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Abstract: The sensitivity function in a generic two-degree of freedom (TDOF) control system can be
decomposed into three major parts: design-, realizability- and modeling-loss. The paper investigates the
optimality of the second term in infinite norm spaces and proposes a new iterative algorithm for the solution.
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1. INTRODUCTION

Control system optimization is usually based on the error
signal or the error transfer function of the closed-loop (Doyle,
et al., 1992). The last one is called sensitivity function (SF),
so any such optimization procedures is strongly connected to
the sensitivity or the robustness of control systems (Kucera,
1981).. One widely applied possibility to optimize a proper
norm (Doyle, et al., 1992) formulated for the closed-loop SF
is to consider the criterion as a function of the loop-
parameters (design, regulator, constraints, etc.) and to solve
the strongly nonlinear constrained mathematical
programming problem. These methods do not analyze the
internal properties of the control error and the different
contributing parts of the sensitivity. Therefore a special
decomposition of the sensitivity function (control error) is
used in the paper to understand and explain the main three
contributions of the different performance components.

An important component, the realizability degradation is
used to optimize the control system. This part depends only
on the selected reference model, the nominal plant and the
designed controller.

Youla-parametrization (Maciejowski, 1989; Youla, ef al.,
1976) will be used for regulator design, which has a
limitation for open-loop plants only, however, this
parametrization allows explicit algebraic design of the
controller, except the optimization step. The paper
investigates the H,,, L, optimality of such systems, which
is generally a nonlinear problem. A special combined role of
the H,, L, norms is also shown, resulting structural
requirement for the form of the cost function if integrating
regulator is expected. After some low order simple examples,
when the regulator can be computed by explicit formulas an
iterative procedure is introduced for higher order general
cases.

2. CONTROL ERROR DECOMPOSITION IN TDOF
SYSTEMS

Assume that the plant to be controlled is factorable as
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P=PP =
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where P, =B, /A means the inverse stable (IS) and P.=B5_
the inverse unstable (1U) factors, respectively. In a practical
case only the model P of the process is known. Assume that
the model 13, is similarly factorable as the process in (1)

popp B _BE )
A A

where I3+ =l’3’+/./zl means the IS, P.=B_ the IU factors,
respectively. Introduce the additive and relative model errors

~Nos

A=P-P ; [= P- 3)
P

~s| >

The complementary sensitivity function (CSF) of a one-
degree of freedom (ODOF) control system is

;o CP a1+t ;o CP @
1+CP 1+T ¢ 1+CP

where T is the CSF of the model based ODOF system. For
a two-degree of freedom (TDOF) control system (Keviczky,
1995) it is reasonable to request the design goals by two
stable and usually strictly proper transfer functions R, and
R,, that are partly capable to place desired poles in the
tracking and the regulatory transfer functions. They can even
be called as reference models, so usually R (w=0)=1 and

R,(w=0)=1 are selected.

An important new observation that the SF (S =1-T) can be
decomposed into additive components according to different
principles:

Sperf
——
S=(1-R,)+(R, -T)-(r -T) -
T ———— —
des Sreal Sia
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= Sdes+Sreal +Sid =(1_Rn)+(Rn _T)

|\ —
Sdes Sperf
= Sies+ Spert =(1-T )+ S = (1-T) 454 =
— —
Scont Sdes +Sreal

= Scont + Sid

Here Sy =(1-R,) is the design, S,y =(Rn—f) is the

realizability and S, = —(T —f) =T -T is the modeling (or
identification) degradation, respectively. Furthermore
Scont = (1 —f) and Sy = (Pn - T) are the overall control and
performance degradatjons, reispectively. The SF depends on
the model-based SF (S=1-T) as

1 1 4 1

= —=S5+S, : S= - (6)
1+CP 1+T ¢ 1+CP

=S

(The realizability and identification degradations can be
called as systematic ( S,y ) and random (S,,,q) components,

too.)

