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Abstract: A model of a kind of uncertain switched fuzzy systems is presented first, in which each 
subsystem is an uncertain fuzzy system. Then the robust stabilization problem to the system is studied and 
a solution proposed. When the upper bounds of the disturbances are unknown, and the actuator is serious 
failure and the residual part of actuator can not make original system stable, a reliable robust adaptive 
controller is constructed to guarantee the closed-loop system is uniformly ultimately bounded via using 
switching technique and multiple Lyapunov function approach. The switching strategy achieving system 
uniformly ultimately bounded of the uncertain switched fuzzy system is given. An illustrative example is 
given that demonstrates the feasibility and the effectiveness of the proposed method.   

 

1. INTRODUCTION1 

A switched system is one of the important types of hybrid 
systems, which may consists of a family of continuous-time 
or discrete-time subsystems and a governing rule that 
specifies the switching between them (see Liberzon, 2003 for 
full detail). During the last decade, considerable attention has 
been devoted to studies of switched systems (e.g. see EI-
Farra and Christofides 2001; Sun 2004; Zhao & Dimirovski, 
2004). On the other hand, for a couple of decades, fuzzy logic 
control has emerged as one of the most fruitful areas in 
industrial applications of control designs (X.-L. Wang, 1997, 
Yen and Langari, 1999). Moreover, recently some useful 
stability analysis techniques for fuzzy logic control systems 
have come forth (e.g. see Li and Tong, 2003; Liu and Zhang, 
2003; Tanaka and Wang, 2003; Tuan et al., 2001; R. J. Wang, 
2004).  

About the same time, EI-Farra and Christofides (2001) have 
reported their advanced research on the stability of switched 
nonlinear systems using multiple Lyapunov functions. Kazuo 
and co-authors have reported on switching in control 
stabilization of a hovercraft. Sun (2004) solved the stability 
problem of a class of nonlinear switched systems having 
disturbances. Zheng et al. (2002) presented a methodology 
for the design of robust controller for norm-bounded 
uncertain nonlinear systems via fuzzy systems approach. In 
addition, two adaptive controllers were developed in (Zheng 
and co-authors, 2004). Yet for uncertain switched systems, 
the results of robust control are relatively few, and even less 
so for uncertain switched fuzzy systems. 

                                                 
1 This work was supported in part by the NSF of P.R. of China (grant 
60574013) and Dogus University Fund for Science. 

A switched system is said to be a switched fuzzy system if all 
of its subsystems are fuzzy systems. It may well be found the 
results on switched fuzzy systems are very few, provided a 
comparison study of stability results and stability based 
designs for switched systems and for fuzzy systems is carried 
out. The problem begins with the representation models for 
switched fuzzy systems.  

A specific switching fuzzy model was studied in (Kazuo and 
co-authors, 2001). Such a switching fuzzy system model has 
two levels of its system structure. This model is switching in 
local fuzzy-rule level of the second structure level according 
to the premise variable in region-rule level of the first level. 
In (Zheng and Frank, 2002) another specific switching fuzzy 
model for power system applications has been developed and 
stabilization control design proposed. Yang and co-authors 
(2006) proposed a new model of uncertain switched fuzzy 
systems, both for continuous-time and discrete-time case, 
which differs from the existing results. They also proposed a 
control design solution. These models are general one, and 
not application specific, for a switched system whose 
subsystems are all fuzzy systems possessing uncertainties. 
Still, the reliable control problem was not considered there. 

It should be noted, since faults and even failures of control 
components often occur in real-world control systems, 
classical robust control methods may not provide satisfactory 
performance always and even drive closed-loop system 
unstable. To overcome this problem, reliable control has 
acquired wide attention and considerable developments 
achieved (e.g. see Jiang and co-authors, 2004; Sun and Wang, 
2002; Sun, 2004; Wu, 2004). In particular, Simani (2005) 
proposed a methodology for input-output sensor fault 
detection and isolation of industrial processes using Takagi-
Sugeno (T-S) fuzzy models. However, these reliable control 
methods are all based on a basic assumption that the never 
failed actuators must stabilize the given system, which is 
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somewhat impractical. In other words, actuators may suffer 
“serious faults” and even failures some of them, yet the 
system can remain stable (R. Wang and co-authors, 2005). 

