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Abstract: In this paper, a new fault detection (FD) scheme is studied for non-Gaussian
stochastic dynamic systems using output probability density functions (PDF's). Different from
the classical FD problems, the measured information is the PDFs of system output rather
than its value, where the B-spline expansion technique is applied so that the considered FD
problem is transformed into a nonlinear FD problem. In this context, feasible FD method is
presented by combining linear matrix inequality (LMI) technique with augmented Lyapunov
functional, which involves a tuning parameter and a slack variable. Furthermore, in order to
improve the detection sensitivity performance, an optimal algorithm is applied to minimize the
threshold by tuning the parameter. Simulation for a model in the paper-making process is given
to demonstrate the efficiency of the proposed approach.

1. INTRODUCTION

The fault detection (FD) is important topics in systems
engineering from the viewpoint of improving system reli-
ability. In past two decades many significant approaches
have been presented and applied to practical processes
successfully (P. M. Frank, S. X. Ding [1997], W.T.Chen, M.
Saif [2006]). In general, the FD results can be classified into
three types. The first type is the filter-or observer-based
approaches, where filters are used to generate residual
signals to detect and estimate the fault in R.H.Chen et al
[2003]. The second type is the identification-based FD
scheme, where the identification technique is applied to
estimate the model parameter changes of system in M.
Basseville, I. Nikiforov [2002]. The third type is the sta-
tistic approach, where the Bayesian theory and likelihood
methods can be used to evaluate and fault signals in P.
Li [2001]. For the dynamic stochastic systems, the filter-
based FD approach has been shown as an effective way
where generally the variables are supposed to be Gaussian
in R.H.Chen et al [2003] and J. Liu et al [2003]. However,
in many practical processes, non-Gaussian variables exist
in many stochastic systems due to nonlinearity, which may
posses asymmetric and multiple-peak stochastic distribu-
tions.

On the other hand, along with the development of
advanced instruments and data processing technique, the
measurements for feedback can be the stochastic infor-
mation (which can be described by PDFs) of the system
output rather than the output itself (H. Wang [2000]).
Typical examples include the retention of paper making,
particle distribution, combustion process with flame grey-
level distribution in H. Wang [2000]. Fig. 1 shows the
combustion process, where the remote monitoring and
control of combustion systems are mainly based on the
image analysis of flame characteristics or temperature dis-
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Fig. 1. Grey-level distribution of the flame image

tribution. The flame geometry and intensity can thus be
considered as stochastic processes, whose distributions are
obtainable by modern infrared sensors and signal process-
ing techniques (see H. Wang, W. Lin [2000]). The shape of
the grey-level distribution of the flame image is the control
and detection target, and the control can be completed
through a networked system. Motivated by such typical
examples, a new group of strategies that control the shape
of PDFs for stochastic systems have been developed in the
past a few yeas (see H. Wang [2000], M. Karny [1996]).
Different from any other previous stochastic control ap-
proaches, the stochastic variables are not confined to be
Gaussian and the output PDFs of the stochastic system is
concerned rather than the mean or variance of the output.

In output PDF's shape control, B-spline expansion tech-
nique has been introduced in the output PDFs modeling
in L. Guo, H. Wang [2004], L. Guo, H. Wang [2005].
The motivation of FD via the output PDFs from the
retention system in papermaking was first studied in H.
Wang, W. Lin [2000], where the weight dynamical system
was supposed to be a precise linear model. However, lin-
ear mappings cannot change the shape of output PDFs,
which implies that the fault cannot be detected through