In a general case the overall CSF of a TDOF control system

has the form 7, = FT and a similar decomposition can be

introduced for the tracking error function S, =1-7, as for S
in (5):
Se=(1-R)+(R -7,)-(T, - T, ) - -

r r r
= Sdes + Sreal + Sid

The overall transfer function of the TDOF system is

T -7 1+7¢

= 8)
! "1+T 0

In an ideal control system it is required to follow the
transients required by R, and R, (more exactly (1-R,)),

i.e., the ideal overall transfer characteristics of the TDOF
control system would be

YO =Ry =(1=Ry)ya =¥7 +yp ©)
while a practical, realizable control can provide only
y=Tr Ve _Syn =Tr Yy _(I_T)yn

§=fin—§yn=ﬁ44_@_f)h (10)

for the true (y) and model-based (y) closed-loop control
output signals. Here y,,y and y, are the reference, process

output and disturbance (or output noise) signals,
respectively.

Express the deviation between the ideal (y°) and the
realizable best ( y) closed-loop output signals as

Ay:yo_y=(Rr_Tr)yr_(Rn_T)yn =

= S;l;erf Vr _S[I;erf Yn

(11

where S;erf is the performance degradation for tracking and

l‘;grf=Sperf is the performance degradation for the

disturbance rejection (or control) behaviors, respectively.
Similar equation can be obtained for the deviation between

the ideal ( y°) and the model based ( y) closed-loop outputs
Aj} = yo _.9=(Rr _Tr)yr _(Rn _T)yn =

r n
= Sreal Yr — Sreal Yn

(12)

One can see that the realizability degradation(s) play an
important role forming Ay (and indirectly Ay).

It is important to note that the term S, (and S;,) can be

made zero for IS processes only, however, for /U plants the

reachable minimal value of S, (and Sy, ) always depends

on the invariant factors and never becomes zero. In the sequel
YP based control system will be discussed.

3. DECOMPOSITION IN YOULA-PARAMETRIZED
SYSTEMS

If the applied regulator design is based on the Youla-
parametrization (YP) (Maciejowski, 1989; Youla, et al.,
1976) then the realizable best all stabilizing and the model
based regulators are

Q

_ 0
T 1-QP (13

. C= .
1-QP

where the "parameter" Q ranges over all proper ( Q(co = 00) is
finite), stable transfer functions. The CSF's of the true and
model-based ODOF control systems are

CP  QP(1+/)
1+CP  1+QP/

T =

Only in case of YP one can also compute the realizable best
CSF

_cp
YT 1sCP

=QP=QP(1+()=T(1+/) (15)

The SF of the model based and true closed-loops are now

S——1 __1_0p (16)
1+CP

and

g L _1-0P S an

1+CP 1+QP/( 1+T7¢
The realizable best SF, corresponding to T is

1

= =1-QP=1-QP(1+0)=8-T ¢ (18
vcp 79 0P(1+1) (18)

*

The decomposition of the SF is

S=(1—Rn)+(Rn —f)—(T —f) = Sges + Sreal + Sig
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Q13(1—Q13)

= 0 (19)
1+QP/

=(1-Rn)+(Rn-Q13)-

The decomposition of the tracking error function for the YP
is

S, =1-T, =(1—Rr)+(Rr—Qrf’)—(Tr—fr)=

(20)
=S(§es+Srreal+Sird
where
r Qrﬁ(l—Qﬁ) . )
he—— L <0 P(1-0P)r (1)
1+QP/

4. A GTDOF CONTROLLER FOR STABLE LINEAR
PLANTS

In many practical cases the plant to be controlled is stable,
and a TDOF control system is required because of the high
performance dual tracking and regulatory requirements
(Keviczky, 1995; Keviczky and Banyasz, 2001). An ideal
solution for this task is the generic two-degree of freedom
(GTDOF) scheme introduced in (Keviczky and Banyasz,
1999). This framework and topology is based on the YP
(Maciejowski, 1989) providing stabilizing regulators for
open-loop stable plants.

