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Abstract:

In this paper, the linear least-squares estimation problem of signals from correlated uncertain
observations coming from multiple sensors is addressed. It is assumed that, at each sensor,
the signal is measured in the presence of additive white noise and that the uncertainty in the
observations is characterized by a set of Bernoulli random variables which are only correlated
at consecutive time instants. Assuming that the probability and correlation of such variables
are not necessarily the same for all the sensors, a recursive filtering and fixed-point smoothing
algorithm is proposed. The derivation of such algorithm does not require the knowledge of the
signal state-space model, but only the covariance functions of the processes involved in the
observation equation of each sensor, as well as the probability and correlation of the Bernoulli
variables modeling the uncertainty. Recursive expressions for the estimation error covariance
matrices are also provided, and the performance of the estimators is illustrated by a numerical
simulation example wherein a signal is estimated from correlated uncertain observations coming
from two sensors with different uncertainty characteristics.

1. INTRODUCTION

There are many practical situations concerning the estima-
tion of signals from measurements coming from different
multiple sensors. For example, in engineering applications
involving communication networks with a heavy network
traffic, the measurements available may not be up-to-date
and so, the signal is estimated from delay observations
coming from multiple sensors (see e.g. Matveev and Savkin
[2003] and Hounkpevi and Yaz [2007], among others).

There is also a large class of real-world problems where
the signal appears in the observation in a random manner,
such as problems where there are intermittent failures in
the observation mechanism, fading phenomena in propa-
gation channels, target tracking, accidental loss of some
measurements or data inaccessibility during certain times.
These situations are characterized by the fact that the
signal is not always present in the observations but there
exists a positive probability that the observations do not
contain the signal. This consideration is modeled including
in the observation equation not only an additive noise,
but also a multiplicative noise consisting of a sequence
of Bernoulli random variables taking the value one if the
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observation contains signal plus noise, or the value zero if it
is only noise (uncertain observations). Assuming that the
state-space model is completely known, the least-squares
(LS) estimation problem in this kind of systems has been
studied by several authors under different hypotheses on
the processes involved in the state-space model (see Her-
moso and Linares [1995] and NaNacara and Yaz [1997],
among others). On the other hand, considering that the
state-space model of the signal is not available, but only
the covariance functions of the processes involved in the
observation equation and the probability that the signal
exists in the observations are known, the LS estimation
problem has been also addressed (see e.g. Nakamori et al.
[2003] and Nakamori et al. [2004]). In the above papers,
the variables modeling the uncertainty in the observations
are assumed to be independent, so the distribution of the
multiplicative noise is fully determined by the probability
that each particular observation contains the signal. More
general situations, in which such independence assumption
is not valid since the variables modeling the uncertainty
are correlated at consecutive instants, have been previ-
ously considered by Jackson and Murthy [1976] who, using
also a state-space approach, derived a LS linear filtering
algorithm which provides the estimator at any time from
those in the two preceding instants. This situation has
been also treated in Nakamori et al. [2005a] and Nakamori
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et al. [2005b] under a covariance approach and filtering
and fixed-point smoothing algorithms have been derived
for this uncertain observation model.

Taking into account the model studied by Hounkpevi and
Yaz [2007] about the estimation of signals considering
multiple delayed sensors with different delay characteris-
tics, the aim of this paper is to approach the estimation
problem of signals from correlated uncertain observations
coming from multiple sensors with different uncertainty
characteristics. Recursive algorithms for the filtering and
fixed-point smoothing estimators are proposed together
with recursive formulas to calculate the corresponding
estimation error covariance matrices (as a measure of the
estimation accuracy). To derive them, it is assumed that
the state-space model of the signal to be estimated is not
known, but only the covariance functions of the signal
and noise processes involved in the observation equations
of each sensor, as well as the probability and correlation
of the Bernoulli variables modeling the uncertainty are
available.

2. PROBLEM STATEMENT

In this section, the least-squares (LS) linear estimation
problem of an n-dimensional discrete-time random signal,
2k, which cannot be directly observed but only through
observations coming from m different sensors, is formu-
lated. Suppose that, at each sensor, there exist intermit-
tent failures in the measure mechanism which cause that,
at each sampling time, the signal may be present or not
in the observation in a random way. First, the observation
model for these measurements and the hypotheses about
the signal and noise processes are described.