This paper studies the problem of reliable control where 
actuators suffer “serious faults” that tend towards failures, 
and presents a more general method that combines reliable 
control and switched T-S fuzzy control. Both fuzzy robust 
adaptive controllers for subsystems and switching laws which 
make switched fuzzy system uniformly ultimately bounded 
are designed. Besides unknown bounds uncertainties are 
considered, which are rarely seen in the related literature, and 
also it is assumed that the bounds of the external disturbances 
are not necessarily given or approximately known. 

2. PROBLEM FORMULATION 

In this section, we present an uncertain switched fuzzy model. 
The main novelty is the combination of reliable control and 
switched T-S fuzzy control, which has been rarely addressed 
in the literature. Consider the continuous uncertain switched 
fuzzy model, namely every subsystem of switched systems is 
uncertain fuzzy system:  

Then  ,  is    and  is    If: 11
l
pp

ll MMR σσσ ξξ  

lll wtuBtxAtx σσσσ ++= )()()( , σNl ,2,1=    (1) 

Where ( )( ) :[0, ) {1, 2, }x t M mσ σ= +∞ → =  is the 

switching signal to be designed. l
p

l MM σσ ,,1  denote fuzzy 

sets in the σ -th switched subsystem. lRσ  denotes the l -th 

fuzzy inference rule in the σ -th switched subsystem. )(tNσ  
is the number of inference rules in the σ -th switched 
subsystem, and fuzzy rules are selected in every switched 
subsystem. ( )u tσ  is the input variable of the σ -th switched 

subsystem. 1 2( ) [ ( )  ( )  ( )]T n
nx t x t x t x t= ∈R  is the 

state variable vector, lwσ  is external disturbance of the σ -

th switched subsystem. lAσ  and lBσ  are known constant 
matrices of appropriate dimensions of the σ -th switched 
subsystem. pξξξ ,,, 21  are the premise variables. 

The i -th switched subsystem is: 

Then  ,  is    and  is    If: 11
l
ipp

l
i

l
i MMR ξξ  

iliilil wtuBtxAtx ++= )()()( , mi ,,1= , iNl ,2,1 =     (2) 

The global model of the i -th switched subsystem is 
described by: 

( )[ ]∑ ++=
=

iN

l
iliililil wtuBtxAttx

1
)()()()( ξη , mi ,,1=     (3) 

where 

( ) 1)(0 ≤≤ til ξη , ( )∑ =
=

iN

l
il t

1
1)(  ξη        (4) 

In which 

( ) ( )     )()(
1

∏=
=

p
l
iil tMt

ρ
ρρ ξξω , 

( ) ( )
( )

 
)(

)()(  

1
∑

=

=

iN

l
il

il
il

t

tt
ξω

ξωξη . 

Where ( ))(tM l
i ρρ ξ  denotes the membership function and 

)(tρξ  belongs to the fuzzy set l
iM ρ . 

We adopt the following notations from (Branicky, 1998) for 
system (1). In particular, a switching sequence is expressed 
by  

0 0 0 1 1{ ;( , ),( , ), ,( , ), ,| , }j j jx i t i t i t i M j N∑= ∈ ∈… …  

in which 0t  is the initial time, 0x  is the initial state, ( , )k ki j  

means that the ki -th subsystem is activated for [ )1,k kt t t +∈ , 

N  is the number of switched subsystem. Therefore, when 

[ )1,k kt t t +∈ , the trajectory of the switched system (1) is 

produced by the ki -th subsystem. For any j M∈ , 

) ) ){
}

1 1 2 21 1 1

1

( ) , , , , , , ,

                      ( ) , ,

n n

k k

t j j j j j j

j j

j t t t t t t

t j t t t k Nσ

+ + +

+

⎡⎡ ⎡∑ = ⎣ ⎣ ⎣

= ≤ ≤ ∈

… …
 

denotes the sequence of switching times of the j -th 
subsystem, in which the j -th subsystem is switched on at 

kj
t and switched off at 1kj

t + . 