Fig. 1. The generic TDOF (GTDOF) control system

A GTDOF control system is shown in Fig. 1. The realizable
best regulator of the GTDOF scheme can be given by an
explicit form for /=0

.0 _ RK, R, G, P @)
1-0.P 1-R K, P 1-R G, P

where

0.=0.=R,K,=R,G, P (23)

is the associated optimal Y-parameter furthermore

Q:=R1'KI'=RTGI‘P+_1 ; KH=G1’1P+_1

(24)
K, =GP

It is interesting to see how the transfer characteristics of the
closed-loop look like:

y=RrKrPyr+(]_RnKnP)yn=Tr yr+Syn= 25)
=y*=RrGrP—yr+(1_RnGnP—)yn=yt+yd

where y, is the tracking (servo) and y, is the regulating

(disturbance rejection or control) independent behavior of the
closed-loop response, respectively.

So the invariant factor P. can not be eliminated,
consequently the ideal design goals R, and R, are biased by
G.P. and G, P.. We can not reach the ideal tracking
yy =P, y, and regulatory y,=(1-R,)y, behaviors (see

(12)), because of the invariant factor (mainly zeros) in the /U
factor P_. (In a general case the time delay should also be

considered here as an invariant factor.) The realizable best
transients, corresponding to (10) and (25), are given by

R.G.P. and (1-R,G,P.) respectively, where G, and G,
can optimally attenuate the influence of P_. The unity gain
of R, ensures integral action in the regulator, which is
maintained if and only if the applied optimization provides
G,P(w=0)=1 (or including R, the condition is
R,G,P(1)=1).

The model based version of the YP regulator c=C (}3) in

the GTDOF scheme means that P is substituted by P in
equations (22)-(24).

The decomposition of the SF in the true GTDOF control
system by (19) is

S =Sues* Siea + Sig = (1= R,) + Ry (1= G, P ) -
R,G,P. (1 -RnGnﬁ_) (26)

. ¢
1+QP/

L.

RX
Ve *L €

(b)
Fig. 2. Reduced form of H,, optimality for ||S

X
real

o0

5.THE H,, L, OPTIMAL REALIZABILITY LOSS

It is obvious from the previous sections that the optimization
of the realizability loss requires the minimization of some

S

roal = 1S rear norms for tracking (r) and the disturbance

X=r,n
rejection (n), respectively. These SF' components have the

general form of ||Sy, Rx(l - fo’_)“ , which can be simply

X
real

rearranged equivalently to

R, —G;ﬁ_“ as the Fig. 2
(a) and (b) show: consequently G, = R,G,. Because the
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reference models have unity gains, it is enough to ensure the

condition G;l’;’_

=1 to the integral behavior of the

s—0
regulator. If the excitation is not a Dirac impulse or a white
noise it is reasonable to use the more general form of

Y, (RX—G;}A’_)H, where YX=L(yX)=s_j is the

Laplace transform of the well known test signals. In the
sequel the infinite norms are investigated.

T
real

The goal of this optimization step is to minimize the
realizability loss J, using the optimal embedded filters

G, =G attenuating the influence of the invariant model

factor f’_ as

G = arg {ng@n(]feal)} =

X

@27

%(Rx -G;ﬁ_)

= arg{ min

Here an s~/ form for the excitation Y, was applied and R,

is a unity gain reference model. This formulation corresponds
to a generalized approach for infinite norms, i.e.

Jy =

X

Y, (RX -G;ﬁ_)

1 >
F(RX—GXP_)H -

‘H, norm ; j=0
L, norm ;

oo

(28)

-, s
Jj=

This norm is the H,, system (or operator) norm for j=0

and is the £, signal norm for j=1, One must know that the

L, norm is usually formulated for real functions and not for

complex functions as here. It is also important to note that
this "generalized supremum norm" is bounded for j=0 and

for j=1 if the low-pass Y, is multiplied by a high-pass
control error term (RX - G;IA’_), which is satisfied for closed-
loop system with type number higher than zero.

