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Abstract: This paper considers a new tracking control problem for a class of nonlinear
stochastic descriptor systems, where the tracked target is a given joint probability density
function (JPDF). The controlled plants can be represented by multivariate discrete-time
descriptor systems with non-Gaussian disturbances and nonlinear output equations. The control
objective is to find crisp algorithms such that the conditional output JPDF's can follow the given
target JPDF. Rather than using statistic methods such as Bayesian estimation or Monte Carlo
methods, we establish a direct relationship between the JPDFs of the transformed tracking error
and the stochastic input. An optimization approach is applied to present recursive algorithms
such that the distances between the output distributions and the desired one are minimized.
Furthermore, a stabilization suboptimal control strategy is proposed by using of LMI-based
Lyapunov theory. Simulations are provided to demonstrate the effectiveness of the stochastic

tracking control algorithms.
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1. INTRODUCTION

The control problems for descriptor systems (or general-
ized systems, singular systems) have drawn considerable
attention of many researchers due to their extensive ap-
plications in engineering. Many new feasible control ap-
proaches based on Lyapunov theory have extensively been
presented for linear descriptor systems (see e. g. (Dai89,
GMO03, HL.99, Tak98, WM94) ). For stochastic descriptor
systems, most of the existing results focused on generalized
Kalman filtering theory, where linear plants with Gaussian
noises were concerned (see e. g. (NCF99, YLM96, ZXS99)).
It is shown that in the presence of descriptor (implicit)
dynamics, the Kalman filtering problem for linear descrip-
tor systems becomes much more complex than that for

conventional systems.

On the other hand, for the conventional stochastic sys-
tems without descriptor dynamics, stochastic processes
and stochastic control have been widely studied theo-
retically and applied in practice in the past decades.

However, in most existing works only linear stochastic

* This work is supported by NSF of China (No. 60474013 and
60472065)

978-1-1234-7890-2/08/$20.00 © 2008 IFAC

15303

systems with Gaussian random variables were considered,
and the control performance objectives were confined to be
either expectation or variance of the stochastic output (see
e. g. (Astrom70, Mao02, Pap91, Pet00, UP01, Wang00)).
It has been shown that in many practical processes such
as paper and board making systems, the related stochastic
signals are non-Gaussian and/or the plants have strong
non-linearity (see e.g. (Wang00)). For these stochastic sys-
tems with non-Gaussian inputs or outputs, the expectation
and variance are not sufficient to characterize the statistics
of the concerned random vectors. Generally speaking, for
descriptor systems with non-Gaussian stochastic noises
and nonlinear dynamics, few control and filtering applica-

ble results have been obtained up to date.

For the past few years, new control strategies for the shape
of the output probability density functions (PDF) have
been developed for the conventional (non-descriptor) sto-
chastic systems, where the stochastic variables are not con-
fined to be only Gaussian and the control objective is the
shape of output (see e.g. (Kar96, Wang00, Wang02)). Up
to now, mainly there are two kinds of PDF control strate-

gies having been proposed for some conventional stochastic
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systems. One concentrated on tuning the dynamic weights
which correspond to the output PDFs after modeling the
dynamics between the control input and the output PDF's
using B-spline expansions (see e. g. (Wang00, Wang02)),
another attempted to establish the relationships between
the PDFs of the stochastic input and output, and made use
of various optimization approaches (see, e.g. (Wang03)).
However, most existing results on PDF control and min-
imum entropy control only considered single-input-single-
output (SISO) conventional systems. It is noted that mul-
tivariate stochastic processes are much more complicated
where in general some new methodologies involved in
conditional joint probability density functions (JPDFSs)
should be discussed (see, e.g. (GW03)). Moveover, since
stability can not be guaranteed with most of the proposed
algorithms, stability analysis turns to be another obstacle

in applications of these approaches.

In this paper, new PDF tracking control strategies are de-
veloped for a group of multivariate time-varying descriptor
systems with non-Gaussian stochastic inputs. The control
objective is to find crisp recursive design procedures such
that the system outputs, which generally are non-Gaussian
random vectors, can follow a target vector corresponding
to a given joint distribution. After a new relationship is
presented between the JPDFs of the tracking errors and
inputs of the descriptor systems, the suboptimal control
strategies are constructed based on gradient algorithms.
Furthermore, a recursive stabilization suboptimal control
law is proposed with which the stability of the closed
loop system can be guaranteed. Finally simulations are
provided to demonstrate the effectiveness of the proposed

approaches.