In order to investigate the reliable control problem, we 
classify actuators of i -th switched subsystem (3) into two 
groups (Wang, Zhao, and Dimirovski, 2005). One is a set of 
actuators susceptible to failures, denoted by { }1,2, ,i ikΘ = , 

( 1,2, , )i m= . The other is a set of actuators robust to 
failures, denoted by { }1,2, ,i i ikΘ = − Θ , ( 1,2, , )i m= . 

Therefore, introduce the decomposition of ilB  as 

il ililB B BΘ Θ= + , 1,2, ,i m= . Where, 
il

BΘ  and
il

BΘ  are 

gained by making the column elements of ilB  which 

correspond to ilΘ  and ilΘ  respectively zero. The following 
is obvious  

, 1, 2, ,
il il il il

T T T
il ilB B B B B B i mΘ Θ Θ Θ= + =      (5) 
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In particular, the main attention of this paper is concentrated 
on actuators of switched fuzzy system suffering serious 
failures, which has great significance in theoretical study and 
engineering applications. In the existing standard reliable 
control problem, the condition that ( , )

ililA BΘ is a stabilizable 

pair requisite. This strong condition is no longer needed here 
for switched systems. In fact, if ( , )

jljlA BΘ
is a stabilizable 

pair for any j M∈ , then we can design state feedback 
controller for the j -th subsystem that makes the system (3) 
stabilizable. 

3. MAIN NEW RESULTS 

Assumption 1 (Liu, 2005): the external disturbance of the 
system (1) satisfies 

iil wBw
ilΘ= , *),( i

T
ii txw θϕ≤ , mi ,,1=      (6) 

Where ( )Tiqiii )(,),(),()( 21 •••=• ϕϕϕϕ , *
iθ =  

( )* * *
1 2, , ,

T

i i iqθ θ θ , 0),( >txiαϕ ,  q,,2,1=α  for all x . 

And the function )(•αϕi , q,,2,1=α  is also assumed to 
be continuous, uniformly bounded with respect to time and 
locally uniformly bounded with respect to x . * q

iθ ∈ R is a 
bounded constant with unknown bounds. 

 

Theorem 1: Suppose that the uncertain switched fuzzy 
system (1) satisfies the assumption (1). If there exist 
constants ijβ ),( Mji ∈ (either all nonnegative or all non-

positive) and positive definite matrixes iP  satisfying the 
inequalities 

0)(
1

<−∑+++
=

j
m

j
iijiijii

T
ij PPQAPPA

ii
β ， 

 ii Nj 2,1=  ， mi ,,1=                    (7) 

where, 
i i

T
i i iQ PB B PΘ Θ= ,

1
( )

i

i il

N

il
l

B Bη ξΘ Θ
=

= ∑ . 

Then, the closed-loop system (1) is uniformly ultimately 
bounded by the robust adaptive reliable controllers (8) and 
the switching law },,2,1{),0[:)( mMt =→+∞σ . Where  

ii
T

i
T
i

i
T
ii

T
i

i

i
BPtxtx

txPBtx
tu

εθϕ

θϕ

+
−=

Θ)(ˆ),(

)()ˆ),((
)(

2
， mi ,,1=    (8) 

In which
1

( )
iN

i il il
l

B Bη ξ
=

= ∑ , iε are assumed to be positive 

constants. Adaptive laws are 

),( )(ˆˆ
1

txBPtxr ii

N

l
i

T
iliiii

i

il
ϕηθθ Γ+Γ−= ∑

=
Θ , mi ,,1=      (9) 

In which ir  are positive constants, iΓ  are positive definite 

matrixes. iii θθθ ~ˆ * += ， iθ̂ are the estimates of *
iθ . ir  and 

iΓ are design parameters. 