2.1 Observation model

Consider m sensors which at any time k > 1 provide scalar
measurements of an n-dimensional signal, zp, perturbed
by additive noises and assume that each measurement can
be only noise with a known probability. So, if yi, i =
1,...,m denote the available observations, v,i is the noise
perturbing the signal transmitted by the i-th sensor, and
1—pi is the false alarm probability (that is, the probability
that only noise is observed or, equivalently, that y; does
not contain the transmitted signal), the observations are
specified as
i [ Hiz,+wvi, with probability pt
Ye = vl with probability 1 — pi.

Therefore, if {~vi; k > 1}, i=1,...,m denote sequences
of Bernoulli random variables (binary switching sequences
taking the values 0 or 1) with Py, = 1] = pi, the
observations of the signal can be described by

i =~ Hlz+vl, E>1, i=1,...,m. (1)

Thus, at the i-th sensor, the observations {ylk, k> 1} are
perturbed by a multiplicative noise, {7,1; k> 1}, which
models the uncertainty about the signal being present

in each observation (this is called the uncertainty of the
observation).

The estimation problem will be carried out by assuming
that the signal to be estimated, {zx; & > 1}, is a zero-
mean process with covariance function admitting a semi-
degenerate kernel form, E[z2l] = AyBT, s < k, where
A and B are known n X M matrix functlons7 and the
additive noises, {vi; k > 1}, i =1,...,m, are zero-mean
white processes with known variances Var[vi] = R, for
all k > 1. Moreover, the signal process, {zx; k > 1}, and
the noise processes, {vi; k > 1} and {v;; k > 1}, for
1 =1,...,m, are mutually independent.

It is also assumed that, at each sensor, the uncertainty
in the observation at time k& depends on the uncertainty
at time k& — 1, but it is independent of uncertainties at
times previous to k — 1; this is formulated by imposing the
stochastic independence of the Bernoulli variables 'y,i and
vt when |k — s| > 2.

To simplify the notation, (1) is rewritten in a compact
form as follows:

Ye = D] Hpzi, + Vi, k> 1, (2)
1 m\ 7T N\NT T\ T
where Yy = (yb,...,95") , Hr = ((HD,...,(HM")",
D} = Diag (’7]};7“'7’7]?1)7 Vi = (U,L..wv,’c")T and, from

the model hypotheses, the following properties hold:

(¢) The m-dimensional process {Vi; k > 1} is a zero-
mean white sequence with covariance matrix function
EWViVI]l = Ry = Diag (R}, ..., R).

(it) The random matrices D] and D] are indepen-
dent for |k —s| > 2. The mean of D] is D} =

Diag (p,lc,...,p}f) and the covariance of D] and
Dy_,, which can be a nonzero matrix, is K/, | =

Diag (E[vi k-1 =PiPh—1 - -» B —pipity )
(ii7) {zk; k > 1}, {Vi; k > 1} and {D}]; k > 1} are
mutually independent.
2.2 Linear LS estimation problem
Given the uncertain observations {Y1,..., Y}, L > k, the

aim is to find a recursive LS linear estimator, 2, of the
signal zi. As known, this estimator is the orthogonal pro-
jection of the vector zj onto £(Y7,...,Yr), the linear space
spanned by {Y1,...,Y.}. Since the observations are gener-
ally nonorthogonal vectors, we use an innovation approach,
based on an orthogonalization procedure wherein we trans-
form the observation process {Yy; k > 1} to an equivalent
one (innovation process) of orthogonal vectors {v; k > 1},
equivalent in the sense that each set {v1,...,vr} spans the
same linear subspace as {Y1,...,Y.}.

