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Abstract: In some control and observations problems, it may be convenient, at least from the
analysis point of view, to use non proper systems. However, as far as their implementation is
concerned, proper approximations have to be designed. In this paper, we show how exponential
approximations can be rather easily designed. We consider the MIMO case and study the relative
stability of the approximation. As a by product, we show that the set of proper time-invariant
linear systems is dense in the set of regular linear descriptor systems.

NOTATION

e s is the Laplace complex variable. j is the complex number /—T.
Let x = a+ b € C, |z| stands for its modulus and argz stands for
the principal value of the argument of z. /F(jw) stands for the
phase-angle of the complex function F(yw) with w > 0, namely: (7)
[F(0) = arg F(0), (1) [F(jw) = arg F(yw) + 2kn with k € Z, and (4ii)

F(yw) is a continuous function of w.

e |||, stands for the Euclidean norm. We write: f(e) = O(¢(e)) when
there exist ¢* > 0 and K > 0 such that |f(e)| < K¢(e) for e € (0, £*)
and ¢(e) > 0. g+ O(p(e)) means: g+ f(e) with f(e) = O(p(e))
C>(RT,R™) is the space of infinitely differentiable functions v :
RT — R™ and £°¢(R*,R™) stands for the locally integrable functions
v: RT — R™, namely f:f lv(t)]l, dt < co for all ¢1,t> € RT.

° K; denotes a k x 1 vector whose i-th component is 1 and the others
are zero (in the case that i > k all its components are taken equal to
zero). I, denotes a k x k identity matrix, or simply I when the size
does not have to be explicitly indicated. BDM {X;, ..., X; } denotes
a block diagonal matrix whose diagonal blocks are the matrices
Xi1,...,Xp. Tu{vT} denotes an upper triangular Toeplitz matrix
with first row v7. T,{v} denotes a lower triangular Toeplitz matrix
with first column v. Given a,b € Z, a < b, [|a, b|] denotes the ordered
set {z€Z|a<z< b}

e Lette Nand Sy = {z1,...,z:} CR, for each r € Nsuch that r <,
Qf (24,,) stands for the addition of all non-repeated products of
r factors taken from S;, e.g. Cg (Tiy,) = T1T2T3 + T1T2T4 + T1T3T4
+z2z3zs and ¢! (wim):Z::1 x;; it is also written: ¢! (zs,,)
= e I @) We define: ¢ (z1,) = 1. < (@i,)
stands for the addition of all non-repeated products of r fac-
tors taken from S; but excluding x:, e.g. ci (ziy,) = z12223 and

Gf (Ti,) = Z:;ll z;. Qtr (zi,,) stands for the addition of all non-
repeated products of r factors taken from S; which always include z,

1 T
e.g. 63 (Tiy,) = T1224 + T1@324 + T2w324 and Cl (i,,) = z¢. Note

that for all » € [|1,¢|]] and a € R hold:

" t t + t+1
€ (Tin,) =€ (@igy) + € (Ti,) 5 Te41€ (@iy,) =€ (Tipy,)

t+1 r+1
t t
T (i) . € (aziy,) = a" € (z4,,)

e (wiy,) =€

(1)
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1. INTRODUCTION

In this paper we are interested in finding a linear time-
invariant proper exponential approximation which gives a
solution of the following problem:

Problem 1. Given a linear time-invariant non-proper sys-
tem, ¢, with realization:

Nav(t) = w(t) — Tu(t) , u(t) = Ow(t) (2)
where v € R™, v e R?, and w € R*™" are the input, the
output and the descriptor variable, respectively. N is a
nilpotent matrix with index of nilpotency ®+1 and I is a
map such that the matrix [V I'] is epic. We assume that v
is bounded and that the first & derivatives of v exist and
are bounded Lipschitz continuous time functions, namely:

H1. |u@®)|, < Ko, for all ¢ > 0.
H2. |Jv(t1) —v(t2)lly < Lo [t1 — 2], | diu(ty)/dt? — dio(ts)/dt?
< Lj |t — ta|, for all t1,t2 > 0, i € [|0,%]].

2

with Ko and L; (i € [|0,%|]) some positive constants.

Find a linear time-invariant strictly proper filter, %I:
Ct) = A(e)¢C(t) + B(e)u(t), y(t) = C(e)¢(t), and find positive
constants g and e, such that:

Q1) 3 K >0 such that lin% ly() —u(t)|l, < Ke=5t, ¥V ¢t > 0.

Q2) 3e* >0 such that xf is internally stable v ¢ € (0, *).
Q3) The overall system, ©f o ¢ is externally equivalent 2
to a linear time-invariant proper system.

