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Abstract: In this paper, a fault detection and accommodation scheme is designed, which is
applicable to a large class of nonlinear systems. The nonlinear observer is designed to enable
the detection of fault occurrences through comparison of observed states with their signatures.
Under such circumstances, when a component fails, the fault accommodation control will be
activated to compensate the effects of the fault function.
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1. INTRODUCTION

Various approaches to fault detection have been reported
over the last two decades. It has been shown that the use
of adequate process models can allow early fault detection
with normal measurable variables [1]. In [2], an expert sys-
tem model is developed for fault detection. In [5], a linear
observer is designed for detecting the cutting tool wear. In
[3], an adaptive observer technique is proposed for actuator
fault diagnosis. In [4], a dynamical model is presented
to detect incipient fault. In [21], model following method
is used for reconfigurable flight control problem against
structural damage or system faults. However, the model-
based fault detection schemes depend on the assumption
that a mathematical characterization of the robotic system
is available. In practice, this is not true since it is difficult
to obtain an accurate model. Recently, online approxima-
tion approaches to nonlinear fault detection problem have
been developed [6, 7]. Furthermore, in many applications,
it is important not only to detect but also to accommo-
date any failures as quickly as possible. Visinsky et al [2]
propose an expert system for fault tolerant control (FTC).
In [9], adaptive methods for accommodating actuator fail-
ures are studied. In [14], a fault diagnosis and tolearant
control approach is presented which is based on a simple
first order system. In [10], stable adaptive controllers are
applied to achieve fault-tolerant engine control. Most of
these studies are focused on the single-input-single-output
(SISO) systems [14, 9, 10]. The FTC problem that arises
in multiple-input-multiple-output (MIMO) systems intro-
duces additional complexities and is considered by several
investigators [8, 22, 23, 15]. The work of [8, 22, 23, 12] is
focused on control of MIMO linear systems with actua-
tor or state failures. However, most physical systems are
inherently nonlinear. For most practical applications, the
linear control synthesis on FTC only guarantees stability
in a region about operating point and possibly degradation
in performance and instability over a large domain of
operation. The literature on the FTC scheme of MIMO
nonlinear systems can be found in [15, 16].
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In this paper, we present a fault detection and accommo-
dation control scheme based on a class of MIMO nonlinear
systems. There are two main contributions in the paper.
First, the matching condition and full states available
in [15, 16] are removed completely. Second, the stabil-
ity analysis of the fault accommodation control scheme
is investigated for two different operating modes of the
closed-loop system: 1)in the absence of faults, 2)after fault
detection. A simulation example is given to illustrate the
effectiveness of the proposed scheme.

2. PROBLEM STATEMENTS

Consider the following MIMO nonlinear system described
by

o = filt) + D gig (g + mi(x, 1)
=1
Bt - TG (%)

Yyi = T

where xgn) = dvx;/dt",x = [x1, ...,x%’f’"*”]T € R
with n = n; + ny + ... + n,y, is the overall state vector,
u; € R,i = 1,2,...,m, are the inputs and y; € R,i =
1,2,...,m, are the outputs of the system. The nonlinear
functions f;, gi5,%,5 = 1,2, ..., m, are assumed to be known
and the functions n;,7 = 1,2, ..., m, represent the system
uncertainties. The terms (;,¢ = 1,2,...m, are unknown
functions which represent the faults in the system respec-
tively, 3;(t—T),i = 1,2, ...,m, represent the time profiles of
the faults, and T is the fault-occurrence time. The system
(1) can also be written in the compact form

2™ = F(x,t) + G(x)u +n(x,t) + Bt — T)¢(x),
= Jo

where z(") = [:c(lnl), ...,:Esy?m)]T €R™ u=[uy,...,unl" €
R™ y=lyi,..ym]T € R™, and

F(th):[fl(xvt)af2(xat)v'~~7fm(xat)]T7 (2)
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g11(X) ... gim(x)

Ge=| ] )
Im1(X) oo Gmm(X)

n(x,t) = [ (x, 1), m2 (%, 1), oo i (%, )] (4)

(%) =[G (%), (), ey G (X)) (5)

C= diag{Cl, CQ, ceey Cm}, Cz = [1, 0, ceey O]lan,- (6)
We consider faults with time profiles modeled by

B(t — T) = diag{Bi(t — T), Bo(t = T), .., Bu(t — T)},

0 t<T
Bi(t—T)= { 1o 0it=T) > 7 - (7)

where the fault-occurrence time 7' is unknown, and 6; > 0
is an unknown constant that represents the rate at which
the fault in states and actuators evolves.