10.3182/20080706-5-KR-1001.1462



17th IFAC World Congress (IFAC'08)
Seoul, Korea, July 6-11, 2008

the shape change of the PDFs. To meet the requirement
in complex processes, nonlinearity should be considered
in the weighting dynamic behavior. Recently, a kind of
observer-based FD algorithm has been established in L.
Guo, H. Wang [2005], where the nonlinear weighting
system was considered. However, for some cases, the fault
can’t be detected by using the algorithms in L. Guo, H.
Wang [2005] since the threshold is larger than residual
evaluation function. To improve the previous results, in
this paper, firstly, square root B-spline expansion tech-
nique is applied to model the PDFs so that the concerned
problem is transformed into a nonlinear FD problem.
Secondly, LMI-based solution is presented such that the
estimation error system is stable and the fault can be
detected through a threshold. Moreover, the threshold
can be minimized by introducing the tuning parameter
and slack variable, which leads to less conservative FD
algorithms than ones in L. Guo, H. Wang [2005]. Finally,
paper-making process example is given to demonstrate the
applicability of the proposed approach.

2. PROBLEM FORMULATION

In this section, firstly, we briefly review square-root B-
spline approximation technique presented in L. Guo, H.
Wang [2005], which is used to formulate the output PDFs
with the dynamic weight and is essential in solving our FD
problem.

For a dynamic stochastic system, its output PDFs is
defined by v(z,u(t), F'), where u(t) € R™ is control input,
F is the fault vector to be detected, a typical example
of which is an actuator fault. In L. Guo, H. Wang [2005],
Y. M. Zhang et al [2006], some B-spline models have been
used to approximate y(z, u(t), F'). In this paper, we use the
following square root B-spline model

V(e (), F) =) vilu, F)bi(z) (1)
=1

where b;(2)(i = 1,2, ...,n) are pre-specified basis functions
defined on [a,b], and v;(u(t), F)(i = 1,2,...,n) are the
corresponding weights of such an expansion. Denote
Bo(z) = [b1(z) b2(z)-+ bn-1(2)]
V() =V (u(t),F)=1[vy va--+ vp-1]"
and let

b b
A = /Bo(z)Bg(z)dz, Ay = /Bg(z)bn(z:)dz7
b

A3 = /bi(z)dz 7& 0, AO = A1A3 - AQA;

Furthermore, it can be verified that (1) can be rewritten
as (see L. Guo, H. Wang [2005] for details)

vz u(t), F) = BT(2)V(t) + h(V()bn(2)  (2)

Az
As

where

B7(2) = Bj(2) = 1= ba(2),

_ VA3 = VT () AV (t)

hV (1) i (3)

Different from the linear or rational B-spline model in H.
Wang [2001], the following square root B-spline model
with an approximation error will be adopted

VA(zu(t), F) = BT (2)V(t) + h(V (£)bn(2) + w(z, u, F)
(4)

w(z,u, F) represents the model uncertainty or the er-
ror term on the approximation of PDFs and satisfies
| w(z,u, F) |< 4, for all {z,u(t), F'}, where ¢ is assumed to
be a known positive constant.

Secondly, we find the relationship between the input and
the weights related to the PDFs, which corresponds to a
further modeling procedure. Apart from several systems
in the wet end of paper machines studied in H. Yue, H.
Wang [2003], H. Wang [2001], an example is the particle
size distribution control in chemical engineering, where the
product quality is characterized through the PDFs of par-
ticle size. However, most published results only concerned
linear precise models, while practically the relationships
from control input u(t) to weight vector V'(¢) should be
nonlinear dynamics and subjected to some uncertainties.
As such, the following nonlinear dynamic model will be
considered in this paper

z(t) = Az(t) + Gg(z(t)) + Hu(t) + JE(t) 5

V(6) = Ealt) (5)
where z(t) € R™ is the unmeasured state, F'(¢) is the fault
to be detected. A, G, H, J and E represent the known
parametric matrices of the dynamic part of the weight
system. In fact, these matrices can be obtained either
by physical modeling or the scaling estimation technique
described in H. Wang [2001]. in addition, similarly to L.
Guo, H. Wang [2005] and L. Guo, H. Wang [2005], the
following assumptions are needed

Assumption 1. For any x1(t) and x2(t), g(x(t)) satisfies
9(0) = 0 and

[ g(21(t)) — g(z2(t)) [[<]| Ua(21(t) —22(8)) || (6)
where U, is a known matrix.