In other words, we are looking for a proper filter, =f, which
makes proper the overall system, ©f o ¢, and which out-
put, y(t), exponentially tends to the non proper behaviour
of x¢. The interest is to finally synthesize the overall proper
system = o ©¢ as a proper approximation of e.

In (Méndez et al 2007) we have tackled Problem 1 for
the SISO case using the solid Singularly Perturbation

2 As introduced by Willems (1983) two models are externally equiv-
alent, if the corresponding sets of all possible trajectories for their
external behaviour (in our case the input—output trajectories) are
the same.
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Theory (Kokotovié¢ 1999) as the analysis tool. In this paper
we consider the MIMO case, studying also the relative
stability of the approximation. As a by product, we find
that the proper time-invariant linear systems are dense
in the regular descriptor systems. For approximations
by means of time-variant linear systems and non-linear
systems the readers can see Ibrir (1999) and Levant (1998).

In Section 2 we show the principal results found in
(Méndez et al 2007). In Section 3 we study the relative
stability of the approximation for the SISO case. In Section
4 we tackle the MIMO case and in Section 5 we conclude.
All the technical results are proved in the Appendix.

2. ANTECEDENTS

In (Méndez et al 2007), we have tackled Problem 1 for
the SISO case. For this, we have considered the singularly
perturbed derivative coupling filter (SPDC-Filter):

&(t) = —Px(t) — 6““(@)%(0 ;
e(t) = x"a(t) — (Mx — Ux)2(t) + x"u(t) , (3)
y(t) = (&i)TZ(t)
where z ¢ R, 2 € R*, u e R! and y e R!. k€ ZT and 8, ¢ €
RT. Ux = Tu{(x?)"} and M, is defined as?

M, = BDM{M, ...,
M, = BDM{M, ...,

M; = (sin 0;)I 4+ Ty {(cos? ei)Xg} , 01 =7/(2K) (5)
01 =0; + A0, A0=n/r, i€[1,r—1]
The slow part of (3) is composed by a first order system
with an eigenvalue in —f3 and the fast part is composed
by a normalized low pass Butterworth filter. The transfer
function of the fast part is:

-1
()T (s15+(M —UH)) X =1/Ap(s) (6)

Ap(s) = (s+1)%° Hf.r"’ ((s +sin ;)2 + cos? Bi) (7)

i=1
Ifkisodd: 0o =1 & of = (k—1)/2, else: 0o =0 & o = K/2.

M, o} if K is even , and (4)
M(r—1)/2,1} if £ is odd

Following Lemmas 2.1, 2.2, Theorem 3.1 and Theorem 5.1
of Kokotovi¢ (1999) we have the three key results:

Lemma 2. (Méndez et al (2007)). Let e1(x) be defined as:

e1(k) = (ﬁ ((ﬂ+1)+n% +2 (ﬁ+l)nl/2>)71 (8)

If 0 < ¢ < min{1, &1} then the SPDC-Filter (3) can be
expressed as the two- time scale model:
— (8= x)TL(e))&(t) — H(e)x u(t)
— (M - Un +5“+2L( YD) n(®) + xFu®) (9
() ()T LEEW) + ()T (1 — eL(e)H(e) ) n(t)
where L(e) = (In + e8(Mx — Ux) ") L(0) + O(¢2) and H(e) =
"1 H(0) + O(er+2). If x is odd then: L(0) = —[1 sinfy ---
1 sin6,_ 1]T and H(0) = [sin6; 1 .- sinfr_1 117 else:
3 pl
L(0) = —[1 sin6y .-
sinfx 1].
2
Theorem 3. (Méndez et al (2007)). If0 <& < min { 1, &1(x),
(sinw/(Qn))l/(Hl)} there then exists & > 0, such that the

two-time-scale model (9) (and so the SPDC-Filter (3)) is
Hurwitz stable.

. T .
1 sm@%] and H(0) = [511161 1

3 If k =1, then: U, =0 and M, = 1.

Theorem 4. (Méndez et al (2007)). Let us assume that
u(t) is a bounded Lipschitz continuous function. Namely,
for all t1,ty > 0 there exist Ko, Lo € Rt such that:

lu(t1)] < Ko and [u(t1) —u(t2)| < Lo [t1 — t2
Let e ¢ Rt and p,q € 2t such that 1/p+1/¢ = 1. If:
e< min{l e1(k), 2 g, (M)l/(fﬁ%)’ ?517 qu} (11)

(10)

V2

there then exists * € (0, &}), such that for all e € (0, e*),

the output of the SPDC-Filter (3) is approximated by

y(t) = u(t) + e~ B+e""Dtg(0) + O(e1/P) V t > max{t*, 0}, where
= O((¢/(sin 0y — V2" T1)) In(Ko /' /P)).

