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Abstract: The H_ (filtering problem is studied for a class of network-based systems with random

network-induced delays in discrete-time domain. The considered random delay between the sensor and the
filter may be longer than one sampling period and is modeled as a Markov chain. The filtering error
system is modeled as a Markovian switched time-delay system and by using a properly constructed
Lyapunov function, sufficient conditions for the existence of the H_ filters are presented in terms of

linear matrix inequalities. Convex optimization problem is also formulated to design the desired H

filter which guarantees the stochastic stability and an optimal A, disturbance attenuation level for the

filtering error system. An illustrative example is finally given to prove the effectiveness of the proposed

method.

Keywords: H  filtering; Random delays; Markov chain; Network-based systems; Linear matrix

inequality (LMI)

1. INTRODUCTION

In many modern complex and distributed control systems,
remotely located sensors, controllers, filters and controlled
plants are often connected through a sharing communication
network. Systems with such architectures are called the
network-based systems, which bring a lot of advantages
such as low cost, simple maintenance, high reliability and so
on (Zhang et.al., 2001). In spite of these advantages, the
sharing networks make the analysis and synthesis of such
network-based  systems challenging. Recently, the
network-based control system, which is known as the NCS,
has attracted much research interests (Zhang et al., 2001;
Zhang et al., 2005; Nilsson et al., 1998). On the other hand,
signal estimation over networks is important in many
applications such as remote sensing, space exploration, and
sensor networks. Therefore, the network-based signal
estimation is also a potential researching field which needs
to be fully investigated (Hespanha et al., 2007; Yue et al.,
2000).

It is well known that when signals are transmitted through
the networks, they may encounter unavoidable time delays
or even packet dropouts between the senders and the
receivers. Moreover, the delays and packet dropouts in the
networks are often random so that traditional signal
estimation methods, such as the standard Kalman filter and
so on, can not be applied directly. Thus the filtering problem
for the network-based systems with delays and packet
dropouts has been a challenging yet interesting research
topic, and has attracted increasing attention. Some results on
the network-based system with packet dropouts can be found
in (Smith et al., 2003; Sinopoli et al., 2004; Wang et al.,
2003; Suh et al., 2007; Huang et al., 2007) and the
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references therein. As for the time-delay issue, much few
results are available. In Wang et al., 2007, by modeling the
network-induced delay as a Bernoulli process, the robust
H, filtering problem was studied for a class of

discrete-time network-based filtering system. However, the
delay considered is assumed to be shorter than one sampling
period. The filtering problem of network-based system with
long time-varying delay was considered in Yue et al., 2006,
however, the method presented is not suitable to investigate
the random delays. To the best of the authors’ knowledge,
the problem of network-based H_ filtering with random

long delays has not yet been investigated, which motivates
the present research.

In this paper, the H_ (filtering problem is studied for a

class of network-based systems with random network-
induced delays which may be longer than one sampling
period of the filtering system. The delay is modelled as a
Markov chain, and the overall filtering error system is
finally described as a Markovian switched time-delay
system which explicitly describes the dynamic of the
filtering error system. By using the Lyapunov method and
the LMI technique, sufficient conditions are derived to
guarantee the stochastic stability and a prescribed H,
performance for the filtering error system. A convex
optimization problem is also formulated to design the
optimal H_ filter. An illustrative example is finally

provided to demonstrate the effectiveness of the proposed
results.

2. MODELLING OF THE FILTERING ERROR
SYSTEM

10.3182/20080706-5-KR-1001.1139
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Fig.1. structure of filtering system over networks

The structure of the network-based filtering system under
consideration is illustrated in Fig.1, where the plant is a
discrete-time linear time-invariant system described as
follows:
x(k+1) = Ax(k) + Bw(k)
y(k) = Cx(k)+ Dw(k) @)
z(k) = Lx(k)

where x(k)e R" is the system state, w(k)e R" is the
disturbance input belongs to L,[0,00), y(k)eR” is the

measured output, and z(k)eR" is the signal to be

estimated, 4, B, C, D, and L are matrices of
appropriate dimensions. We consider the following full order
linear dynamic filter:

x (k+1)=A4,x,(k)+B, (k)

z,(k)=C,x,(k)+D, y(k)
where x, (k)€ R" is the filter state, j(k) € R” is the filter
B

)

input, and z,(k)eR" is the estimated signal, 4,, B,,

C,,and D, are filter parameters to be determined.