The paper has the following two objectives: 1) It can
detect a fault when the monitored system fails to function
normally; 2) After a fault is detected, it is required that
the controller should be reconfigured to accommodate the
fault. The basic assumptions for the problems stated are

A1) The fault function ¢((x) is uniformly continuous.

T
A2) The matrix w is positive definite or negative

G(x)+GT(x)
2

definite, i.e., 0( ) > by > 0 where o(.) repre-

sents the smallest singular value of the matrix inside the
bracket and b, is its lower bound.

A3) The modeling uncertainty 7;(x,¢) is bounded by a
known function,i.e.,

|7h'(Xat)| < ﬁi(xa t)a (8)

where the bounding function #(x,t) is continuous and
uniformly bounded.

A4) The desired trajectories yq = [Ya1, Ydz, ---, Yam)® are
known bounded functions of time with bounded known
derivatives.

Remark 2.1. The model (1) includes a large class of
nonlinear mechanical systems. For example, consider the
following mechanical systems described by

=M1 = Vm(q,q) — F(d) — G(q) — 7d]
+B(t —T)¢(q, q) 9)

where ¢ = [q1,q2,...gn)T € R™ are the joint position of
the subsystem i € [1,n]; M(q) are the symmetric positive
definite inertia matrix; V;,(g,q¢) represent Coriolis and
centripetal forces; F'(¢) are the dynamic frictional force
matrix; 74 are a load disturbance matrix; G(q) are the
potential energy terms; 7 denote generalized input control
of the system applied at the joints. The fault function
is represented by the term B(t — T)((q,q) € R"™, where
¢(g,q) is a vector which represents the fault in the system,
B(t — T) represents the time profile of the fault, and T is
the time of occurrence of the fault.

In order to be able to design the output feedback control,
let us re-write system (1) as

X =Aox HDIF(x,t) + G(x)u + n(x,t)
+B(t — T)¢(x)] }
y=x=0Cx
where
A():diag{A()l,A()Q,...,AOm} (10)
bzdiag{bl,bg,...,bm} (11)
010..0 0
001..0 0
AOi: e . B bl = . B (12)
000..0 X 1 i x1
T =[21,T2, s Tn]” . (13)

The proposed fault control scheme makes use of the
assumptions:

A5) (C, Ap) is observable.

A6) F(x,t) is Lipschitz in x ie., ||F(x,t) — F(x,t)||
Lr||x — x||, and G(x) is Lipschitz in z i.e., ||G(x)
G| < Lallx — &

<

A7) The modeling uncertainty is bounded by a known
constant, i.e., ||n(x,t)|| < 7.

3. FAULT DETECTION SCHEME

In this section, the proposed fault detection system and
its constituent components will be elaborated in detail.
The construction of a nonlinear estimation model is first
designed. Utilizing this estimation model, a time-varying
threshold bound is developed so that it can serve to give
a warning signal when a fault occurs.

We consider the following nonlinear model as an observer.

) = Az(n=1) F(x) + G(x)u, (14)

where #(™ denotes the estimated state vector, z(»~1) =
x=1) — 2= and A = diag{\1, A2, ..., Am }(Ni > 0) is a
constant matrix. The next step in the construction of the
fault detection scheme is the design of the algorithm for
monitoring a fault occurrence. Based on the estimation
model (14), a fault estimation algorithm is presented.
Since B(t — T')((x) is zero when ¢ < T, each component
Z;(t),i = 1,2,...,m, of the state estimation error is given
by
t
Zi(t) = e Mz (0) + /e_”\7'(t_7)m(x,t)dr =w;. (15)
0
The threshold bound is defined as zo;. The decision that a
fault has occurred is made when at least one component
of the estimation error |Z;(t)| exceeds its corresponding

threshold bound ;. The fault detection time is defined as
T,.