3. RELATIVE STABILITY OF THE SPDC-FILTER

In Theorem 4, we have given conditions over the positive
parameter ¢ which guarantee a certain precision of the
approximation of the SPDC-Filter output. In this Section
we show that the relative stability of the SPDC-Filter (3)
depends on the choice of the positive parameter 3. For this,
we study the phase and gain margins of its characteristic
equation Fp (recall (5), (6) and (7)):

Fp(w) =14 KpGr(pw) , Kp=c""/3,

Gl (w) = (14 w/B)AB(jew)

Ap(gew) = (1 + jew)?e H21 ((1 — (ew)?) + 9(2ew sin@i,,ﬁ)) ,

(12)

If kisodd: 6o =1 & 0x = (k—1)/2, €lse: 0, =0 & o4 = K/2;
and 0; ,, = 7/(2k) + (i — 1)7/k, i € [|1,]].

Let us recall that the magnitude Bode diagram of the
Butterworth filter is maximally flat at the origin and

moreover: |Ag(jew)| = 1/1 + (ew)2~, which implies:

Gul/B19)| = V2B 1+ (&B) + B+ (B

|Gk (0)] =1, 8|Ck(jw \/8w<0 Vw>0

[A(9)| = ko Hjil (25in6; ) = V2

If k is odd: ko = V2 & 0, = (k—=1)/2,else: ko =1 & 0 = K/2

(13)

We assume, in this Section, that inequality (11) of Theo-
rem 4 holds. Since € < 1 and ¢ < 8/2, we get: K. < 1. Thus,
the phase margin of (12), P (K«Gx(jw)), is lower bounded
by Phat(Gr(w)) = 180° — /G, (0) = +180°. So, we only need
to study the gain margin of (12), Gum(KxGx(3w)). Namely,
we study the behaviour of the phase-angle of G (jw):

For k odd: {G,.g(jw) = —¢g(w) — de(w) — Z(K 1/2 i,n(w)
For k even: /Gx(jw) = —¢p(w) — 21:1 @i, (w)
dp(w) = arg (14 35(w/B)) , ¢<(w) =arg(l+j(ew)) ,

¢in(w) = arg ((1 — (6w)2) +](2€w sin 91‘,;-@)) (14)
8.1 Case k<3
For k=1, we get: Gu(K1G1(w)) = K; " |Gy (s00)| = +oo.

For x =2, we have: 0 < ¢5(w) < 7/2 for all w € [0, +00) and
0 < ¢1.1(w) + ¢1,1(w) < 7/2 for all w e [0, e~ ). then:

Gm(KaGa(w) > Ky ' |G (e~ Y| = (1/0)* e /2 + 2(e)?

Let us now consider the case x = 3. For this, let us first
note that (8) and (11) imply that: e8 <e/er <1. And
(13) implies that: 2sin61,3 = 1. Let @. be the geometric
mean of the two corner frequencies, 8 and 1/e, namely
log(@e) = %(log(ﬁ) + log(l/a)). Thus, for we 0, @] we get:
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0<w/B<1//eB, 0<ew</eB/1,and 0 < 1 — (¢f8) < 1 —
(ew)? < 1, which imply (see (14)): 0 < ¢g(w) + ¢e(w) < 7/2
and 0 < ¢1,3(w) < 7/2, for all w e [0, ©]. Then: 0 < — /G3(w)

<, for all w € [0, /B/e]. Therefore (recall (13)):

G (3G (i) > KL \G*( 5/e)

= (1/e)**1\/B/er/1+ (8) +

+ (eB8)3 + (e8)3+1
3.2 Case k>3

We have already shown, that:

0< ¢5(w) + ¢e(w) <7/2, forallwe [0, \/B/e] (15)
So, we only have to test the behaviour of }~" | ¢; . (w), with
n=(x—1)/2 for k odd and n = x/2 for x even. We need the
following two technical Lemmas:

Lemma 5. Let S, = {z1,...

tan (z’; 1916(@)) = 90(w) /24(@) |

W’H Zo'n ( 1 1+1(2€w)2z 1(1 (8“))2)7]7(21.71)@; ) (xim)

@n(w) .
(1= )"+ 7 (- Y )
(16)
when 5 is even, set: ¢, = 04 = 1/2, and when 7 is odd, set:
on=(n+1)/2 and o4 = (n—1)/2.
Lemma 6. Let n € N\ {1}, S;, = {z1, ...,xy} C RT,