Adaptive laws (9) can be rewritten as follow: 

*

1
),( )(~~

iiiii

N

l
i

T
iliiii rtxBPtxr

i

il
θϕηθθ Γ−Γ+Γ−= ∑

=
Θ

       (10) 

 

Proof: Without loss of generality, suppose 0ijβ ≥ . For any 

Mi ∈ , if 0)())(( ≥− txPPtx ji
T , Mj ∈∀  for 

( ) nx t R∈ , we have 

1 1

( )( ) ( ) 0
i i

i i il il

N N
T T T

il il ij i i ij i i
l l

x t A P P A PB B P x tη η Θ Θ
= =

+ + <∑∑  

ii Nj 2,1=                                  (11) 

Obviously, for }0{\)(  nRtx ∈∀ , there certainly is an 

Mi ∈  such that 0)())(( ≥− txPPtx ji
T , Mj ∈∀ . For 

any Mi ∈ , let 

{ }MjxPPxRx ji
Tn

i ∈∀≥−∈=Ω  ,0)(}0{\ , 

Then 
1

\{0}
m

n
i

i
R

=
Ω =∪ . Further, let construct the sets 

11 Ω=Ω , …, ∪
1

1

−

=
Ω−Ω=Ω

i

j
jii

, …,  ∪
1

1

−

=
Ω−Ω=Ω

m

j
jmm

. Then 

apparently also it hold true that }0{\
1

nm

i
i R=Ω

=
∪ , and 

Φ=ΩΩ ji ∩ , ji ≠ . 

To proceed further, the following candidate Lyapunov 
function 

ii
T

ii
T

ii xPxxV θθθ ~~)~,( 1−Γ+= , mi ,,1=       (12) 

iP  are positive definite matrixes satisfying (7) is chosen.  

Thereafter, let construct switching law it =)(σ . When 

itx Ω∈)( , then one finds 

1( , ) 2T T T
i i i i i i iV x x Px x Pxθ θ θ−= + + Γ  
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1 1 1

1

1 1 1
    2

i i i

i i i

TN N N

il il il il il il i i
l l l

N N N
T T

i il il il il il il i i i i
l l l

A x w B u Px

x P A x w B u

η η η

η η η θ θ

= = =

−

= = =

⎛ ⎞
= + + +⎜ ⎟

⎝ ⎠
⎛ ⎞

+ + + Γ⎜ ⎟
⎝ ⎠

∑ ∑ ∑

∑ ∑ ∑

 

1 1 1

1

1

( )

   2 2

i i i

i

N N N
T T T T

il il i i il il il i i il il
l l l

N
T T
i i i i il il i

l

x A P PA x w Px x P w

x P B u

η η η

θ θ η

= = =

−

=

⎛ ⎞
= + + + +⎜ ⎟

⎝ ⎠
⎛ ⎞

Γ + ⎜ ⎟
⎝ ⎠

∑ ∑ ∑

∑
 

where 

( ) ( )

( )

1 1

1 1

*

1 1

2 2 ( , )

i i

i i

il il

i i

il il

N N
T T

il il i i il il
l l

N NT T
il i i i il i

l l

N NT T T
il i i il i i i

l l

w Px x P w

B w Px x P B w

B w Px B Px x t

η η

η η

η η ϕ θ

= =

Θ Θ
= =

Θ Θ
= =

+

= +

≤ ≤

∑ ∑

∑ ∑

∑ ∑

 

Thus, it follows further:  

*

1 1

1 *

1

2

1

( , ) ( ) 2

2 ( )  ( , )

ˆ( ( , ) ) ( )2 ˆ( , ) ( )

i i

il

i

il

i

i

N N
T T T T

i i il il i i il il i i i
l l

N
T T
i i i i i il i i i i i i

l

T TN
T i i i i

i il il T Tl i i i i

V x x A P PA x B Px

r x t PB x t r

x t B Px tx P B
x t x t PB

θ η η ϕ θ

θ θ η ϕ θ

ϕ θη
ϕ θ ε

Θ
= =

−
Θ

=

=
Θ

⎛ ⎞
≤ + + +⎜ ⎟

⎝ ⎠
⎛ ⎞

Γ − Γ + Γ − Γ −⎜ ⎟
⎝ ⎠

⎛
⎜
⎜ +⎝

∑ ∑

∑

∑
⎞
⎟
⎟
⎠

 