Assumption 2. There is a known matrix Uy, for any Vi (t)
and Va(t), h(V(t)) denoted by (3) satisfies the followng

condition

1R (Vi(2)) = h(Va()) [[<]| Ur(Vi(t) = Va(@) | (7)

where || - || is denoted as the Euclidean norm.

Remark 1. Inequalities (6) and (7) actually can be guaran-
teed by the property of functions h(V (t)) and g(z(t)) and
the boundedness of V(¢), which is typically required in
the literature on FD for nonlinear systems, e.g., B. Jiang,
F. N. Chowdhury [2005], B. Jiang, F. N. Chowdhury
[2005]. The assumptions condition will be help to simply
the design algorithms later on.

Generally speaking, a fault-detection system consists of
a residual generator, and a residual evaluator including an
evaluation function and a threshold.
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Fig. 2. The classical residual generator

2.1 residual generator

For the purpose of residual generation, we construct the
following nonlinear filter

i(t) = Ai"(t) + Gg(#(t)) + Hu(t) + LE(Y)
£(0) = / (Wu VA ds
VA2, ult L(t) + h(EL(t))bn(2)

where Z(t) is the estlmated state, L € R™*P is the gain
to be determined and o(z) € RP*! can be regarded as a
pre-specified weighting vector defined on [a, b].

Remark 2. The classical residual generator design meth-
ods (such as J. Stoustrup, N. N. Niemann [2002], Q. Zhao,
Z. Xu [2004], M.Y. Zhong et al [2003]) is formulated
in Fig. 2. Different from the classical residual generator,
residual £(t) in (8) is formulated as an integral with respect
to the difference of the measured PDF's and the estimated
PDFs.

By defining e(t)
can be described

= z(t)—(t), the estimation error system
é(t) = (A — LTy)e(t) + Glg(x(t)) — g(2(1))]
—LTo[h(Ex(t)) — h(EZ(t))] + JF(t) — LA(t) (9)
where

b

b
Iy :/O'(Z)BT(Z)EdZ, Iy = /U(z)bn(z)dz,

a
b

A(t):/a(z)w(z,u,F)dz

a

It can be seen that

§(t) =

From | w(z, u(t),
(z,u, F)dz ||[< 6,6 = 5/J(z)d,{12)

A ||f||/ /

Thus, the problem of designing filter-based fault detec-
tion, which is one of the main objectives of this work, can
be described as designing matrix L such that

=T1e(t) + Ta(h(Ex(t) — M(EZ(t))) + A(t) (11)
F) |<§, it can be verified that

b

e the error system (9) is asymptotically stable;
e The generated residual £(t) is as sensitive as possible
to fault F'(t).

2.2 residual evaluator

After designing of FD filter, the remaining important
task for FD is the evaluation of the generated residual. One
of the widely adopted approaches is to choose a so-called
threshold Jy, > 0 and, based on this, use the following
logical relationship for fault detection

[1E@®)|| > Jin = faults = alarm,
[1€)|| < Jun = no faults

From the above logical relationship, it is clear that the
fault detection sensitivity performance may be improved
by minimizing the threshold Jy,.

3. MAIN RESULT
Theorem 3. For the parameters \; > 0(i = 1,2) and

e, if there exist matrices P; > 0, P», R and constants
m > 0, n2 > 0 satisfying

I +m 1 I, I3 0
- * —eP] —ePy+ml 0 11y
II= . . 7o | <0 (13)
* * * —7
where
1
II, = PQTA—RI‘l +ATP2—FIRT+ )\2 ETUfUlE-i- )\2 Ug Us
HQ = EATPQ—EFIRT—FPl—PQT
H3 = [)\1RF2 )\QPQTG], H4 = [6)\1RF2 E)\QPQTG]

then in the absence of F, the error system (9) with gain
L = P; "R is stable and satisfies

le(®)]| < a = max {[le(O)]], (/)" (1 + )| RIId}
(14)
€)1 < 8 = @[Tl + [Tl [T ||| E1]) + & (15)

for t € [0, 00), where 4 is defined by (12).