Rep(@) = (2e0)! (1— ()?)" " @ (@)

, Xy}, T =sinb; .. Then:

1) (2ew)? (1= (ew)?) "™

17
—(2ew)+? (1 - (z—:w)2)n7Z ., (Ti) ()
where ¢ € [|0,n — 2|]. If:
wge*1<\/1+¢;’ (:vlm)-l-\/@g (ﬂﬁim))71 (18)
Then:
Nz)n(u}) >0 (19>

We then have the third principal result:
Theorem 7. Let x> 3. If:

B < (1/e) (\/1 +3 sin6;  sin 6, ,

2
+ \/ sinf; . sin6; . )

where n = (x — 1)/2 for « odd and 5 = x/2 for » even. Then:

n
j=it1

20)

] =i+1

0< —/Gu(w) <m, forallwe (0, \/B/e] (21)
Moreover:
gM (KWG (]w)) > K71 71(] V /8 (22)
= (1/e)"*1/B/ey/1+( " ()t
Proof. Since « > 3, then: n € N\ {1}. Let S, = {%1,...,2p},

and z; =sin6; .. From (16) and (17), we have that ¢, (w)
and g, (w) can be also expressed as follows:

Pn(@) = 27 Rait1) (@) + ¥, (@) (23)
where if o, is even: 6, = on/2 — 1 and vy, (w) =0, else: 5p, =
(on —3)/2 -1 and v, (@) = (2ew)2on=1 (1— (w)?)"" 7Y
cgcn—l (Ti)-

on(w) = Zj:dl Ryi,p(w) + 1o, (W) (24)
where if o4 is odd: &, = (0q—1)/2 and ¢, (w) =0, else
Ga=04/2—1and ¢,, (w) = (26w)?7¢ (1 — (zw)?) "

From (1

6): n(0) =0 and ¢,(0) = 1. Then: Y7 ¢; .(0) = 0.

204 .
oy (@iy,)-

From (23), (24), (20), and Lemma 6, we get (note
that (20) also implies Be <1): ¢,(w)>0 and g,(w) >0,
for all w e [ \/ /5] Then: 0 < Y7 | ¢ x(w) < /2, for all
we [0, \/B/e], which together with (15) imply (21).

(22) directly follows from (21) and (13). O

4. PROPER APPROXIMATION

We are now in position for solving Problem 1 in the
MIMO case. For this, let us assume that the non proper
compensator (2) is completely observable. Then, its Kro-
necker canonical form has only n row minimal indices
blocks of sizes (x; + 1) x (ks + 1), i € [|1,n|], such that x; > 0,
E?:l w; =#n, and max{ki,...,x,} =& (Gantmacher 1959).
Carrying system (2) to its Kronecker canonical form, we
get:

N = BDM {Ny,... Nn} , N;= TZ{X?K b

_ T (ff'+1)
© = BDM {67, ...T o1 X : (25)
r=[rf]-|rT] f[ 2 ]
Wlth’y €R™ and 7. 0760, je[\l kill , 1 € |1, n]]

Defining the following matrices:
Fa ~ ~ T
T; = [1171. ln,i} , 1 €]0,R|]] , where
) _ . fori €[k —kj, K 26

3, = { Begmen PrIE IR FL gy (20)

7,0 0 otherwise

we get from (25) and (2):
u(t) = (Fo(hﬁ-FFldth 11+"'+fz—1%+f‘ﬁ)v(t)

with /F\U # 0. Let Ko}j, Lo’j, Ll,j, cey Lﬁ’j, the LipS—
chitz positive constants of the m components, v;, of
v; namely: [jo;(t)]l, < Ko,j, [v;(t1) —vj(t2)lly < Lo, [t1 — t2,
[|divs(t1)/att = divy(ta) /dt']|, < Lijlt —tal, for all ¢>o,
t1,t2 > 0, j € [|]1,m|], i € [|0,7]]. In accordance with (27) and
(10), let us define the Lipschitz positive constants:

Ko = Z;ll ( ||fﬁKZnH2KO’j + Zf:_ﬂl { finnHQL(E_l_i)’j)’

Lo = Z;n=1 Ziﬁzo | r

Then: |u(t1)| < Ko and |u(t1) — u(t2)| < Lolty — ta| V¥ t1, t2 > 0.