4. ROBUST CONTROL FOR THE HEALTHY
SYSTEMS

Before the fault occurrence, we first consider a robust
controller of the system (1) when there is no fault issue.
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For given a desired trajectory yq;(t) € R, we define the
errors e;(t) = y; — yai- Then, the filtered tracking error is
given by

d
E‘f’k’l E-f—k?m

where k1, ..., k,, are positive constants to be selected. From
the result of [20], it is well-known that for s;(¢t) = 0, we
have a set of linear differential equations whose solutions
e, i = 1,2,...,m, converge to zero with constants (n; —
1)/ki,i = 1,2,...,m. Thus, the system equation can be
written as

d

51 = ( ) ey b = ( )L, (16)

S(t) = F(x) + G(x)u + v+ n(x, t) + B(t = T)¢(x),(17)
where S = [s1,52,...,5,]7 and v = [v1,va, ..., 0,7 with
].)kiegni_l).

In the absence of any faults, the original system (17)
becomes as

S(t) = F(x) + G(x)u + v +n(x; 1),

The following original control law is assumed

(18)

u= G [ F(x) ~ v S JallnGx0I*S) (19)

where A is the same as in (14) and the parameter § > 0
is a design constant. It is easy to prove that the proposed
controller (19) can achieve the following theorem.

Theorem 4.1. Consider the system (1) without the presence
of faults (0 < ¢ < T) and the controller described by
(19). Suppose Assumptions A1-A3 are satisfied. Then, the
tracking errors S are UUB.

5. ACCOMMODATION CONTROL AFTER FAULT
DETECTION

Fault accommodation scheme is typically achieved through
reconfiguration of the feedback control system. In this
subsection, we develop a nonlinear fault accommodation
controller and analyze the properties of the proposed
scheme.

We assume that the fault function {(x) can be approx-
imated by a general one layer neural network (NN) [18]
as

¢(x) = WTd(x) + ¢, (20)
where the bounded function approximation error & sat-

isfies ||¢]| < &n with constant &yy. Therefore, the fault
accommodation control law is reconfigured by

_ 1. .
u=GTX)[-F(X) = v = AS = Z0l[7(X, 1)[[S - WT e ()
with the learning rule

W =To(x)ST — pY(W — Wa), (22)

where Y = Y7 > 0,p > 0, and W, is a design con-
stant vector. Define the Lyapunov function V = S% +
tr(WTY~1W). The time derivative of V is given by

1276

V < =22 min(M)]|S]2 + 071 + 2pte[WE (W — W,))
—28TB(t - T)¢ 4+ 2570t — TYW* ®(x),

where we have used that

(23)

B(t —T)¢(X) — W d(x)
=WTd(x) — Ot — T)W*Td(x) + B(t — T)E.(24)

By completion of squares, it follows that

20 [WT (W = Wo)] < —|[WI[5 + |[W* = Wal[F. (25)
where || - || is the Frobenius norm. Using the inequality
2273 < %aTa + 2573, we have

1
~25TB(t = T)& < S AminlIS|1° + 2211, E3r
1
25TOW™T® < o Amin (A)]1S]1°
+ 20 b maz<icale D) W T 12,

where Apin = Amin(A). Substituting the above inequali-
ties into (23) yields

-1

V < =il S|P = plWIF + plW* = WallF + 21,60
2\, dmazs<icnle” 2 D)W T D(q, )P + 67
Let

-1
min
—1
min

p=2x 0, (MEY
+ 2070 (Mmazi<icp[e 20 D)W D)2 + 671

Hence, we obtain the following conditions for V' < 0

||S||>\/

plIW* = Wal[% +

)\mzn(A) ’
- W — W,l|2
||W||F>\/p” el s

This demonstrates that S, W are uniformly bounded.
Thus, we have the following theorem.

Theorem 5.1 Consider the system (1) in the presence
of faults and the nonlinear fault accommodation scheme
described by (21) and (22). Suppose Assumptions A1-A3
are satisfied. Then, the tracking error S and NN weights
W are UUB.

6. EXTENSION TO OUTPUT FEEDBACK
CONTROL DESIGN

In the preceding section, all the results have been obtained
under the assumption that the full state of the system is
measured. We now remove this assumption and consider
more realist problems where only a part of the state is
available for measurement.