The vector Vks named innovation at time k, is deﬁned as
v =Y, — Yk/k 1 where YI/O = 0 and, for k > 2, Yk/k 1,
the one-stage linear predictor of Yy, is the pI‘OJeCthH of Yy
onto L(v1,...,vk—1); the orthogonality property allows us
to find this projection by separately projecting onto each
of the previous orthogonal vectors; that is,

k—1
Yieor = Y BNV [(Elvf )y, k=2 (3)
j=1

In a similar way, the replacement of the observation
process by the innovation one leads to the following
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expression for the LS linear estimator of the signal

L
Zk/L = Zsk,jnj_l’/ja (4)
j=1
where Sy ; = Elzv]] and 1I; = Elvv]]. In view of

expression (4), we will start by obtaining an explicit
formula for the innovations. Afterwards, we will derive
recursive formulas for the filter, zj/,, and for the fixed-
point smoother, z/r, L > k.

3. INNOVATION PROCESS

When, for each i = 1,...,m, the Bernoulli variables
{7%; k > 1} modeling the uncertainty at the i-th sensor
are independent, all the information prior to time & which
is required to estimate y{ is provided by the one-stage
predictor /1 (see Nakamori et al. [2003] and Nakamori
et al. [2004]). However, for the problem at hand, the
correlation between 'yi_l and vi, which must be considered
for such estimation, is not contained in Zj,_;. Therefore,
to obtain the current innovation vy, it is necessary to find
the new expression for the one-stage predictors of y,i, or
equivalently for the one-stage predictor (3).

Taking into account the model hypotheses,

EYwwl) = DVHLE[zvf],  i<k—2
and

B = E[CIZCIZTJ OA(HkAkBIZL1HI£1)

*DZHkE[ZkYkT—Uk—QL k> 2,
where C} = Col(v},...,7") and o denotes the Hadamard
product ([A o Bl;j = A;jB;j). Substituting these expres-
sions in (3), we obtain

k—1
Yk/k—l = DZH]CZE[Z]CI/ZT]H,L_IZQ
i=1

+EIC] G o (HiArBl_ Hi_ I vy

—D HkE[ZkYk 1]1_[ _1Vk—1, k Z 2.

Since E[z YL ]
DYHElzp Yy ] =

and from E[CZCZTJ -
concluded that

= AyB}F  Hl |D? |, we have
(E[CYIEICRT)) o (Hy ArBi_ H[,)

ECYEICRL,] = KJ .y it is

i}k/k—l = DVYHyZ -1 + S0 k1, k>2 (5)
where
o (HyApBi_1Hi_y). (6)

From (5), the innovation is obtained as a linear combina-
tion of the new observation, the predictor of the signal and
the previous innovation; namely

ol _ Y
Ekk—1 =Ky ;4

Vk—Yk_D PHRZk k-1 — Srp—1 0 v, k> 2 (7)
=Y.

Next, a recursive expression is derived for the one-stage
predictor of the signal which, from (4), is given by

k—1
2k k-1 = Zsk,ini—ll/i~ (8)
i—1

To calculate Sy; = E[zv]], expression (7) for v; is
substituted in (8), obtaining

Ski = BlaY;" )= Elz2)),_1|H] DY — Elzwvi UL E],

and then, taking into account the hypotheses on the model
for E [2,Y;"] and (8) for Elzz]); ], we have that

i—1
Ski= AgBIHI'DF = "8, I ST HI DY
] 1
_Skl 1Hz l“zz 1 QSZSkv

Sk = ApBTHIDY.
This expression for Sy ; guarantees that
Ski=Ardi, i<k (9)
where J is a function satisfying
i—1
T ¢7T —1¢T 77T
Ji = Bl HI D! > g0 ST HI DY
j=1

—JaINET L 2<i <k (10)
Ji = BTHI D?.
So, if we denote
k
Oc=> Jilli'vi, k>1; Og=0 (11)
=1

it is clear, from (8) and (9), that the one-stage predictor
of the signal is given by

(12)

where, from (11), the vector Op_1 is obtained from the
recursive relation

Ok = Op_1 + Ji 1T} vy,

Zkjk—1 = ArOk—1

Next, we proceed establishing an expression for Jy. By
putting ¢ = k in (10) and taking into account (9), we
obtain

k—1

Jy = BLH{ DY = 11 gl AL DY,
i=1
— eI B

Then, by denoting
E[04Of] = ZJH Y k=1 ro=0,

Tk = (13)

we have
Jo = [Bf =1 AL HED
where, from (13), the matrix funct1on r satisfy the follow-
ing recursive relation
Tk = Th—1+ Jk-H,;ng, k>1;

-1 =T
— Ji— 1H —1%k,k—1

’I“Q:O.