1

22
* *

( ) 2 2 ( )  

ˆ( ( , ) ) ( )
2 2 ( ) 2 ˆ( , ) ( )

i

i

i

i

N
T T T T T

il il i i il i i i i i i
l

T T
i i i iT T T

i i i i i i T T
i i i i

x A P PA x r x t PB

x t B Px t
r B Px t

x t x t PB

η θ θ θ ϕ

ϕ θ
θ θ ϕ θ

ϕ θ ε

Θ
=

Θ
Θ

= + − + −

⎛ ⎞
⎜ ⎟+ −
⎜ ⎟+
⎝ ⎠

∑
 

1

22
2 *

ˆ( ) 2 ( )

ˆ( ( , ) ) ( )
2 2 2ˆ( , ) ( )

i

i

i

N
T T T T

il il i i il i i i
l

T T
i i i i

i i i i iT T
i i i i

x A P PA x B Px t

x t B Px t
r r

x t B Px t

η ϕ θ

ϕ θ
θ θ θ

ϕ θ ε

Θ
=

Θ

≤ + + −

⎛ ⎞
⎜ ⎟ − +
⎜ ⎟+
⎝ ⎠

∑
 

At this point of the argument, note that b
ba

ab
<

+
≤0 , 

0≥∀a , 0>b . Therefore it follows: 

22ˆ( ( , ) ) ( )ˆ2 ( ) 2 ˆ( , ) ( )

2

i

i

T T
i i i iT T

i i i T T
i i i i

i

x t B Px t
B Px t

x t B Px t

ϕ θ
ϕ θ

ϕ θ ε

ε

Θ

Θ

⎛ ⎞
⎜ ⎟−
⎜ ⎟+⎝ ⎠

≤

        (13) 

Then one finds 

2 *

1

( , ) ( ) 2 2 2
iN

T T
i i il il i i il i i i i i i

l

V x x A P PA x r rθ η ε θ θ θ
=

≤ + + − +∑
2 2*

1

( ) 2
iN

T T
il il i i il i i i i i

l

x A P PA x r rη ε θ θ
=

≤ + + − +∑  

2 2*

1
( ) 2

iN
T

il i i i i i i
l

x Q x r rη ε θ θ
=

≤ − + − +∑  

2 22 *
min ( ) 2i i i i i iQ x r rλ θ ε θ≤ − − + +  

2
i ic x ε≤ − +  

That is to say, it follows: 

( ) 2( ) ( )i i iV x t c x t ε≤ − +                    (14) 

where [ ]TT
i

T txtx θ~)()(~ = , min( , )i i ic c r= , ic =  ( )min iQλ ,  
2*2~

iiii r θεε += . 

It should be noted that 
1( ) ( )( ) ( )

k ki t k i t kV t V t
−

= . According to 
(14), we can say that the controllers (8) make system (1) 
uniformly ultimately bounded under adaptive laws (9) and 
the switching law it =)(σ . And this concludes the proof. 

4. SIMULATION 

Let consider the following continuous-time, uncertain, 
switched, fuzzy system: 

2222222
2
21

2
2

2122121
1
21

1
2

1211212
2
11

2
1

1111111
1
11

1
1

)()()( then  ,  is    if : 

)()()( then  ,  is    if:

)()()( then  ,  is    if : 