We use p(k) to denote the random delay in the network
between the sensor and the filter, and it is assumed to be
bounded, that is, 0< p(k)< N, where N is a known
integer. We model p(k) as a Markov chain that take values
in N , = 10,1+, N} with known transition probability
matrix A =[p,]. The transition probability p, is defined
as follows:

py =Priplk+1)= j|p(k) =i} 3
where p; 20 and Zfzopij =1 for all 7,jeN_ . Since

the network-induced delay may be longer than one sampling
period, various measured outputs may arrive at the filter side
over one sampling period. We assume that the filter always
uses the most recent measured output available at the filter
side to update its input, and that if no measured output
arrives at the filter over one sampling period, the filter input
will hold at its previous value. By the above analyses and
assumptions, it can be seen that the filter input p(k) may

take different values in {y(k),p(k—1),---,y(k—N)} at

different sampling instants, which will result in N +1
different system dynamics of the filtering error system. For
example, we have J(k)=y(k) when there is no

network-induced delay, then by augmenting the state variable
as (k)= [x" (k) xf (k)" and the disturbance input as
wik)=[w' (k) w'(k-1) wi(k=N)T
e(k)=z(k)—Zz(k), we obtain the following filtering error

defining

system, which is one subsystem of the overall filtering error
system.

D) A 0 i B 0O --- 0 ”
X(k+1)= BC 4 (k) + BD 0 - 0 w(k) @
eky=[L-D,c ~C,Jik)+[-D,D 0 - 0]W(k)

The above procedures can be applied to obtain the other N
subsystems of the filtering error system when
y(k)=y(k—i), i=12,---,N . We call the subsystem (4) the
0 -th subsystem, and the corresponding subsystem the ith
subsystem when (k)= y(k—i).

It can be seen from the above analysis that over one sampling
period many different situations may appear, and the filtering
error system may reside in different subsystems during
different sampling intervals. Moreover, during the sampling
interval [kT,(k+1)T), k=0,1,---, the system dynamic of
the filtering error system is actually determined by the states
of the Markov chain p(k—i), i=0,1,---,N . Hence, a map
21 pk), plk =1, p(k = N) > O(k) s
describe the filtering error system in a clear way, where
0(k) e N, represents the number of the activated subsystem.

If p(k—i), i=0,1,---,N satisfy (5) shown as follows,
then the filtering error system is in the &(k)th subsystem.
m< p(k—m),0<m<8(k)
0< plk—m)<m,m=6(k) %)
0< p(k—m)<N,0(k)<m<N
The indications of (5) will be explained in detail as follows.
When p(k)=0, it means that y(k) arrives at the filter

immediately at the sampling instant k&, in this case, no
matter what values p(k-1), ---,p(k—N) take, by the

assumption that the filter always uses the most recent
measured output, it can be seen that the filter input is actually
set to be y(k) = y(k). From the previous analysis it can be

introduced to

seen that the filtering error system is running at the 0 -th
mode. If p(k) >0, it means that y(k) can not arrive at the
filter at the sampling instant &, so the filter have to use the
previous value of the measured output. Then if p(k—-1)<1,
it suggests that y(k—1) is the newest measured output at
the filter side so that y(k—1) will be used and then the
filtering error system is running in the first mode. Otherwise,
if p(k)>0 and p(k—-1)>1, both yp(k) and y(k-1)
will not be available at the filter at the sampling instant &,
then if p(k—2)<2, we can see that the filter will use
y(k—2) and that the second subsystem is activating. The

other situations can be carried out by following the above
similar analysis procedures, and hence is omitted for
conciseness. An example is given as follows to further help
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understand the meanings expressed by (5). We take N =3,
pk)=1, pk=1)=2, p(k-2)=1 and p(k-3)=1 as
an example. By applying (5) we can obtain that 8(k)=2,
therefore, the second subsystem is activating at the time step
k. Next, at the sampling time k+1, if p(k+1)=2, then
O(k+1)=1 and the filtering error system is running at the
first mode.