(27)

X [l Lo

4.1 Convergence

Problem 1 is solved by the fourth principal result:
Theorem 8. Let the Multivariable SPDC-Filter, =7,
z(t) = —PBz(t) —eKCoz(t) ,

€z(t) = Box(t) + Aoz(t) + Bou(t) , y(t) = Coz(t) (28)
where: z € R?, 2 € R?, w € R, and y € R”, and:
Ao = BDM {A1,..., An}, BO_BDM{bl,... %} (29)
Ke=BDM{e",...,e"}, Co=BDM{c{,....c}
Aj = (—My, +Ux,;), b, = X:Z, c, = X’%" with ¢ € [|1, n|] (30)

Let e e Rt and p,q € 2t such that 1/p+1/q = 1. If:

sin (7 = 1/(F+1) —— -
g, (el VO et T (31)

there then exists & > 0 such that, for all € € (0, &), the
Multivariable SPDC-Filter, ©{, is internally stable and:

v~ (ST + T )

€ < min {1, e1(R),

< llz(0)]l €77,
2

lim
e—0
c€(0, %)

(32)
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for all ¢+>0. Moreover, the composite overall system,
sl oxe, is externally equivalent to the Singularly Per-
turbed Proper System:

#(t) = —Pz(t) — eKCoZ(t) — eTou(t) ,

e4(t) = Box(t) + AoZ(t) + (AoRp + BoO) Tw(t) , (33)
y(t) = Coz(t) + K7 Tou(t)
where
o = [11,0‘” 7, ) EZD :A[EZH"'"EZM} ) (34)
Rp; = [(1/5nl—1)Anﬁlbpi by, ‘0] , 1€ (|1, n]]
P =T -7 1T A7 Py
Qpi = I:éi,l - Ili,n] eR™, b, ; €RY, (35)
Q i = ) Q’Li = l/g)bz ) € H]wnH
il ’

with: z(t) = 2(t) — Rpw(t).
Proof.

Given the block diagonal structure of (28)—(30), we get
from (31) and Theorem 3 that the Multivariable SPDC-
Filter, =, is Hurwitz stable for all « € (0, &*). And from
(31), (27), and Theorem 4, we get (32).

From (2) and (28), ©{ o ¢ is:

LialO] . [ 4, B,
|: 0 N:|33fc(t) = T‘m xrc(t) +

y(®) = [Cpl0]asa(t)

0

=[5, w55e] 5= [asame:
Cp = [0 Co]

with: z. = [xT zT‘wT]T

(37)

. Taking into account the partic-

ular forms of »¢ and =/, we get from (25), (29) and (37):
By =Byl 1By | Bo = [0][oly, ] b, = [0 87, ]
(38)

where: By, € ROEMx(=it1) [ p e R+ and i € [|1,nl).
We need the following Lemma:
Lemma 9. Let us define the matrices @, and R, as follows:

Qp:_(APRP"‘Bp) ’ Rp: [Rm‘sz""‘an] )

o : 39
Ry; = [API lbpi"“‘APbpi 3 0] A ] 39
Then for i € [|1,n]]:
Rp+QpN:0 (40)
For k; > 1: CpAk 1y = (1/e" ) ,
For k; > 2: CpA ,l—U, JEHI’%*Q”’ (41)
For k; =1: Cpb, = (1/5'{"’)Xi )
CpRp = BDM {3{7’ n} v, = 1/5 )X%ﬁi+1) (42)

Let us apply the following change of variable ¢&;. =

[€Fe E?C}T = [Inarﬁ ;Rp ] zs. and let us premultiply (36)
n+n

by [ ntA IQ” ] Then, we get from Lemma 9:
n+n
e v ] =[50 o+ | % o,
y(t) = [ Cp (CoRy) | &pe(t)
~ (43)
—(T+ Y07, Nidi/dtt) (Nd/dt —T) =1, we get:
y(t) = Cp€so(t) + (CpRyp) (I+ 37, N*d?/dt*)Tw(t). But, from
(25) and (42) we realize that:

Now, since:

y(t) = Cp€pre(t)

+BDM{ - (Xiﬁl)T"“’

1 T
() e
= e+ K BDM {47 T ot
which together with (43), (39) and (34.a) imply that the
composite overall system (36) is externally equivalent to:

ffc(t) - Ap&fc( ) (A RP +BP)Fv(t) )
y(t) = Cpypo(t) + K2 'Tou(t)

Let us note that (30), (4) and (5) imply: (x! )TAJ™'x® =
0, j € [|1,x; — 1]]. Then for i € [|1,n|] and j € [|1, x;[]:

B [_(1/5)&00,43;—213“} _ [ 0 }

AT A —r
k -1 kyAi—T
(1/F)AT "D, (1/eF)AT "D,

“pi

Hence: R, = {RO ] Also (30), (4) and (5) imply: )7
Pi

A7 x% = 1, hence: CoRpl' = Ko Ty, namely: A,R,I' =
—EKECORP - —eTg
| (1/e)AoRpl |

(1/e) AR,
4.2 Stability margin

Let us now explore the stability margin of the open-
loop Multivariable SPDC-Filter (28). For this, let us
find the characteristic functions, ¢;(s), of the return-ratio
matrix, L.-(s) (see MacFarlane and Postlethwaite (1977)
for details). The open-loop system of (28) is:

Bt e e RS e
Aor BorL
va(t) = [0 1, ] [T 2" ())]"

CorL
(44)
where y2(t) = z(t) and when closing the loop wi(t) =
u(t) — y2(t). The determinant of the return-ratio ma-
trix is: det(Lyr(s)) = det (Cor(sl(atn) — Aor) *Bor) =[],
K., G, (s), where (recall (6) and (7)):
Kp, ="t /B, Gl(s) = (s/8+1)AB(es)
(k—1)
=(s+ I)Hj:21 ((s +8in6; ;) + cos? 0]-,,%.)
with: i € [|1,n|]. Hence, the n characteristic functions are:

45
Ap,i(s) (45)
£46) = K G 6) (46)

i€ [|1,n]]

The stability margin is given by the fifth principal result:

Theorem 10. if in addition to conditions of Theorem &:

B < (1/e)p* (47)
p*=1, fork=3 (48)
(F—3)/2x—(R—1)/2 . .
1+ y sinf; zsin 0, %
(\/ Z Z]—L+1 J (49)

—2
\/Z(N 3>/2Z§i;1_)1/2 sinf; 7 sin6; ¢ ) , for® >3
Then the gain margins of the characteristic functions (46)
and (45) are lower bounded by:

Gmli(w)) > KM |GL o/ B/e)
> (1/e)st! \/ﬂ/sx/l +(eB) + (B)F +

,kn} and i € [|1,n]].

(eB)~t1

where x = min{x1, ...

1296



17th IFAC World Congress (IFAC'08)
Seoul, Korea, July 6-11, 2008

Proof.

From (47), (48) and Theorem 7, we get: 0 < — /ti(jw) <,
iellL,nll, ¥ welo, \/B/e]. And thus, Gu(ti(w) > Kz
Grl\/B/e)| = (1/e)it1\/Ble\/1+ (eB) + (eB)"i + (eB)miT?
> (1/e)5+1/B/e\/1+ (e8) + (B)F + (871, Vi € [1L,n]l. D

4.8 Proper Systems Density

The following Corollary states that the set of proper sys-
tems is dense in the set of regular generalized systems.
Namely every non-proper system can be approximated
arbitrarily close (e-near) by a proper system, moreover this
approximation can be done while keeping an exponential
convergence (8-dynamics) and insuring some relative sta-
bility (gain margin).

Corollary 11. Let the conditions of Theorems 8 and 10
hold. Let g = (1/¢)ap*, where a is a sufficiently small posi-
tive constant, 0 < a < 1, such that the behaviour of the Mul-
tivariable SPDC-Filter (28) remains in a two-time-scale,
for all € (0, &). Then, for every® uexe(C®®R*,R™))
there exists a sequence y. € £f o %3¢ (¢>(R*,R™)) such that
ye converges to u in the sense of £°¢(R*,R™).

Proof. From Theorem 8 we get for all v € ¢>°(R*,R™) and
for all t1,t2 € R+7 with t1 < ta:

lim [P [(SLoxe =) )|, dt = lim [ [lye(t)-
e€(0, %) e€(0, %)
u(®)f2dt < lim IIQE(O)IIQfOOo e fldt = lim — [z(0)[l, /8 =
EEfO, £*) EE?O, £*)
lim  e[z(0)[l3/(ap™) = 0. o
e€(0, &%)

5. CONCLUSION

In this paper we have extended the SISO approximation
of Méndez et al (2007) for solving Problem 1. Our propo-
sition relies on the substitution of the rudimentary filter
1/(es+1)* by a Butterworth low pass filter, which allows
for a nice application of the results of (Kokotovi¢ 1999).
Our solution for designing the adequate filters nicely sep-
arates the quality of the approximation, given by the fast
subsystem, parameterized by the inverse of the positive
constant e, from the convergence ratio, given by the slow
subsystem parameterized by the positive constant g.