2. PROBLEM FORMULATION
2.1 Process Model and Its transformation

We firstly consider the time-varying descriptor system
described by

) Exgyr = Agxi + Bigur + Bogwy (1)
P vk = h(xk, vk, T)

where z;, € R” is the state sequence, y; € R is the con-
trolled output sequence, u; € RP is the control sequence,
wr, € R? and v, € R! are the stochastic disturbance
sequences, and r is the known reference input. F, Ay and
B (i = 1,2) are known time-varying matrices, where
E satistying rank(E) = r < n. It should be noted that

the concerned plants can be generalized to more exten-
sive nonlinear descriptor systems under some appropriate

assumptions (see also Remark 3).

Definition 1. For a discrete-time linear descriptor sys-
tem, a pair (E, A) is called regular if det(sE — A) is not
identically zero and impulse-free if the degree of det(sE —
A) is equal to rank(FE).

Similarly to most existing papers on descriptor systems,
the following condition for admissibility is needed in this
paper (see e. g. (HL99,Tak98)).

Assumption 1. (E, A) in Xp is regular and impulse-free

at every sample time.

On the other hand, the involved stochastic disturbances wy,
and vy are supposed to be non-Gaussian but with known
JPDFs. The following assumption is also quite general for
the stochastic inputs, which have been shown to exist in
many practical processes such as paper making systems
(see e.g. (Wang00)).

Assumption 2. The random vectors wg, vg (K =
0,1,2,---) (and its elements) are bounded, continuous,
independent mutually and with the known JPDFs ,,(7)
and 7, (7) defined on [a, b]? and [a, b]!, respectively.

The nonlinear function is required to satisfy the following

condition.

Assumption 3. h(-,-,-) are known Borel measurable
and smooth nonlinear functions of their augments, and
h(0,0,0) = 0.

At each sample time k, random output variable y; can be
characterized by its JPDF =,, (7) defined on [a, 8]'. Gen-
erally, yi is non-Gaussian random vector even if wy and

v, are Gaussian ones due to the existence of nonlinearity.

For any ¥ satisfying Assumption A.1, there exist invert-
ible matrices M and N such that

I, 0 B
wren =[50 e = [P ] )
where xj can be divided as z;; € R™, i = 1,2 with ny +
ng = n, correspondingly. Thus, we can get the following

result.

Lemma 1 If (E, A) is regular and impulse-free, then Xp

can be transformed to be ¥7,, which is described by

= Aopx1 + Bioruk . (3)

ZTik+1 = A1p®ir + Burkug + Bopwy
Zs oLk
ye = H(xik, ug, wi, v, )
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Proof. This proof is similar to Theorem 1 of (HL99) or
(Tak9s).

2.2 Problem formulation and calculations of JPDFs

In this paper, the tracking problem is considered for the
multivariate stochastic descriptor systems described by
(1) or (3). Different from a reference vector in classical
tracking control theory, the tracked target is supposed to
be a reference JPDF, which is denoted by ~4(7).

The control objective is to construct wug such that the
conditional JPDFs v, (T|2k, ur), which is also a function

of system output y and reference input r, satisfying

Yy (T|3;‘k, Ulc) — ’Yd(T), k — +o00.

Since the distance between 7, (7) and v4(7) can be de-

noted by
B8 B
5 (Yyurva) = / / (e (7) = a(r)2dr, (4)

the problem concerned in this paper can be formulated as

follows.

The JPDF Tracking Control Problem is to find control
strategies u = g(xg, r) such that
N

1
Iy =Y [ths(%k,%l) + 5“531&1« (5)
k=0
is minimized, and preferably, the closed loop system is

stable, where @ > 0 and Ry, > 0 are weighting matrices.

Remark 1 The control target using the distance of JPDF's
is a new performance formulation existing in wide classes
of engineering problems, where the desired output governs
a known probabilistic distribution (see e. g. (Wang00)). It
is noted that the measure for the distance in performance
index Jn can be further generalized to L,—distance,
the Kullback-Leibler distance or entropy (Dev87, Pap91).
Thus, the entropy optimization problem can also be dealt
with similarly where 6(vy, ,7a4) can be changed to entropy
of the tracking errors. Also, the proposed problem can
study the classical tracking problem for non-Gaussian
systems.

To simplify the controller design procedures, we introduce

the following assumption.