)()()( then  ,  is    if:

wtuBtxAtxMR

wtuBtxAtxMR

wtuBtxAtxMzR

wtuBtxAtxMzR

++=

++=

++=

++=

δ

δ
 

along with system matrices 

11

5 4
0 2

A
−⎡ ⎤

= ⎢ ⎥
⎣ ⎦

, 
12

20 1
0 10

A
−⎡ ⎤

=⎢ ⎥−⎣ ⎦
, 

21

2 0
1 5

A
⎡ ⎤

= ⎢ ⎥−⎣ ⎦
, 

22

15 0
5 4

A
−⎡ ⎤

=⎢ ⎥− −⎣ ⎦
, 

11 12

1 1
0 1

B B ⎡ ⎤
= = ⎢ ⎥

⎣ ⎦
, 

21 22

1 0
1 5

B B ⎡ ⎤
= = ⎢ ⎥

⎣ ⎦
,

11 12

1 0
0 0

B BΘ Θ

⎡ ⎤
= = ⎢ ⎥

⎣ ⎦
, 

21 22

0 0
0 5

B BΘ Θ

⎡ ⎤
= = ⎢ ⎥

⎣ ⎦
, 1

1
2

0.1sin
0.1sin

x
w

x
⎡ ⎤

= ⎢ ⎥
⎣ ⎦

, 1
2

2

0.1cos
0.1cos

x
w

x
⎡ ⎤

= ⎢ ⎥
⎣ ⎦

. 

It should be noted that ( , )
ililA BΘ  is not a stabilizable pair. In 

turn, a subsystem is not stabilizable when failures of 
actuators occur. Nonetheless, the reliable control problem is 
solvable via switching between subsystems as proved in the 
previous section (see Theorem 1). 
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The membership functions, respectively, are chosen as: 

   1))(( ,  
1

1))(( 1
11

2
11

1
11 )(2 MMtzM tz

e
tz μμμ −=

+
= −

; 

1
21

2
21

1
21

1))(( , 
1

1))(( ))3.0)((2( MMtM t
e

t μδμδμ δ −=
+

= −−
. 

Then the parameters of controllers and adaptive laws are 
defined, respectively: 

1 1wϕ = , 2 2wϕ = , 01.021 == εε . 

01.021 == rr , 02.021 =Γ=Γ . 

For the inequality condition it is obtained 

0)(
1

<−∑+++
=

j
m

j
iijiijii

T
ij PPQAPPA

ii
β , 

2,1=i , 2,1=ij , 1,2l = . 

Solving this inequality with 1=ijβ , one can find:  

1

0.2251 -0.1051
-0.1051 0.0626

P ⎡ ⎤
= ⎢ ⎥

⎣ ⎦ , 
2

0.0259 -0.0309
-0.0309 0.1493

P ⎡ ⎤
= ⎢ ⎥

⎣ ⎦ . 
Next, define 

}0)(,0)()()()({ 21
T

1 ≠≥−∈=Ω txtxPPtxRtx n  , 

}0)(,0)()()()({ 12
T

2 ≠≥−∈=Ω txtxPPtxRtx n  . 

Then, }0{\21
nR=ΩΩ ∪ . Thus the closed-loop system is 

uniformly bounded under the following switching law 

⎩
⎨
⎧

ΩΩ∈
Ω∈

=
12

1

\)(2
)(1

)(
tx

tx
tσ  

The simulation results (MathWorks, 2000, 2002, 2003) for 
the state and control vectors with initial condition on states 

[ ](0) 3,1 Tx = − , ˆ(0) 4θ =  are depicted in Figures 1 and Figure 
2, respectively. 
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Fig. 1 Evolution time-histories of controlled system state responses. 
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Fig. 2  Evolution time-histories of system controls in closed loop. 

5. CONCLUSION 

The problem of robust reliable control for uncertain switched 
fuzzy systems has been investigated. Firstly, a model of 
uncertain switched fuzzy systems, which combines reliable 
control and switched fuzzy control, was presented; all 
subsystems of the switching system are uncertain fuzzy 
systems. In particular, attention was focused on actuators that 
may suffer “serious faults”.  
 
Reliable controllers and switching law are designed such that 
they make the switched fuzzy systems uniformly ultimately 
bounded, based on the switching strategy that switching 
between faulty actuators. Finally, an illustrative example and 
the respective simulation results verified the effectiveness of 
the proposed control design method. 
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