Proof. Denote
., — | 1+ 1510 Iy
0= * —EP;—8P2+H74—H4
Using the Schur complement, it can be shown that II <
0 & My + diag{mI, noI} < 0. Define g := g(x(s)) —

g(i(s)), h := h(Exz(s)) — h(Ei(s)) and denote the Lya-
punov function candidate as follows
. t
ot)=e"(t)SPe(t) + /HI UrBe(s) |* — || h ||*)ds
1
0

t

+Ai3 / [ Tae(s) | — I 3 2)ds

0

(16)

where

s=[10]. =[5 0] et =[]

P >0, SP=P"S" >0
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Following (6) and (7) yields ®(t) > 0 for all arguments. It
is noted that e7(¢)SPe(t) is actually e”(¢)Pie(t). Hence,
differentiating €7 (¢)SPé(t) with respect to t gives

d ST > 9, T . 95T T e(t)
%{e (t)SPe(t)} = 2e (t)Pré(t) = 2" (t) P { 0 ]

On the other hand, in the absence of F(t), the state
equation (9) ensures that

at) == —é(t) + (A — LTy )e(t) + G§ — LTsh — LA(t) = 0
Then along the trajectory of (9) in the absence of F, it
can be shown that

(1) = 267 (1) P" [Z((?) }

+gmkuw2—nmm

<267 (H)Pyé(t) + 2¢7 (1) (Py A — Ry )elt)
“2e7 (1) PJé(t) — 267 (H)RA(L)
_2e¢T(DPYEt) — 2eeT () RA(?)
+2eé7 (t )(PQTA RI‘l) (t)
(1) 2 ETUTUEe(t)

1 -
+ 32l UiEe(t) 12 =1 Al
1

+e” (t)[A2P2 GG™ Py + MIRTSTT R )e(t)
+€7(1) [ N3Py GG™ Py + €2 \IRT,T'T R7Jé(t)

e(t) e(t)

<[] &7
—mlle(®)|l? —Wzﬂé(t)”2 +2/le(®|ll| RIS

+2[ellle@)[| ][0 )

< =2ymmnelle@®l|le@I] + 2(lle@)] + lellle@)IDI1R]6

where R = PyL. When [le(t)[| > [[e(t)]], if [le()]] >

(vVmm) (1 + leD||R|6, we have ®(t) < 0 .AWhen

e < [le@ll, if le(®)]] = (mmnz) = (1+[e])]| R[]0, then

D(¢) < 0. Thus, if lle®)|| = (v/mmz)~*(1+]e])||R||d occurs,

then ®(¢) < 0 holds.
Furthermore, from (11), it can seen that

— 27 (H)RA(t) — 2¢¢7 () RA(t)

) <ITo le) |+ I T2 I A+ 1 A@) |
<le@ AT+ T2 U HE D+ T AR

<a( T+ T2 [ ULl E 1)+ 0
where « is defined by (14). Therefore, it can be claimed
that (14), (15) always holds and the estimation error
system is stable. Q.E.D.

Remark 4. Theorems 3 is based on a newly proposed aug-
mented Lyapunov functional of form (16), which contains a
structure more general than the traditional ones as those in
L. Guo, H. Wang [2005] for involving é(t) in the first term
of (16). This new type of Lyapunov functional is beneficial
for minimizing the threshold later on.

By Theorem 3, we can obtain the following result, which
has been reported in L. Guo, H. Wang [2005] recently.
Corollary 5. For the parameters \; > 0(¢ = 1,2), if there
exist matrices P > 0, R and constant 7 > 0 satisfying

*

s (17)

where II5 = [MRTy Ay PJ @] then in the absence of F,
the error system (9) with gain L = PR is stable and
satisfies

|me5a:mw{wmm,mrmR|} (18)

1@ < B = eIl + T2 [T E]) +

for t € [0, 00), where 4 is defined by (12).