Assumption 4. It is supposed that the Jacobian = :=

OH (zp,uk,wk,vk)
det (e | o

Lemma 2 If Assumptions 174 hold, then we have
b

e (7) = / o (H Y (@10 11, 7, 7)) 70 (0)

a
. ‘det 6H(I1k,’u1€,0',7'> -

or do

where H~!(z1y,ug, o, 7) satisfies

T = H(xlkyuka 0-7H71(x1ka Uk,O',T)).

Proof. Based on Assumption 2 and Assumption 3,
yr (k = 0,1,2,---) are also continuous random vectors,
then the proof can be given by using the total probability
lemma in (pap91).

3. RECURSIVE JPDF TRACKING CONTROL
STRATEGY

8.1 Design Based on Gradient Algorithms

In order to determine an optimal uy, some optimization
approaches can be applied to the JPDF control problem.
For simplicity of notations, we suppose Qr = 1 in (5) and

only consider the explicit linear control strategies.

To provide recursive procedures, we denote

up = up—1 + Aug, k=1,2,---  N,--+, +00. (6)

Based on (4) and (2.2), as a conditional JPDF with respect
to the previous states x;;, ¢ = 1,2; 7 = 0,1,2,---,k —
1, disturbance inputs wy, vi and control inputs wuy, the

function 6(vy, ,va) can be approximated via
§(Vy»Ya) = 0o + 61Aug + Aui SaAuy + o(Aui)  (7)

. . 98(vy, va)
where 6o == 0(Vy,, Va)ly,—u,_, 101 1= —Fi ,
Up=Uk—1
826 s
62 = % (gyg Yd)
Yk U =Uk—1

Theorem 1. Under Assumptions 1~/, the recursive subop-
timal JPDF control strategy to minimize the cost function
Jn subject to descriptor system (3) is given by
01+ Ry

Aut =
Uk 205 + 2Ry

(8)
where Ry, satisfies d9 + R > 0.

Proof. The optimal control strategy can be obtained via

0 [6(vyy,va) + 3uf Riug]
8Auk

=0. 9)

Based on Bellman’s principle of optimality, the resulting
control law leads to the optimal one for the whole process.

From (6), it can be seen that

Rpui = Rpu?_ | + 2Rpup_ 1 Auy, + R Au?. (10)
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Substituting (7) and (10) into (9), we can obtain recursive

suboptimal control law (8) for k =1,2,---,N,---, +o0.

It is noted that the above algorithm only results from a
necessary condition for optimization. To guarantee suf-
ficiency, the following second-order derivative should be
satisfied
02 [8(vys, va) + 3up Rius]
dAuZ

=2(6+Ri) >0 (11)

which can be guaranteed if Ry, is selected sufficient large.
3.2 Stabilization Control Strategy

It is noted that the proposed JPDF tracking control strat-
egy resulting from the gradient approach leads to a non-
linear closed loop system. Generally stability analysis and
synthesis are relatively difficult for stochastic nonlinear
systems (see e. g. (Mao02, UP01, Wang02)), especially for
multi-variable cases. In this section, an improved subop-
timal optimization strategy will be proposed with which

the closed loop system can be guaranteed to be stable.

For this purpose, under Assumption 1, we can also trans-
form the state equation of system (1) to be (see also
e.g.(LC99)

Expy1 = Agzy, + Bigug + Bogwy, (12)
where xj, := [ 2], 23, ]T and
| I0| &  |Ai O
pa=[go] A= [ ).
= = B
B — 11k Bor = 21k
1k |:B12 :| ’ 2k |:322k 3
which leads to
EA$k+1 = ZkA.’Ek +§1kAuk +§2kAwk R (13)

where

Axp =T — Tp—1, Aup, = Up — Up—1, AW}, = Wg — Wg_1.

Equation (12) is also called Weierstrass form of Xp.
To consider the stabilization problem, we introduce the

following concept.

Definition 2 If there exists a gain matrix Cj together
with feedback law wuy = Cix1, such that Fxpy; =
Apxy+Bipuy is stable, regular and impulse-free, the triple
(E, Ay, B1;) denoted in (12) is called generalized stabi-
lizable and up = Crxyy is called generalized stabilization

control law.

The following assumption is necessary for stabilization

problems, which corresponds to the stabilizable condition.

Assumption 5. The triple (E, Ay, B1) in (12) is sup-

posed to be generalized stabilizable.

Lemma 3. Under Assumption 5, up = Cixy1p is the
generalized stabilization control law of (12) if and only if
there exists a symmetric matrix P and a gain matrix Cj
satisfying

ATPA, < ETPE (14)

and ETPE > 0, where
Ay, = A}, + B14xCy, Cp := [Cy, 0]

which is compatible to xy.

