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Abstract: This paper is concerned with synthesis of gain-scheduled controllers by representing
LPV systems in the descriptor form. Based on a recent algebraic criterion characterizing
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1. INTRODUCTION

Descriptor systems have been paid a great deal of atten-
tion as a general and natural representation of dynamical
systems (See e.g., Lewis (1986)). The representation that
can include algebraic constraints as well as differential
equations is useful for such as analysis of time-delay sys-
tems (e.g., Fridman, & Shaked (2002)) and robustness
analysis (e.g.,Cao, & Lin (2004); Chen (2004)). In par-
ticular, the descriptor form has advantage in representing
linear parameter-varying (LPV) systems (Masubuchi, &
Shimemura (1996)) in the sense that rational dependence
on the scheduling parameters is reduced to affine de-
pendence by employing the descriptor form. This leads
to easily-handled parameter-dependent linear matrix in-
equality (LMI) problems, which merit has been exploited
in gain-scheduled controller design (Chen, & Sugie (1998);
Masubuchi et al. (2003, 2004); Polat et al. (2007)).

These previous papers aim to optimize Ls-gain of the
control system based on LMI conditions of Lo-gain for
descriptor systems. Including positive and bounded real-
ness, dissipativity or integral quadratic constraints (IQCs)
provides important criteria to evaluate performances and
robustness of control systems. There are a considerable
number of criteria for these specifications related to dissi-
pativity generalized to descriptor systems (Freund, & Jarre
(2004); Masubuchi et al. (1997); Rehm, & Allgdwer (2000,
2002); Rehm (2004); Takaba et al. (1994); Uezato, & Tkeda
(1999); Wang et al. (1998); Zhang et al. (2002)). Recently,
a new matrix inequality condition is proposed in Masub-
uchi (2005) that is necessary and sufficient for dissipativ-
ity of descriptor systems without restricting the choice
of descriptor realization. Synthesis problems have been
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considered based on this result for linear time-invariant
systems (Masubuchi (2006, 2007)).

In this paper, we consider synthesis method of gain-
scheduled controllers based on the criterion of Masubuchi
(2005) by representing LPV system in the descriptor form.
Restrictions of descriptor realizations forced in Masubuchi
et al. (2004) are removed with the new criterion. We show
parameter-dependent linear matrix equations (LMEs) and
LMIs for synthesis via change-of-variables. This basic
result is further investigated in applying it to LPV systems
that are originally in state-space realization, resulting
a synthesis procedure that derives a state-space gain-
scheduled controller directly from a solution to the LME-
LMIs for the descriptor LPV system. This does not involve
perturbing any matrix-valued functions of the scheduling
parameter in Masubuchi et al. (2003). We also show
LMIs for specifications on exponential decay of initial-
state responses of the gain-scheduled control system and
mention multi-objective control synthesis. A numerical
example is provided to illustrate the synthesis procedure
proposed in the paper.

2. GAIN-SCHEDULING SYNTHESIS FOR GENERAL
DESCRIPTOR LPV SYSTEMS

2.1 LPV systems in the descriptor form

Let us consider the following representation of LPV sys-
tems:

z = C1x + D11z + Drou, (1)

{ FEz = ./433 +Blw + BQU7
Yy = CQJ? + Dzlw,

where © € R" is the descriptor variable, w € R™! is the
external input, v € R™? is the control input, z € R is
the controlled output and y € RP? is the measured output.
The coefficient matrix E of & is assumed to be a constant
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n X n-matrix, which is possibly and typically singular, and
let r = rankE. Denote by 6(t) the scheduling parameter
which is differentiable and satisfies (¢) € © and 6(t) € Q
for some given subsets ©,Q C RY. Let ® be the set of
such functions 6: ¢t € R — O. The coefficient matrices
other than E are functions of 6.

We define a version of internal stability for linear time-
invariant descriptor systems as well as underlying defini-
tions for it. Then the definition of an exponential stability
of LPV descriptor systems follows.