The parameter e is chosen in such a way that: (i) it
guarantees the separation of the two time scales, the slow
one and the fast one, by diagonalizing the fast and slow
subsystems, (i%) it guarantees the stability of the SPDC-
Filter (3), and (i) it takes into account the functional
characteristics of the bounded Lipschitz continuous signal
u(t) (reflected by its Lo norm, Ko, and its Lipschitz
constant, Loy) for solving the Problem 1, see Theorem 8.

We have also shown that the selection of the parameter
g is directly related with the relative stability of the
approximation, see Theorems 7 and 10.

In Corollary 11 we have proved that the proper time-
invariant linear systems are dense in the regular descriptor

4 To assume that v € C™®(RT ,R™) is not restrictive since
€% (RT,R™) is dense in £I°¢(R*,R™), see Theorem 2.4.10 of Pold-
erman and Willems (1998).

systems. This implies that every non-proper system can
be approximated arbitrarily close (e-near) by a proper
system, moreover this closing procedure can be done
while keeping exponential convergence (4-dynamics) and
relative stability (gain margin). It has to be noted that
the proposition of this paper is not at all a high gain
approximation but a singularly perturbed approximation.
Also note that for avoiding the high tansitories due to
discontinuites (non derivable signals) one has to put the
correct initial conditions.

The following step in our research is to show that our
proposition enables to apply a certain separation property,
that is to say, when applying the proper approximation,
the obtained features reached with the PD output feed-
back, are maintained by the approximation.
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Appendix A. PROOF OF LEMMA 5

We need the following three Lemmas:
Lemma 12. Let n € N\ {1}, z1,...,z,41 € R, then:

(1) 7 (el (@i,) + 21 (1+ 2002, (1€, (w4,))
=37 (Ve (@)
(2) 7 (-1 (i) + g (D002, (1€ (w4,,))
=>7° (—1iedt (@i,,)
when 5 is even, set: o1 = 02 = n/2, 03 = (n+2)/2, and o4 =
o5 = o6 = /2, and when 7 is odd, set: o1 = o3 = (n+1)/2,
o2 =(n—-1)/2, 04 = (n—1)/2, 05 = 06 = (n+1)/2.
Lemma 13. Let n € N\ {1}, a1, ...,y € R, then:
n (ZZSI(_l)i+1€Zi—l (tan(aim)))
i=1 ai) - (1+Z"d (—1)ie” (tan(ai )))
1=1 27 m
when 7 is even, set: o, = 04 = 1/2, and when 7 is odd, set:
on=(Mm4+1)/2, and o4 = (n—1)/2.

tan (
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Lemma 14. Let n e N\ {1}, z1,...,
a; = arg (b + j(ax;)), then:
o (57 ) = T 0t Ney (o)
=1 (bn+z;’il(,1)ria2ibn72i¢;7i(zim))
when 5 is even, set: ¢, = 04 = 1/2, and when 7 is odd, set:
on=Mm+1)/2 and o4 = (n—1)/2.

zy €ER, a,b € RT U{0}, and

Proof of Lemma 12 We prove the even case (recall (1)):

First item : Z"/2 1) el (wi,) + g (14 Z"/2 —1)
el (xs,, ) Zn/2 Yl @l (i) + In-&-l + Zn/2 1)i
Ty 1€Y (20,,) = S0 @i + 2””( DHET, (@i,,) + @ne1 +
S 1)2‘@1 @) = X ZW( e (@)

-1

+ S @)+ GO e = S
2 '7+ 2 n+1
SR 1>Z+1¢1<x1m +Z"/ el (@) + (- W?
ntl nL
17+11 T = nj—ll o + Z"?/Q 1 z+1(€2i71 (zzm) + 61 (-’Ezm))

1)z+1 Q:n-‘rll (x_bm + Hn+1

+ Hn+1 T = Zn+1 o + z:n/2
_ ZW/2+1 z+1€n+ | (24,).
Second item : ZWQ
czc L @i,)) = A D I (@,)

iy (@i,) = 300 (1) (i)
ZW/Q 1)’@“ (zi,) + 2:?1/2
G (@i,)-

The other case is proved in the same way. O

ez (i) + xn+1(27/?(*1)i
Z:n/2 ig
U1

1),€n+1 (Izm Zn/Q

Proof of Lemma 13 Let z; = tan(e;). Lemma 12 implies:

A= )’+1e; (i)

1+ 22 (—1)ie2, (a4,
tan(ai + a2) + tan(as)
1 — tan(aq + a22 tan(as)
3+1)/2 ;
L@, as(1- () Y (—1)1“@ (i)
1 -2 (zi,,) — 23¢2 (4,,) 14+ 2(3 1)/2 )ie (z,)