Remark 6. Tt is obvious that Corollary 5 is recovered by
setting 1 = 2nn, mp = 2n P, = P = P, £ = 0 in
Theorem 3, where n is any positive constant. So, Theorem
3 in this paper is an extension of the result in L. Guo, H.
Wang [2005].

(19)

In this case, we choose ||£(¢)|| and § as residual evalu-
ation function and the threshold respectively. From The-
orem 3, it is shown that the threshold 8 depends on the
value of 4 and «, where o can be tuned by the parameter
€. The sensitivity of the fault detection can be improved
through the following optimization problem:

min 3
Py, P2, R, m1, m2

subjected to (13)

Remark 7. Very recently, L. Guo, H. Wang [2005] pro-
vided a new fault detection criterion by using PDFs and
nonlinear filter. Compared with the threshold in L. Guo,
H. Wang [2005], the advantage in our note is that the
threshold  involve the tuning parameter ¢ and slack
variable P,. By tuning the parameter ¢ and matrix P,
the fault detection criterion in this note can provide less
conservative algorithm than the Theorem 1 in L. Guo,
H. Wang [2005], which can be seen from the numerical
example in section 4.

(20)

4. SIMULATION

An application of paper making process is given to
demonstrate the applicability of the proposed approach.
The basis functions are selected similarly to Y. M. Zhang
et al [2006] as follows:

B(z) = [b1(2), ba(2),...,b9(2)]",
bi(2) = exp(—(z — 2)%0; %), (i =1, 2,...,10)
z; =0.003 4+ 0.006(¢ — 1), 0; =0.003 (i =1, 2,...
Consider the following weighting system
{ @(t) = Ax(t) + Gg(x(t)) + Hu(t) + JF(t)
V(t) = x(t)

10)

where
A=diag{—0.83, —0.83,...,—0.83} € R%*
G =diag{1, 1,..., 1} € R%*,

H =1[00.01 0.01 0.01 0.01 0.01 0.01 0.01 0]",
J =diag{1.18, 0, 0.56, 0, 0.56, 0, 0.56, 0.56, 0.56}

g(z(t)) = sin(z(t)) and u(t) is random number. Different
from Reference H. Wang, W. Lin [2000], it is assumed
that the model error exists and satisfies ||w(z,u, F)|| <
0.001. By setting o(z) = 1, then the following parametric
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matrices related to the B-spline approximation can be
obtained:

Ag=10"" x

[2.400 0.956 0.048 0 0 0 0 0 0
0.956 2.607 0.959 0.047 O 0 0 0 0
0.048 0.959 2.605 0.956 0.049 0.001 O 0 0
0 0.047 0.956 2.601 0.960 0.048 O 0 0
0 0 0.049 0.960 2.605 0.958 0.048 0.001 O
0 0 0.001 0.048 0.958 2.605 0.960 0.049 O
0 0 0 0 0.048 0.960 2.601 0.956 0.047
0 0 0 0 0.001 0.049 0.956 2.604 0.939
L 0 0 0 0 0 0 0.047 0.939 2.226_
r49 2010 0 0 0 0 017
2532010 0 0 0 0
01 2532010 0 0 0
0 012532010 0 0
A=103x|0 0012532010 0|,
0 0 0012532010
00 0 001253201
00 00 0012532
0000 0 001 2 53]

A;=[000000 0 0.0001 0.0020], A3 = 0.0049

It can be verified that Uy = diag{0.05, 0.05,...,0.05} €
R%*Y and it can be supposed that Uy = diag{l, 1,...,1} €
R%%9. Corresponding to (10), it can be calculated that
' =103x[637575757575757450], 'y =
0.0063, [|A(t)]] < 0.001. In this case, the initial value
of observer (8) is selected as Z(t) = 0 € R for all
0 <t < 400, while the initial value of (5) is selected as
2o =[0.30.050 0.1 00.1 00.01 0]. The fault is supposed
as