The optimal solution lies in optimal interpolation theory and
is known as the Nevanlinna-Pick problem (Wang and Chen,

1988). Assuming m_ number of unstable zeros in P the

optimal W ° minimizing ||W||0o is an all-pass form
nt

wWe = M7 ,

0 s

if m_=1 (29)

if m_=0

where & is a Hurwitz polynomial of degree at most (m_ - 1).

The computation of h" can be obtained by mirroring the
zeros of h through the imaginary axis. The constant w and
the coefficients of & are real and are uniquely determined by
the following - so-called - interpolation constraints

h#(zi) 1

i) " (6P

Zi

(30)

where z,2,,...,z,, denote the distinct zeros of P. (The

multiplicity of zeros can be easily considered by additional
differential interpolation constraints.) Because of the
interpolation constraints (30), the m_ number of unknown

parameters - (m_ —1) is in & and the m_-th is the w itself -
can be obtained from the m_ number of equations. It can
also be observed that P is certainly the divisor of
R, —s'W , thus

. In* R
R, —s'W =i—*—us W Np

X

B 31)

N
n DD

where the notation of R, =85, /A, and P =B are used
again and the form

G, =

=5 (32)

was introduced for the embedded filter. Comparing the two
sides of (31) the polynomials D and N can be obtained by

D=A_h (33)
and

_ ip#
N =Bz AusThe (34)

B

where the last division is with no residue. The equation (30)
can be rearranged into a "quasi” linear equation system in
case of m_ disjunct real zeros z;

wh'(z;)=rh(z;) 3 i=12...m_ (35)

for the computation of & and w. The minimum of the cost
function is given by

u= min{"W(joo)”oc} = HW O(jm)“oo (36)

After some straightforward manipulations one can obtain that

R _ Jo# #
G;B_=W—X“M=B_X_& I or
A h A, h
A B h-A us’h* A uh’ 7
Gx[;’_=_x x T—Ax s =1 x W S’
B, A h B,

so it is easy to see that G;lg’_

0" le%_L_)o =1, providing

integrating regulator, can be obtained if, and only if j=1,
i.e. only for £, optimality. The original formulation of the

X
real

'H,, optimality of using the classical operator norm

o0

(7 =0) can not provide an integrating regulator.
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Example 1.
Assume a first order reference model R, =1/(1+sT,,) and be

B =1-sT.Because m_=1 the interpolation polynomial &

is of zero order and the trivial & =h" =1 constant can be
selected. So w can be easily obtained from the interpolation
(35): w=R(zy=YT)=T/(T, +T). The
denominator polynomial of G, is D=1+sT, from (33).
Apply j=0 first. Because of the orders in the right side of
(34) a scalar \V =k can be used now

constraint

1-k(1-sT)=(1+sT,)u (38)

The solution gives N =k=T,, /(T +T) and w is the same
as obtained before. The H,, optimal filter is

o  N_N _ T, 1
D Ach Ty +T 1+sT,

(39

and it is easy to check that G;[%_ =1, i.e. the optimal

§—>

regulator is not integrating.

Example 2.
Apply j=1 now, consequently (33) remains and only (38)
will change to

1-N (1-sT)=(1+sT,,)us’ (40)

Searching a first order N = k(1+ s‘c) polynomial (40) will

have the form
1-k(1+st)(1=5T) = (1+5T, )us’ 41)

Comparing the coefficients of the two sides the solution
gives

T T
k=1 ; = T ;, =T= YT 42
" T, +T T, +T 42
The L, optimal filter is
G =£= N  l+st 43)

“TD T A 14T,

and it is easy to check that G;B_ 0 1, i.e. the optimal

§—>

regulator is integrating.