Proof. It can be given by connecting Definition 1 with
Theorem 2 of (HL99).

Lemma 4. For the transformed system (12) satisfying
Assumption 5, at each sample time k, both of the following
statements hold: (i) linear matrix inequality (LMI)

[ -Q QAT), + ST Bfj;

A1Q + B111S1 -Q (15)

} <0
is solvable for definite positive matrix Q and invertible
matrix Sp. (ii) For given matrices I'y; and [go,

-Q B!

<0

|:Pk -Q
where P, = A1:.Q + B11x51 + B11xS2Tk2 is solvable for
definite positive matrices Q and S5, and invertible matrix
S1. In both cases, Auy, = S1Q 1Az, is the generalized

stabilization control law.

(16)

Proof. See (HL99).
3.8 Stabilization JPDF Tracking Control Strategy

At this stage, the tracking control strategy can be con-

structed by

Auy, = C1pAx1g + Auz (17)

where C1, is the generalized stabilization control law given
by Lemma 4 , and Auj, is the part for JPDF tracking

control to be further determined.
Noting that d(vy, ,va) is also a function of Az1y, ug—1 and
Awuyg, we consider the expansion

1
S(Vyp»r ) = ko + a1 Auy + ara Az + §Au£rk1AUk

1
+ Az TroAuy + §A$1Tkrk3AfE1k +o(Auf, Awyy) - (18)

where

15306



17th IFAC World Congress (IFAC'08)
Seoul, Korea, July 6-11, 2008

0% (v, V)
QR0 = 5(7yka7d)|k_17 Fkl = —— e

ou? o1
86(7@/1‘7)’}%) 825(73/7@77(1)
= ¥k A Ty = — & 127 19
k1 Buk k—1 ’ k2 8$1kauk k—1 ’ ( )
oy = 200 74) Iy — 026y, va)
O 1k 1 8$%k k—1

are functions with respect to sample value 7.

For flexibility of design, in the following, Ry will be
determined at every sample step to guarantee stability of
the closed loop systems.

Theorem 2. For the transformed system (12) satisfying

Assumptions 175, at each sample time k, if we select

Ry =—S;'T T4 >0 (20)

where S is calculated via (16), then the closed loop

descriptor system is stable, and

Auj = — (D1 + Ri) ™ (ThaAwiy + oy + Reu—1) (21)

together with (17) forms the stabilization JPDF tracking
control strategy, where C) can be calculated by Lemma

4

Proof. Equation(21) can be obtained by substituting (18)
into (9) and removing the second-order terms. Substituting
(21) into (13) yields the closed loop system described by

{ Az = DigAxyy + BopAwy — pa

22
Axop = DopAxyy + BogpAwy, — pag (22)

where
D1 = Aig + BiixCr — Big (Tjy + Ri) ' T'h,
Doy, = Aoy 4+ Bo1xCi, — Boyg (Tr + Ri) ' TF,

and p;r = Big (U1 + ka1 (aF, + Ryug—1),i = 1,2, can
be regarded as an additive bounded inputs. Simalarly to
proof of Lemma 4, it can be claimed that stability of
descriptor system (22) depends on

Ayp, + B11xCy, — By (T + Ry) ' TE,
= A1j, + B11xCr, + B11xSoT'Ls

whoes stability has been guaranteed based on Lemma 4.

Remark 2. The recursive suboptimal stabilization JPDF

tracking control algorithms can be summarized as follows:

e Initialize xy and ug;

e At the sample time k, compute Cj and Sy by using
(16);

e Formulate v, (7) using Lemma 2 and (7, , 7a4) using

(4);

e Calculate Auj and uy using equation (21) and (6);
e Increase k by 1 to the next step.

Remark 3. In practice, generally nonlinearity also exists
in many descriptor systems. In this paper, besides the
above linear plants (1) or (3), the following nonlinear

descriptor systems

Tikt1 = fie(@1r) + 911 (T1e)wi + 921 (218)uk (23)
Zop = for(z1x) + go1 (1) Wk + g2 (1) Uk
with a linear controlled output
Yk = Hy(T1x, W, Uk, Vi, 7) (24)

can also be studied similarly, where xg, x; (i = 1,2), wg,

Uk, Vg, Yr and r are defined as above.