6.1 Fault Detection Scheme

To detect the fault, the following observer is constructed:

X = Aox+Lo(y — )+ b[F(%,1) + G(X)u]

C

=2=0%

<>

5
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Define the state and output estimation errors by x = x—X
and § = y — ¢ respectively. It can be easily derived that
the dynamics of residual generator is governed by

x = Ax + b[G(x)u — G(X)u] + b[F(x,t) — F(x,1)]
+bn(x,1) (28)
g=Cx (29)

where 14_17: Ay — LoC. The gain matrix Ly is chosen
so that A is stable. We consider the Lyapunov function
Vo = %7 Px and its derivative is given by

Vo =xT(ATP + PA)x + 2x" Pb|G(x)u — G(X)u]

+2%T Pb[F(x,t) — F(%,t)] +2%" Pbn(x,t)  (30)
Note that the last three terms satisfy the 1nequaht1es
2x"PH[G(x)u — G(%)u] < X" P?x + Lg|[b|||[7]?[|ul]?,
2xT PH[F(x,t) — F(,t)] < %" P?% + v‘lllbll%vaIXII2
25T Pbn(x,t) < [|X||*> + ||Pb||2772 where we have used
Assumption A 6, z — % = y — § and v = ||b||>L%. This
implies that

Vo < =52 Vo o+ LE|BIP 1| 9 17w |12+ PBI[*31)
)\maa,( )
In the above analysis, it is assumed that
ATP+ PA+ (|bPLE: + )PP +T1+Q <0 (32)
By using Lemma 3.2.4 of [25], we have
_Amin(@),
VO S e Amaz (P) VO(O)
t
+/e SREA LRI 1§ 120w I+ PolP7)dr
0
= Wout (33)
Using ||x]|? < mvo, one obtains
91l < NICllV@out = @ (34)

In the above result, Vy(0) can be replaced by a conservative

estimate dg, where [Vo(0)| < do. Since the first term con-
771171 Q)
tains an exponential function e~ Xmaz (P) ¢ , the replacement

will not affect the threshold seriously. The fault detection
can be carried out as

[19]] < @, no fault occurs (35)
[|y]| > o, fault has occurred

6.2 Robust Control for the Healthy System

For the design of fault accommodation control, we need
to introduce a state error system. Define the state error

(em = € R™. System

E = x — x4 where Xq = [Ya1, -, Ygy )]T

(10) may be expressed as

E=AE +b[F(x,t) + G(x)u — yi") + KE + n(x, t)
+B(t — T)¢(x)] (36)
e=CE (37)
where A = Ag — bK, y(n) [ygfl), ...,yézq’”)] and e =y —

ya. The constant matrix X in (36) is chosen so that C[sI —
A]71b is strictly positive real (SPR).

For the healthy system, i.e., B(t—T)((x) = 0, the feedback
control is required to cause output vector y to track
reference y4. Since the state of system (10) is not available,
the following observer is proposed

—4)+b[F(x,t) + G(X)u+Z1] (38)

I e | +IFGOI+ 1T v& 1)+
3L2

(2 L+ 30+ S alk2lel* + | F & 62+ [yg"]12).

The gain matrix L is chosen so that C[sI — (Ag — LC)]~!

is SPR. When equation (38) is subtracted from (10) it
results in the following observation error system

x = Aok + L(y
L

where Z; = Z<yke

% = A% + b[G(x)u —
+n(x,t) — 4] (39)

where A = Ay — LC. Using (38), we now propose the
following controller for the healthy system

Gx)u+ F(x,t) — F(x,t)

_ e _ 2 T
u= gl hellll — T

where k. > 0 with k. > )\wnn(Ql)LQ + Amm oo KNP +

1 (Q1,Q2 will be given below). Our task is to stabilize
(10),(38) with respect to the Lyapunov function V3 = V; +
Vs, where V; = %xT Pix and Vy, = ETP,F

Since C[sI—A]~'bis SPR, from Lemma 3.5.4 of [25], there
exists P; > 0 such that ATP, + PLA = —Q,b7 P, = C.
Similarly, since C(sI — A)~1b is also SPR, we have AT P +
Py A = —Qo, b7 P, = C. The derivative of V; is

) T ("1)]

+e'y (40)

Vi =xT(AT P, + PLA)X + 257 [G(x)u — G(X)u
+ F(x,t) — F(%,t) +n(x,t)] — 2gT51

||y|| [21le]?

(41)

3
<- 1 mm(Ql)||X||2+77 *3

HIF G )2+ [y57]?]
where we have used the facts that
T(G(i) + G (%)

T () e —
e GXxe=e 5

and Assumptions A6-A7.

Using (36) and SPR condition, the derivative of the
Lyapunov function Vs, is computed as

Je > by|lel|?

Vo =ET(AT Py + P A)E + 2e7[G(x) — G(%)]u
+2eT[GR)u+ F(x,t) — g + KE 4 n(x,t)] (42)

Taking a similar proof procedure as in the derivative of Vy,
we have

. Lo ||l
Vo < = Ain (Qa) | Bl + 275 2 [ ke lel
—eTF(%,t) + Ty || — 2k e]?