Finally, an expression is obtained for the covariance matrix
of the innovation vy,

My, = B[] = B Ve 5]

From expressions (5) and (12) for the predictors Y}, Jk—1
and Zj/,_1, respectively, the hypotheses on the model
together with (13) lead to
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), = Pyo (HyAxBLHE) + Ry,
7DZH]€A]€’I‘]€_1A£H]?D£ — Ek,k—1H]:_11E£k_1
7D£Hk-AkE[Ok_1V]ZW_1]
—Epp—1 1 Blug1OF_JALHI DY, k> 2,

where
Pr o DLDR
by = oo (14)
pipL - PR

The expression of II; is then obtained by substituting
E[O_1vL ] = Jk_1, which follows from the recursive
relation for Oy _1, taking into account that the vector Oy_o
is orthogonal to v_1.

All these results are summarized in the following theorem.

Theorem 1. The innovation process associated with the
observations given in (2) satisfies

v = Y, — DVHRAOg—1 — g1y veo1, k> 2
vy = Y1
(15)
where Zj ;_1 is given in (6), and the vectors Oy are
recursively calculated from
Op = O—1 + LI 'y, k>1; Op=0  (16)
with
Jo = [BY =1 AL HEDY — o a1 ED L, k> 2
J1 = B{ H{ D}
(17)
and
M), = Ppo (HyALBf HF) + Ry,
—DinAm—lAf{fng?i — ket I R
—Dy Hp AT, E o
S I T AL HEDY, k> 2
I, = Po(H A BI'HI) + Ry,
(18)
where Py is given in (14) and r verifies

T = i1+ JI NI, k> 15 r = 0. (19)

4. FIXED-POINT SMOOTHING ALGORITHM

In the following theorem we present the recursive formulas
for the filter 2}, and the fixed-point smoother z;,r,, for
L>k.

Theorem 2. The filtering and fixed-point smoothing esti-
mates of the signal z; verify

Zk/L = Zk/L-1 + Serltvr, L >k

20

Zijk = ArOk (20)
where the innovation vy, and the vector Oy are both given
in Theorem 1.

The matrices S, are calculated from

Sk,L=[Bx—Ex,.1] ALH] D} =Sk .1 BT 1y, L>k;
Ske= ArJi

(21)
where Ej, 1, satisfy

Epr=Epp 1+ Sp I L L>k;

22
Ek,k = Ak”f’k. ( )

Proof. The recursive relation for the fixed-point smoother,
Zk/r, L > k, is immediate from the general expression
of the linear estimators (4). This expression for L = k,
together with (9) and (11), provides also the formula for
the filter, which constitutes the initial condition for the
smoothing algorithm. Then, we only need to prove (21)
for Sy 1 = E[zxv}]] and (22) for Ej .

Using (15) for vy, and since E[z, Y] = ByATHET DY | we
obtain
Sk, = [Br — E[zkof_ll]} ALH DY
T =T
_E[ZkVLfl]HLflzL,Lfl'

This expression leads to (21), just by denoting Ej =
E[z,OT]. From (9), the initial condition in (21) is imme-
diate.

Finally, the recursive relation (22) is obtained from (16).
Its initial condition is derived taking into account that,
from the orthogonality, E[2;OF] = E[z /kOZ], and using
the expression of the filter and (13). O

The performance of the filtering and fixed-point smoothing
estimates can be measured by the estimation errors z; —
Zr/r, L > k and, more specifically, by the covariance
matrices of these errors,

Sip=E [(zk — Ziy2) (2 — Ziy0) "] -

Next, a recursive formula to obtain X/, is derived from
the filtering and fixed-point smoothing algorithm proposed
in Theorem 2.