Definition 1. Let E, A € R™*". The pencil sE — A is
reqular if det(sE — A) is not identically zero. Suppose that
sE — A is regular. The exponential modes of sE — A are
the finite eigenvalues of sE' — A, namely, s € C such that
det(sE — A) = 0. Let a vector vy satisfy Ev; = 0. Then
the infinite eigenvalues associated with the generalized
eigenvectors vy, satisfying Fup, = Avg_1, k =2,3,4,... are
impulsive modes of sE — A. The pencil sE — A is impulse-
free if it is regular and has no impulsive modes. The pencil
sE — A is said to be admissible if it is regular, impulse-free
and has no unstable exponential modes.

Definition 2. Consider the system (1) with w =0, u = 0.
The system (1) is said to be ezponentially stable if the
pencil sE — A is admissible for all § € © and there
exist positive constants M and « for which ||z(¢)] <
Me=2t|x(0)] holds for any 6(-) € ©, z(0) and ¢ > 0.

2.2 Formulation of the synthesis problem for general
descriptor LPV systems

Let us describe the control system. Consider a controller
in the descriptor from:

Ec:tc = Acxc + ch7 (2)
u = Cxe+ Dy,
where 2. € R", E. € R"*" and rankE. = r.. The
closed-loop system is represented as

{ Eqtqg = Aqaea + Baw, (3)
z = Cclxcl + Dclw7

where xIl = [acT J;I] € R ngy = n + n.. For a given

plant (1), our goal in this section is to find a controller

(2) for which the closed-loop system (3) is exponentially

stable and satisfies the following dissipativity or IQC

specification:

o0 T
Z(t) H11 H12 Z(t)
[1o6) e lad]ae<o
0
for any nonzero w € L3]0,00) if z(0) = 0. We as-
sume II;; > 0 and let T'j; € RP1X9 be a matrix such

that Flll“fl = II;;. We define II;, = [le F11], U =
[Im; Omixq], Hoq = diag{Ilse, —I,} and use the notation:

A 51 By I, 0 0
Ci Dy Dip | = | 0 I, 0
A By By 0

X [ 0

I,

Ci1 D11 Dr2
Cy Doy O

)

IPQ
I, 0
0w
00

|:Avcl gcl:| _ |: -Acl Bcl\I’

é/cl ﬁcl HI*CCZ HI*DCZ\I’ )

The specifications of the dissipativity and the exponential
stability are fulfilled whenever the following matrix equa-
tions and inequalities hold for some continuously differen-
tiable matrix-valued functions YV, : © — R" %" and Z:
0 — RmiFaxne for which

EaY}y=YaE}y >0, EaZ} =0, (5)

-Acl Bcl y; Z;I; :|)
He <|: Ccl Dcl:| |: 0 I7m+q

+diag{_Ecly;57 HQa} < Oa (6)
where HeA = A+ AT and “< 0” means that there exists
a positive scaler ¢ such that the left hand side is less than
—cl for all () € ©. Note that V. is nonsingular if it
satisfies (6). Moreover, being time-invariant, the system
(3) is admissible and satisfies the dissipativity constraint
(4) if and only if (5)-(6) holds for constant matrices
(Masubuchi (2005)). We also note that this LMI condition
guarantees the exponential stability of the closed-loop
system.

2.8 LME-LMI condition for synthesis

Based on the above KYP-type inequalities generalized
to descriptor systems, we present a parameter-dependent
LME-LMI condition by which we can obtain a gain-
scheduled controller in the descriptor form (2).

