R_ —77] .
y

04262 04262
24— ) (2 +2 =1
(4 ) (#+2)

5. CONCLUSION

This paper analyzes the mixed Ha/Hoo control for a
multi-channel system. The framework used is the Stack-
elberg strategy with a closed loop information structure.
This strategy is well adapted to manage several criteria
with different hierarchical roles. Necessary conditions are
provided and lead to a differential Riccati equation. It
is emphasized that the Stackelberg strategy globally de-
generates, due to the omnipotence of the leader. Using
conjugate times theory, sufficient conditions are given in
terms of finite escape time for the solution of the Riccati
equation.
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