+2eT[F(x,t) — F(%,t)] + 2" KE + 2¢Tn(x, 1)

7 (QQ) 3[/2 ~ ~
Amin bQGIIyIIQ[/’ﬁII@IIQJr |F(x, 1)

min(Ql)
4

<- 1E]1* +

+ 1551 = Aellel” + 11 + 7
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where \e = 2k, — Amij(Ql)L% QQ) ||[K||? — 2. Com-

bining V; with Vs, the derivative of the Lyapunov function
V3 is

mzn(Ql)

V3 S || ||2 mm(QQ

IEI? = Acllel|* + 277"

which can be used to show that x, F are UUB.
6.3 Accommodation Control After Fault Detection

When a fault is detected, the accommodation in the
control system can be achieved through adding a NN
approximator into the normal controller. In this section,
we use the same control policy to compensate for the
faults. The proposed control law is given as follows:

€ 2 T /g
U:m[*keH@H —e F(x,t)
T, (n)

+elyY — TWTe(x)) (43)

with adaptive law W= To(X)jT — pT(W — W,). The
reconfigured observer is given by

x =Aox + L(y — ) + b{F(x,t) + G(ic)u + =1
- 1. 2Lq

Td (%) 4 &
+W <I>(x)+2y+[ b,

The resulting observation error equation is

x = Ax + b{G(x)u — G(X)u + F(x,t) — F(%,t) + n(x,t)

BB T~ W)
~50 -l TG S e

Taking a similar proof procedure as in Vs, the derivative
of V="V;+tr(WIT-1W) is

oo Amin(QUIXIP— Amin(Q2)[1E] 207 o
< _ _ _(p— 2
D Amin@ : (= 2DV
* 4 — —
FollW — Wl + (14 Olll? + 277
€
where we have used the fact that ||®(x)|| < ® and the

relationship B(t — T)¢(x) — WTd(x) = WT®(X) + g with
g=WwT[d(x)-dX)-0@t-T)W*Td(x)+B(t—T)¢. We
can show that x and E are UUB under the accommodation
control (43).

7. SIMULATION EXAMPLE

To illustrate the performance of the proposed control
scheme, we consider the following linear motor

q:M_l[Tiv((L(j) -

+D(t = T)¢(a:4) (44)

where ¢ is the position, M is the mass, 7 is the torque,
V(q, ¢) denotes the Coriolis and centripetal force, F'(¢) and
G(q) denote the frictional and ripple forces respectively,

and 74 includes other residual uncertainties and distur-
bances in the system.

F(q) — G(q) — 7d]

<>%>||1LG~||WT<I>< Iy

The function V (g, ¢) is assumed to be Dg with D = 0.05,
while the friction F'(¢) and G are assumed to be

F(¢) = fisgn(q) + fad + faexp(—(4/ds)*)sgn(d) (45)
and G(q) = g1sin(wiq + ¢1), respectively.

If a fault occurs due to a tangle of complex factors, the
tracking performance will be degraded significantly. In the
simulation, the fault is assumed to be a nonlinear variation

described by

Cla:4) = [1 = e D] x (g% + 10). (46)
The fault depends on the current position and velocity
of the mechanical system. The failure is assumed to
be triggered at t = b5s. Figure 1 shows the position
control when a fault modeled by (46) occurs without fault
accommodation scheme. It is observed that the tracking
error is increased significantly after the occurrence of
the fault. Note that from the figure 1 the error between
the state and the estimation has exceeded the threshold
bound. Now we consider a reconfigured controller after
the fault is detected. In this case, the fault is detected at
T = 5.0121 when the residual error is above the threshold
bound and the fault accommodation control is activated.
The NN learning model used in this simulation has its
parameters first fixed at I' = I,n = 0.1. Figure 2 shows
the plot of the fault accommodation control with the
developed NN learning. It can be observed that the NN
learning can compensate provides the fault function after
detecting the system failure.

Fig. 1. Position control with fault occurrence

8. CONCLUSIONS

In this paper, the fault detection and accommodation
schemes have been proposed for a class of MIMO nonlinear
systems. Using an online approximation approach, we
have been able to relax the parametric fault requirements
of traditional adaptive control without considering the
dynamic uncertainty as part of the fault. Stability results
were obtained by considering two situations.
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