By the above analyses, and taking all the possible situations
into account, the overall filtering error system can be
modeled as the following Markovian switched time-delay
system with N +1 modes:

X(k+1) = Ay X(k) + Ay X(k = O(k)) + By w(k)
e(k)= CH(k)OJNC(k) + CH(k)l'i-(k - 0(k))+ Da(k)w(k)

here 4 {A 0 } ) { 0 o}
wnere = 5 = s
0(k)0 0 Af 0(k)1 Bjc O

Ce(k)oz[L _Cf:|9 Cg(k)lz[—DfC 0:|, VoO(k)eN,,
B 0 - 0 B 0 - 0
B"{B_/D 0 - o}’ B‘{o B,D - 0}

B O -« 0
BN{O 0 - BfD}’ D,=[-D,0 0 - 0],
D]=[O -D,D - 0} DN:[O 0

and 6(k) can be obtained by (5).

Remarkl. A similar modelling method has been presented in
Zhang et al., 2005 to study the control problem of
networked-based system with random delays. However, the
proposed model have not explicitly describes the dynamic of
the closed-loop system.

-D, D]

Before presenting the main objective of this paper, we first
introduce the following useful definitions for the filtering
error system (6).

Definitionl. The filtering error system (6) is said to be
stochastically stable if with w(k)=0 for all k>-N, and

for every initial state x(i), p(i), i=0,-1,---,— N, the
following inequality holds

E{iﬂi(l\’)ll2 %), (), Vi = 0, 1+, - N} <o (7)

Definition2: For all non-zero we L,[0,0) and a given
constant y >0, the filtering error system (6) is said to be
stochastically stable with an H_ disturbance attenuation
level bound p if it is stochastically stable and under zero
XkK)y=wk)=0, k=-1-2,
---,—N,and x(0)=0, the following inequality holds

E{ief (k)e(k)} <y iwf (yw() )

The objective of the paper is to design a filter of the form (2)
such that the filtering error system (6) is stochastically stable
withan H_ disturbance attenuation level y .

initial condition, that is

3. H_, PERFORMANCE ANALYSIS AND FILTER
DESIGN

The following theorem gives sufficient conditions and H
performance results for system (6).

Theorem 1. For a given constant y >0, if there exist
>0, Q(a,)>0, and scalars
b >0, for all a,, a, -, a, eN,, re{l2, N},
seNp, and ie {0,L---,N—1}, such that the following
matrix inequalities hold

matrices P(a,,a,,*,ay)

Q 0 o’ O
_ * —}/ZE AT \I_IT
B(ay,ay,+-,ay) =

* * * -I

<0 )

Then, the filtering error system (6) is stochastically stable
and hasan H_ performance level y, where

Ql(ao)_P(aoaalﬂ"'ﬂaN) 0
. 0.@)-0(@) -
Q= * * :
0 0

0 0

Oy(ay_)— 0Oy, (ay) 0
* _QN (azv )_

o' W)]'.

®=[®"(0) (1)
O=[Cpur +&Coun €Coun = ExCoun |-
O =[EN+eF () &F () evF (D]
E ()= PPy @y ) Agang
FE ()= PPy ay ) gy s J=010 N,
if O(k)=i,then & =1 and ¢, =0, VjeN, /i,
A=[G"©O) G G"WN] . =D, ],
G(j) = P P(sags sy )Byyy s =01, N,
I1=diag{—P(0,a,---,ay_,),—PLa, --,ay_,)
’...’_P(N,ao...’aNil)}
bd 0 - 0
0 bl - 0
E: . . “. .

N-1
0 0 - (1=-Xb)I
i=0

Proof: Choose the following Lyapunov function for system

(6)
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V(k) =" (k)P(p(k), plk 1), p(k = N)x(k)
% (k=00 (p(k—)F(k —i)
For notational convenience, we use g, to denote p(k—i)
for all i=0,1,-,N , and
o(k) = {fc(k),- -, x(k—N), p(k), -, p(k— N)} , then
E{AV(K)|p(k)}
= E{V(k+D)|p(k)} -V (k)
= E{X" (k+)P(p(k +1),ay,a,,,a, )k +1)}
+5" (k)0 (ay) = Play,a,,+-,ay )5 (k)
+5 (k=100 (a)) = O, (a)T(k =1)+---
‘HET (k -N+ 1)(QN (aN—l) - QN—l (aN—l ))i(k -N+ 1)
+3" (k= N)(=0, (ay)i(k—N)
= Zpauj (Ae(k)o;c(k) + AB(k)li(k —0(k))+ Ba(k)ﬁ’(k))r
P(j, Qys "5y )(Ag(k)o;c(k) + Aﬂ(k)li(k —-0(k)) + Be(k)ﬁ’(k))
27 (k=5)(Q.. (@)~ 0, (a,)(k =)