4. A NUMERAL EXAMPLE

In this section we give an example to demonstrate how to
compute the JPDF tracking control laws. The considered

descriptor system is given by

100 T11k+1 0.95 0 0 T11k
010 T12k+1 = 1 —0.90 0 T12k
000 Tok+1 1 -1 -1 T2k
0 0
+ [ 1 U + 0.50] Wy,
-1 0
1
= — -2 .
Yk T+, up + Ti2k — 2Tk + /U

This system has been transferred to be a Weierstrass
form. Random variables wy and v, (K = 0,1,2,---) are
assumed to be mutually independent with known PDFs.
The asymmetric PDF of v is defined by

—6(z — 0.25)
——F = z € [0,0.25],
Yol@) = N [ ] (25)
0 else.
while the PDF of wy, is given by
3
—_— 2 — JE—
o) = 48(x* —x + 16) x € [0.25,0.75], (26)
0 else.

In simulations, the initial conditions are set to be uy =
0,y9 = —0.4. For every sample time k, the sequence of
the suboptimal control input is demonstrated in Figure 1.
To illustrate the effectiveness of the proposed method, the
practical output JPDFs under control at several different
sample times as well as the tracked target JPDF are given
in Figure 2 for comparisons. Figure 3 displays the outputs
and the tracking errors where it can be seen that the
tracking errors decrease to a small value in a short time.
These simulation results show that satisfactory dynamical
tracking performance can be obtained using the proposed

approach.
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Fig. 3. the outputs and the tracking errors
5. CONCLUSION

In this paper, a new JPDF tracking control problem is
considered for multivariate descriptor systems with non-
Gaussian random inputs. Optimization approach is ap-
plied to present recursive algorithms such that the dis-
tances between the output distributions and the desired
one are minimized. Furthermore, a stabilization subopti-
mal control strategy can be given by using of LMI-based
Lyapunov theory. Simulation shows that the proposed
approach can achieve satisfactory performance for non-

Gaussian descriptor systems.
5.1 References

REFERENCES

K. J. Astrom. Introduction to stochastic control theory.
Academic Press, New York, 1970.

L. Dai. Singular Control Systems. Springer, New York,
1989.

L. Devroye. Progress in probability and statistics: A course
in Density estimation. Birkhauser, Boston, 1987.

L. Guo and M. Malabre. Robust H° control for descriptor
systems with non-linear uncertainties. Int. J. Control,
76: 1254-1262, 2003.

L. Guo and H. Wang. Minimum entropy filtering for mul-
tivariable stochastic systems with non-gaussian noises.
IEEE Trans. on Automatic Control, 51: 695-700, 2006.

K.-L. Hsing and L. Lee. Lyapunov inequality and bounded
real lemma for discrete-time descriptor systems. IEE
Proc. Part D: Control Theory Application, 146: 327-332,
1999.

M. Karny. Towards fully probabilistic control design. Au-
tomatica, 32: 1719-1722, 1996.

X. Mao. Exponential stability of stochastic delay interval
systems with Markovian switching. IFEE Trans. on
Autonmatic Control, 47: 1604-1612, 2002.

R. Nikoukhah, S. L. Campbell, and F. Delebecque.
Kalman filtering for general discrete-time linear sys-
tems. IEEE Trans. on Automatic Control, 44: 1829-
1839, 1999.

A. Papoulis. Probability, Random variables and stochastic
process, 3rd. McGraw-Hill, New York, USA, 1991.

I. R. Petersen, M.R. James, and P.Dupuis. Minimax opti-
mal control of stochastic uncertain systems with relative
entropy constraints. IEEE Trans. on Automatic Control,
45: 398-412, 2000.

K. Takaba. Robust H? control of descriptor system with
time-varying uncertainty. Int. J. Control, 71: 559-579,
1998.

V. A. Ugrinovskii and I.R.Petersen. Robust stability and
performance of stochastic uncertain systems on an in-
finite time interval. Systems & Control letters, 44: 291-
308, 2001.

H. Wang. Bounded Dynamic Stochastic Systems: Mod-
elling and Control. Springer-Verlag, London, 2000.

H. Wang. Minimum entropy control of non-Gaussian dy-
namic stochastic systems. IEEE Trans. on Automatic
Control, 47: 398-403, 2002.

H. Zhang, L. Xie, and Soh Y. C. Optimal recursive filter-
ing, prediction, and smoothing for singular stochastic
descrete-systems. IEEE Trans. on Automatic Control,
44: 2155-2158, 1999.

15308