Since the error zj — 2,1, is orthogonal to the estimator
Zi/L, it is easy to verify that

Se/p = Elznzi | — E {Ek/ng/L}

and, taking into account that vz and Zj —1 are orthogo-
nal, equation (20) for zj,;, leads to

Skp = Sk/n-1— Skl SEL, L> k. (23)
The initial condition for this equation is immediately
derived from the filter expression,

Sk = A [BE — AL (24)

5. EXAMPLE: SCALAR SIGNAL ESTIMATION

This section shows a numerical simulation example to
illustrate the application of the recursive algorithm pro-
posed in the current paper. To show the effectiveness
of the proposed estimators, a program in MATLAB has
been run, simulating at each iteration the signal and the
observed values and providing the filtering and fixed-point
smoothing estimates, as well as the corresponding error
covariance matrices.

Consider a zero-mean scalar signal {zj; k > 1} with auto-
covariance function given by

E[z,2T] = 1.025641 x 0.95*7%, s <k,

which is factorizable according to model hypothesis taking
A =1.025641 x 0.95%, B, = 0.957F.
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For the simulation, the signal is supposed to be generated
by the following first-order autoregressive model

Zk+1 = 0.952 + wy

where {wy; k > 1} is a zero-mean white Gaussian noise
with Var [wg] = 0.1, for all k.

Consider two sensors whose uncertain measurements,

~i i i

Yp ="k T U, 1=1, 2
are perturbed by independent additive zero-mean white
Gaussian noises, {Ulk; k> 1}, with constant variances for

all k, Var [v,ﬁ] = 0.5 and Var [v,ﬂ =0.9.

Now, in accordance with our theoretical study, it is as-
sumed that, at any time instant & > 1, the uncertainty
of each sensor at time k is correlated only with the uncer-
tainty at time k— 1. To model this uncertainty we can con-
sider, for example, two independent sequences {9};; k>1},
t =1, 2, of independent Bernoulli random variables with
constant probabilities, P [ L= 1] =0;, Vk > 1, and define
Ve =01 (1—04), k=1
So, the variables 7}; are also Bernoulli random variables
and, since 0}; and 0% are independent, 'y,i and 4! are also
independent for |k — s| > 2. The common mean of these
variables is p* = 0;(1 — 6;) and its covariance function is
given by
i Y™ i 0, |k —s[>2
Elly, = p" ) —p")] = { _(pi)2’ |k —s|=1.

Since the mean and covariance functions of the variables
7} are the same if the value 1 — 6; is considered instead of
0;, only the case 6; < 0.5 is examined here. Next, we show
and compare the results obtained, using different values of
the parameters 6;.

First, to compare the effectiveness of the proposed filtering
and fixed-point smoothing estimators, one hundred itera-
tions of the respective algorithms have been performed
considering different values of #; and 63, which lead to
different values of the false alarm probabilities 1 —p = 1 —
0;(1 —6;), i = 1,2; on the one hand, we consider 6; =
0.1, 65 = 0.3 and, on the other, #; = 0.3, 5 = 0.5. Also,
for these values, the error variances of the filtering and
fixed-point smoothing estimators have been calculated.

Fig. 1 displays the filtering error variances, X/, and
the fixed-point smoothing error variances, /42 and
Y /k+10- This figure shows, on the one hand, that the
error variances corresponding to the fixed-point smoothers
are less than the filtering ones and, on the other, that
as the values of #; and 65 increase (and, hence the false
alarm probabilities decrease in both sensors) the error
variances are smaller and consequently, the performance of
the estimators is better. From this figure, it is also deduced
that the accuracy of the smoother at each fixed-point k is
better as the number of available observations increases.