+5T (k)(Q, (ay) — Play, ay,++,ay )F(k)
+3" (k= N)(=Qy (a,)X(k = N)
Define
nk)=[¥" (k) (k-1 -
(Ry=[F k) - Th-N) FB]
2(j) = P};ﬁ |:A9(k)0 e Ay E oy gNAﬁ(k)1:| )
if O(k)=i,then ¢ =1,and ¢, =0 forall jeN, /i.
then it follows that
E{AV(K)|p(k)|

denote

Fh-M]

s Z'())
=1’ (k) + Zé”(k){ v pr
Jj=0 ayj = 0(k)
Py sy N Z() LBy, |ECR)
When w(k)=0 forall k>-N, we have

E{AV(K)|p(k)|
=n' (k)(ﬂ + 2 Z"())P(), ao,---aNl)Z(j)]n(k)

Jj=0

N
Denote L(a0’a15”'aN) :Q+ZZT(j)P(jaaoa'”aN—l)Z(j)

j=0
and by Schur complement, (9) implies that
L(a,,a,,--a,) <0, which further indicates that

E{AV(K)} < =2y (-L(ay, @,,--a )" (k)n(k)
<-pn" (nk) == <-pEw)|

where
B =min{A,, (~L(a,,a,, aN))|Va,.eNp,VieNp}>0

‘min

By the above inequality, it can seen that for any integer
T>1

EV(T+1)}—E{F(0)} < —,BE{Z")E(k)"Z}
Then it follows from the above inequality that
{ZII Gl } <—(E{(0)}—E{ (T +1)})

Since V(T+1)>0 and E{V(0)}=7n"(0)Y(a,,a, ,a,)
-17(0), we obtain

B Sl |
< %UT(O)Y(P(O), p(=D),, p(=N)n(0) <o
where
Y(p(0), p(=1),:-, p(=N)) = diag{P(p(0), p(=1),---, p(=N)),
0(a),0,(a,),-+,0y(ay)} . Setting T to infinite we

conclude by Definitionl that system (6) is stochastically
stable.

On the other hand, consider the following performance
function:

S {Ete (Ke(k)} - 7w (kyw(k)}

Je=

Since w(k)=0,k=

o

-1,-2,---,—N , we obtain that

Y AE (Kek)} - 7w (kyw(k))}

k=0

M:

{E{e (k)e(k)} - y*w" (kyw(k)+ E{AV (k)}}

=~
I

0
M

—Z E{AV (k)

s:lZoéf(k){@i}[@ Lp]{‘; g}

ﬁ:{ V2 p (T]) }P(j,ao,“-,am)

~| p2B",,,

[z ptll{;.szH(k)]}g(k)—kZAi;E{AV(k)}
‘{ibofWT(k)w(k)+§;b172wf(k-1)w(k_1)

+- (1 NZibl)}/sz(k N)w(k—N)}

M ’ 0
=& (k){ } 725}
< ") ,
+Z|: l/ZBT :|P(.]9a07“.9aN1)
Jj=0 ayj (k)

[20) P8 Jew-Y Ay (0

By Schur complement, (9) implies that

W(ao,a],---,aN):{l?;}[@ ‘P]+E}2 _O }

r'E
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ayj 0(k)

N VARG
+Z{ (rj) :|P(j=ao="‘aaN1)[Z(j) paOIjBH(k)j|<0
Since i E{AV (k)= E{V(M +1)}—E{(0)}, then under

M
zero initial condition, we have that ZE {AV(k)} 2 0. These
k=0

M

Y {Ete’ (kye(h)}

k=0

7w’ (k)w(k)} < ifr (kYW E&(k) . Thus (9) guarantees that

together with (10) gives

M

2AEE (Relh) =W (yw(k))} <0 .

k=0

Setting M  to

infinite we conclude by Definition 2 that system (6) is
stochastically stable with an H_ disturbance attenuation

level bound y . This proof is completed.