0, t<20
F(t)=141[0.20.20.20.20.20.20.20.20.2], 20 < ¢ < 40
0, t>40

To detect the presence of fault, theorems 3 is used where
A1 =1, Ao = 1. By using theorem 3, it can be obtained
that n; = 0.0321, 7, = 383.1007 and

[2.33 0.42 0.42 0.42 0.42 0.42 0.41 0.42 0.28 |
0.42 2.48 0.50 0.50 0.50 0.50 0.49 0.50 0.33
0.42 0.50 2.48 0.50 0.50 0.50 0.49 0.50 0.33
0.42 0.50 0.50 2.48 0.50 0.50 0.49 0.50 0.33
0.42 0.50 0.50 0.50 2.48 0.50 0.49 0.50 0.33
0.42 0.50 0.50 0.50 0.50 2.48 0.49 0.50 0.33
0.41 0.49 0.49 0.49 0.49 0.49 2.47 0.49 0.33
0.42 0.50 0.50 0.50 0.50 0.50 0.49 2.48 0.33

| 0.28 0.33 0.33 0.33 0.33 0.33 0.33 0.33 2.20 |

P, =

P, =

[ 0.62 —0.02 —0.02 —0.02 —0.02 —0.02 —0.02 —0.02 —0.01 |
-0.02 0.61 -0.02 —0.02 —0.02 —0.02 —0.02 —0.02 —0.01
-0.02 -0.02 0.61 —-0.02 —0.02 —0.02 —0.02 —0.02 —0.01
—-0.02 -0.02 —0.02 0.61 —-0.02 —0.02 —0.02 —0.02 —0.01
—-0.02 -0.02 —0.02 —0.02 0.61 —0.02 —0.02 —0.02 —0.01
—0.02 —-0.02 —0.02 —0.02 —0.02 0.61 —0.02 —0.02 —0.01
—0.02 —0.02 —0.02 —0.02 —0.02 —0.02 0.61 —0.02 —0.01
-0.02 -0.02 —-0.02 —-0.02 —-0.02 —0.02 —0.02 0.61 -0.01
—0.01 —0.01 -0.01 —0.01 —0.01 —0.01 —0.01 —0.01 0.63 |

R =25.95 30.89 30.89 30.89 30.89 30.89 30.48 30.89 20.59]
L =160.65 72.20 72.20 72.20 72.20 72.20 71.24 72.20 48.13]

The threshold can be calculated 5 = 0.0029, which is
obtained as 0.2586 in L. Guo, H. Wang [2005]. In Fig. 3,

fault occurs
|
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Fig. 3. 3-D mesh plot of the measured output PDFs
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Fig. 4. The response of the residual when the fault occurs

the three-dimensional (3-D) mesh plot shows that changes
of the measured output PDFs. Fig. 4 demonstrates the
residual signal, when the fault occurs from 20s to 40s. Fig.
5 shows the evolution of residual evaluation function and
the threshold. From Fig. 5, it can be seen that the fault
can be detected 7s after its occurrence, but it can’t be
detected by the result in L. Guo, H. Wang [2005] since
the threshold in L. Guo, H. Wang [2005] is larger than
the evaluation function ||£(¢)||. Thus, the less conservative
FD algorithms can be obtained in this note.

5. CONCLUSION

In this paper, the FD problem is investigated for non-
Gaussian stochastic systems using only the output PDFs
and nonlinear filters, where the output PDFs can be
measured rather than an output signal. Based on LMI
techniques, a new criterion is obtained to detection the
fault with a threshold. Moreover, by introduced the tuning
parameter and slack variable, the detection sensitivity
performance is improved by minimizing the threshold.
Simulation is given to demonstrate the efficiency of the
proposed approach.
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Fig. 5. The response of evaluation function and threshold
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