Next, we study the filtering error variances, X/, and
the fixed-point smoothing error variances ¥ 110 for a
constant value 6; = 0.5 and 65 varying from 0.1 to 0.5; the
results are given in Fig. 2. From this figure it is gathered
that, when the false alarm probability of one of the
sensors is fixed (6, fixed) and the false alarm probability
of the other increases (62 decreases), the error variances

1 T T T T
-+ Filtering error variances Zk/k

— . Fixed-point smoothing error variances X
— - Fixed-point smoothing error variances X,

k/k+2
k/k+10
091 - B

6,=0.1, 62=0.3

08F 1\ 0,=0.3,0,=0.5 4

Fig. 1. Filtering and fixed-point smoothing error variances
for 91 = 0.1, 92 = 0.3 and 91 = 0.3, (92 =0.5

become greater and, consequently, the performance of the
estimators is worse.

T T T T T T T
.. Filtering error variances Zk/k with 91:0.5 fixed and 62:0.1, ., 05
— . Fixed—-point smoothing error variances X, with 91=0.5 fixed and 92=041, .., 05

k/k+10

0,701 0,702 0,=0.4 0,205

0.3 I I I I I I I I I
0

10 20 30 40 50 60 70 80 920 100

Fig. 2. Filtering and fixed-point smoothing error variances
for constant #; = 0.5 and 6 varying from 0.1 to 0.5

Finally, we study the filtering error variances, ¥ i, when
both #; and 6, are varied from 0.1 to 0.5. It must be
noted that such error variances stabilize around a constant
value; for this reason, Fig. 3 displays the filtering error
variances Xg9/100 versus 01 (for constant values of 63)
and Fig. 4 shows these variances versus 6, (for constant
values of 07). From these figures it is gathered again that,
as the false alarm probability of both sensors increases, the
filtering error variances become greater and, consequently,
the performance of the estimators is worse.
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0.9

T T
<+ Filtering error variances X.
—— Filtering error variances X
0.85F . —e - Filtering error variances X
2 F!Iter!ng error var!ances 2100/100. 62=
—e— Filtering error variances 2100/100. ,=0-

0.8} e E

0,=0.1

T
100100" %27
100/100" "2

100/100" "2 ]
0.4

0.1 0.2 0.3 0.4 0.5
Probability 91

Fig. 3. Filtering error variances X1g0/100 versus 61 with 62
varying from 0.1 to 0.5

0.9

I T
+ F!Iter!ng error var!ances 2100/100, (-)1=0,1
—— Filtering error variances 2100/100, 91=042
0.85F . —e - Filtering error variances Z, 001100 04703 H
x . Filtering error variances 2100/100, ew= .
—e— Filtering error variances 2100/100, e1=0A5

08l T d

Probability 92

Fig. 4. Filtering error variances X109/100 versus o with 6;
varying from 0.1 to 0.5

6. CONCLUSION

In this paper, a least-squares linear filtering and fixed-
point smoothing algorithm is proposed to estimate signals
from correlated uncertain observations coming from multi-
ple sensors with different uncertainty characteristics. This
is a realistic assumption in situations concerning sensor
data that are transmitted over communication networks
where, generally, multiple sensors with different properties
are involved.

The uncertainty in each sensor is modeled by a sequence of
Bernoulli random variables which are correlated at consec-
utive time instants. A real application of such observation
model arises for example in signal transmission problems
where the sensors may fail and, consequently, there is
no signal to transmit; however, at the transmitting end,
this failure is immediately detected and the old sensor is

replaced, so the signal cannot be missing in two successive
observations.

Using an innovation approach, the estimation algorithms
are derived without requiring the knowledge of the signal
state-space model, but only the covariance functions of the
processes involved in the observation equation, as well as
the probability and correlation of the Bernoulli variables
modeling the uncertainty in each sensor. To measure the
performance of the estimators, the filtering and smoothing
error covariance matrices are also provided.

To illustrate the theoretical results established in this
paper, a simulation example is presented, in which the
proposed algorithm is applied to estimate a signal from
correlated uncertain observations coming from two sensors
with different uncertainty characteristics.

A natural extension of the observation model studied
in this paper is to consider that the uncertainty in the
observation at time k£ depends on the uncertainty at times
k—1,...,k —r, where r is an arbitrary positive number,
but it is independent of the uncertainties at times previous
to k — r; this is modeled by assuming that the Bernoulli
random variables vi and ¢ are correlated when |k—s| <r
and independent when |k — s| > r.
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