Remark 2. In theorem 1, sufficient conditions for the
stochastic stability and H_ performance results of the

filtering error system (6) are presented in terms of nonlinear
matrix inequalities, and in order to obtain the desired filter
we have to transform them into LMIs.

Theorem 2: If there exists matrices F,,., >0, 0.(a,)>0,
R, U, V, C,, D, and scalars ¢,>0,6>0 for all
re{l,---N} , seNp , and
i €{0,1,---,N —1}, such that the following LMIs hold

Q 0 o 6

* —F A9

ao,al,---,aN,eNp s

AL (11)
* % % _[

Pa(,a] seay R 12

) R >0 (12)

Then, system (6) is stochastically stable and has an H

performance y = Js. Moreover, the parameters of the filter

are given by 4, =R'U, B,=R'V, C,, D,. The

detailed expressions of Q, ®, 0, E, A, ¥, and TI
are given in the Appendix.

Proof: By introducing new variables P, . , O,
del , ¢ , for all ay,a,,ay,€N_, seN , re
{L,2,---,N}, ie{0,,---,N—-1}, and R, U, V , then

letting P( )=| W =0b,, 0.(a)=
ettin, a,,a,, - ,dy)= ! , G ., 0.(a,
g o N R R

Qru“ 0 Qra“ 1
Qraj 1 Qraj 1
(11), which is a set of LMIs. The proof is completed.

}, and RA, =U, RB,=Vin (9), we obtain

Remark 3. Note that (11) and (12) are LMIs over the scalar
o . This implies that J can be included as an optimization

variable to obtain the reduction of the disturbance attenuation
level. So the minimum of the H_ disturbance attenuation

level for system (1) can be obtained by minimizing &
subject to (11) and (12).

4. ILLUSTRATIVE EXAMPLES
Considering the linear time-invariant system (1) with

o2 oafr=[ilesla] o=
A= ,B=| |,c=| | .D=1,L= (13)
02 04 1 0 2

Assume that N =2, choose the probability transfer
matrix as follow

04 03 03
A=/05 03 02 (14)
06 02 02

By applying Theorem 2 and the corresponding convex
optimization problem we obtain the minimum H

disturbance attenuation level bound »* =3.3224 , associated
with this minimum bound are the following filter matrices:

_[-0.0894 0.0587 5 _ 0.0330
71202843 017937 7 |0.0600

C, =[0.0652 -0.0918], D, =[0.0042]

5. CONCLUSIONS

The H, filtering problem was studied in this paper for a

class of discrete-time network-based system with long
random delays. A new modeling method was presented to
describe the overall filtering error system as a Markovian
switched system. Sufficient conditions were derived to
guarantee the stochastic stability and an H_ performance

level for the filtering error system, and design procedures
were also presented to design the optimal H_ filter. The

effectiveness of the proposed method was finally illustrated
by a numerical example.
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* Nay---ay _R
Appendix % % _R
- ¢ 0 0 0
Q%O _Bloar'% Qanl -R 0 0 x . 0 0
* Qaﬂl _R O 0 E =| * * CV—] O
* * Q2010 _QaIO Q2a]1 _Qall « « « 5— “l c
_ * * * QZa,l_Qa,l “. i=0 X
Q= * * * * .
* * * * *
* % % * *
* % % * *
* * % * *
0 0 0 0 |
0 0 0 0
0 0 0 0
0 0 0 0
QNa‘\HO - QN—la,\LIO QNa‘Hl - QN—la,\Lll 0
* QNa‘Hl _QN—la,\L]l 0
* * _QNaN 0 _QNaN 1
k k * _QN .
— — — — T — T
®=[D7(0) (1) - (V)] , 6=0,

A=[A"(0) A"() - AW)]., =",
D)) =[E,(0)+F(0) K1) - &F(N)]
/_\(j):[E3(0)+50F;(0) k1) - ‘9NF3(N):|
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