It is important to note that examples 1 and 2 are for a low
order case (m_=1), when h=1, just to demonstrate the
computations. For higher order cases this optimality (the
solution of Egs. (30), (35)) requires to solve a nonlinear
equations system. The original nonlinear task can be
decomposed into a nonlinear (to determine w and %) and a
linear problem (to compute N by a simple polynomial
division). Investigate first (30) and (35), which can also be
written in a matrix form

r =F(M, r,z)h(u,h)

where

(44)

r=ln oo s ze[a oz ] @)

h(wh)=[why,...h,]" 5 m=m_-1  (46)
L fu Jim,

Flrug)-|, 72 T )
L fu Smm,

Here

o (e\k k —

Ji = E[M(Zi) ~1i(z;) ] p z; =sign(h;)z;  (48)
k=1

The "quasi" linear term is used because the f; elements

depend on u, too. In such cases only iterative solutions can

be formulated. One of the simplest method is the relaxation
type iterative algorithm

-1
Bl hy) =[Furz)] r (49)
Having obtained the iterative solution for w and % the
polynomial A is computed from (34).

It is interesting to note that the order of the embedded filter
G, does not depend on j only on the invariant factor 5_
(i.e., m_) and the reference model R, .

Example 3.
Consider a second order /U process polynomial

B_=(1-sT,)(1-sT,) with T; =1 and T, = 2. Select a unity
gain first order reference model with 7, =0.5. In this case
h(s) =1+ hys is first order because m_=2 and m, =1. This

is already a nonlinear problem as indicated above. The
solution of (44), however still does not need the iterative
algorithm, instead a second order polynomial equation
system

T, +T
w2 (r, = 1) = 1iry = 0
Tl_TZ
(50)
b 2201, - 1) =TT, = 0
n-n

can be formulated which has explicit analytical solution.
Investigating the roots (both w and 4, must be positive) the
following optimal solution is obtained for j=0:

w=09572 and h =0.1789 1)

Then N can be computed from the division (34)
N =0.0428 (52)
The L, optimal filter is

o N_N 0.0428

7D T Ak (1+0.55)(1+0.1789)
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0.0428

=0 53
* 1+0.1789s ©3)

so the regulator is not integrating. Applying the iterative
algorithm (49) for j=1 the following numerical solutions
are obtained

w=3.1397 and h =0.6498 4
The convergence of the iteration was very fast. Then A/ can

be computed from the division (34)

N =1+0.5s (55)
and the £, optimal filter is
o - N _ 1+0.55 1
* Ach o (140.55)(1+0.6498s)  1+0.6498s
- 1+0.5s 56)
1+0.6498s

It is important to investigate the realizability of the optimal
regulator (22) based on the above H,,, L, optimal embedded

filter G, i.e.

X

1 p-1
L= G P (57)
1-G, P.

Simple calculations give that the order of N is
ny=n+j-1 (58)
where n, is the order of the denominator of R,, so the pole
access of C. is
Anc=m-n 59

where m and n are the orders of polynomials B and A,
respectively. This means that the optimal regulator is
realizable, iff. n =m, when the pole access of the process is
zero. For the first example if the process is given by

P= (1 - sT)/(l + sT,) the optimal regulator is

T 1+ 5T,

w

C* i
T 1+sT,(2+T,/T)

(60)

6. CONCLUSIONS

The relatively easy and reasonably optimal solution of a
generally very sophisticated control problem strongly
depends on the proper decomposition of the original
paradigm. These decompositions correspond to a natural
control engineering practice, where the best reachable design
goal and the way how to obtain it appear in a generally
iterative sequential procedure.

The H,, L, optimality of the realizability loss, which is a
major component of the sensitivity function, is investigated.

If any external excitation is assumed, then a combined
application of the H,, L, norms is necessary. An
interesting result that the optimization provides integrating
regulator, iff an excitation form ¥, (s)=s™/ is assumed with

j =1 which corresponds to £, optimality. The classical H,,
optimality does not provide integrating regulator.

Simple, easy to repeat low order examples, when the optimal
parameters can be calculated explicitly, are first presented to
demonstrate the computation of the optimal embedded filters
for different cases.

Finally an iterative method is also introduced to solve the
H,, L., optimality of the realizability loss for higher order
general cases.

The results can be easily applied for discrete time systems,
too, where B_ contains the unstable zeros of 3. mirrored on

the unit circle and Yx(z) = (z - 1)_j. The major advantage of
the application to discrete time system is, that the inclusion

of the process time delay is relatively easy, because the
transfer functions remain in the class of rational functions.
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