Let us suppose that the Lemma is true for n € [|2, u|], where
u, is some positive even integer then for 7 = 4 1, we have

from Lemma 12: tan (Zj’:l ai) - mn(Zi )Han(awl)

1— tmn(zﬂ a,i) tan(o, 1)
_ Z?:/f(—l)i+1¢“ _1($zm)+1‘u+1 (1+ZH/2( 1).6“ (xim))
LY el (i)t (300 (e, (i)
Yt et () _ IAe  e  (i)
73 = 172
1) 0t (i) 1R e (i)

The other case is proved in the same way. O

tan(ai) + tan(az)
t = =
an (041 + OQ) 1 — tan(a1) tan(az2)

tan (a1 + ag + 043) =

Proof of Lemma 14 We prove the even case. From

Lemma 13 we get (recall (1)):
n/2 i1 e )
—1 [ tan(arg(b+ az;,,
tan (T, o) = e 51/2) VQH( (ara(b+a(azi,,))))

= 14y " (~1yie] (tan(arg(b+s(aziy, )

n/2 n/2

Z( 1yitle” b 1(< Yoin,) Z(71)7‘,+1a21:—1bn—(27‘,—1)€;,i71(mim)

_ _ =1

n/2 n/2

1+Z niel (($)ei,,) by (-
=1

The other case is proved in the same way. O

ig2ipn—2ig" .
1ta2ibn=2ie] (24, )

Proof of Lemma 5 Doing a=2ew, b=1- (cw)?, and
x; = sinb; ,, we get Lemma 5 from (14) and Lemma 14. O

Appendix B. PROOF OF LEMMA 6

We need the following Lemma:

Lemma 15. Let n e N\ {1}, S, = {21, ...
each ¢ € [|0,n — 2|] holds:

(V1+ e @i + /S @i) )
< <\/1 +e), (a:im)/Q? (%4,,) + \/QZ’H (a:im)/q’ (Tir) )*1
= \/ + &, (@4,,) /€ (Ti) — \/ o2 (Tim) /C (@i, )

Proof of Lemma 15 Let us note that:

€Z+2 (mzm) = Zi1<---<iz+2 HZ+2(Izm) > (Z“<12 H] l(ﬂhm )

(Ziece i) = € i) € (),

which implies the inequality. The equality follows from the
fact: 1 = (VIi+a + va) (Vita - va) forallaert. O

,zn} C RT, then for

Proof of Lemma 6 Let us do: a=ew. From (18)
and Lemma 15, we get: a < /147, (:,,)/€] (i) —

Ve, (@,,)/€] (2i,,), which implies: o2 + 2a./¢],, (2i,,)/
\ C (®i,) + C1z+2 (xlm)/QZZ’ (®i,,) < 1 + €?+2 (Ccim)/@z7 (%, )5
namely: 0 < 20/}, (24,,)/€] (2i,,) < 1—a2. That is to say:

(20)2€},, (i,,) < (1—a )2 ¢ (z;,,). Multiplying the last in-
equality by (2a)¢ (1 - o¢2)7]7[727 we get (19). O

Appendix C. PROOF OF LEMMA 9
(1) Let us first note that the Markov’s parameters of each
subsystem {A;,b,,cT'} satisfy for i € [|1,n|):
Ifk; =1: hi’,%fg b, =1
Ik >1: by, 79TAfleZ =1,
Ifr; > 20 hyjy1=cf Alb; =0, j€[0,r; —2|]
(2) Let us next prove (40): From (39) and (25) we get:

(A1)

—QpN = (ApRp + Bp) N = [[Aglbp | |Ap ‘b }
‘ [A;nbm | ’A by, Qpn]N"} - {[A;171Qm | o ’bm |0] ‘
(457 0y, [ 0] | = .

(3) Let us now show that the following statements hold:

CoAsi™'b, = (1/e)x' & CoAlb, =0, (A.2)
v m>27 jE“O 51—2|]
. } T

Ay, = /) [0 (425,)" | v iclom-1] (A3)
Indeed from (29), (30) and (35) we get: CoAlb, =
(1/e)cT Alb,x for all j € [|0,x; — 1]], which together with
(A.1) imply (A.2). By induction, we get (A.3) from

(A.2), (37.a) and (38).

(4) Let us finally prove (41) and (42):  Indeed, from
(A.3) and (37.c), we get: CpAb, = (1/e9)CoAlb, ,
which together with (A.2), imply (41). From (39.b)
and (41) we get: CpRp, = [(1/5"61‘)X;|0|...|0}, which
implies (42). O
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