Theorem 1. The conditions (5) and (6) hold for some YV
and Z if and only if there exist matrix-valued functions
XV, ZW, F, G, H,J, where X and ) are continuously
differentiable, that satisfy

(o o] (7 4= [ ][5 2] o

E'wW=0, EZT =0, (8)
A B[V 2T | [B] ¢
He |:51 511:| |: 0 1 + _D12 7
HT |
./4 g]_ ?2 | T ~
|:Cl Dn} i [Dm_ J [Cz D21]
XT 0l [A By T ~
v 7] 6 ) 7 Bl
~YET 0|l 0 o0
O H2a O H2a
+ 0 0 7TE o <0 (9)
O H2a O H2a

for all 8 € ©. If LMEs and LMIs in (7)-(9) hold, there
exist also nonsingular X' and Y that satisfy (7)-(9). The
following coefficients give a gain-scheduled controller in
(2) that satisfies (5) and (6) and hence the exponential
stability and the dissipativity of the closed-loop system.

EO0
Ec:|:00:|a DC:ja (10)

C.= (]—"T —J" [Co Dot [JST Z}TD [‘%T ‘ﬂ _,1 (11)
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CTxT 0 [AT 0 [Be] ot
=Pt (Bl o-7) a2
- XT o] ' [aTol[A B ][y 27

cT | oWT I WTI| |G Dyl 0 T

XT0][ B | v [ATL(XTET 0
+[WTI}[D12]}-—[ "o 0

oo (][5

tem LT 7] o

=

where
S=Y-XT, W.=-8TQ™W+2T), u
ZT=x"'W+ 2T (14)

Theorem 1 provides a controller of the descriptor form with
ne = n+mi+q and r. = r. Through perturbation of A, if
necessary, we can obtain also a state-space controller with
a state variable in R”. More of this issue is considered
in the next section. Theorem 1 generalizes the result
of Masubuchi (2006) to LPV synthesis. Unlike in this
previous paper, the obtained LMEs and LMIs have the
symmetric and separated structure with respect to state-
feedback and observer counterparts of dynamic output-
feedback synthesis. This will lead to a clear discussion
in the next section where we consider application of the
LME-LMI condition (7)-(9) to synthesis of gain-scheduled
control systems that has a state-space LPV representation.

2.4 Synthesis for specified exponential decay

In this subsection we consider specifications on the decay
of initial-state responses of the descriptor variable. Sup-
pose w = 0 in the closed-loop system (3).

Definition 3. The descriptor system, assumed to be expo-
nentially stable, has exponential decay of interval [a, (],
where 0 < a < 3, if there exist positive constants ¢, and
¢g such that

Cﬁeiﬁt“xcl(o)” < ||xcl(t)|| < Caeiatchl(O)H (15)

holds for all 6(-) € ©, z(0) and t > 0.

Consider the second inequality in (15) that specifies the
upperbound to the norm of responses. The following
inequality with (5) is sufficient for this condition to hold:

He -Acl ‘t O4Ecl Eal y; Z;IE
Ccl Dcl 0 I

_diag{j)clE;rhEI} < Oa (16)

where ¢ is a scalar. Based on this inequality we obtain a
formulation of an LME-LMI condition for synthesis in the
same manner as (7)-(9):

Corollary 2. The condition (16) with (5) holds for some
Ve, Za and e if and only if there exists matrix-valued
functions X, Y, Z, W, F, G, H, J, where X and ) are
continuously differentiable, and e that satisfy (7), (8) and

~YET 0] 0 o0
0 —el| 0 —el
Mot l—— 1775 o | <0 7
0 —elI| 0 —eI
for all € ©, where
.Aa Bl yT ZT 82 T
- 22| F
M. — He |:Cl Du}[o |t Dya
@ T OéE O
& b
Ci Dn
18)
xXT o0l [A, B ~ (
T g e

and A, = A+ «aF. If this LME-LMI condition is true,
a gain-scheduled controller (2) given by (10)-(13) and
(14) satisfies the exponential decay condition ||z (t)]| <
ca€ | zc(0)] of the closed-loop system.

For the other inequality in (15), the following LMI:

~YET 0‘ 0 0

0 &Il 0 oI
Ms+ | —— 1775 o | >0 (19)
0 &Il 0 oI

with (7), (8) are sufficient, where § is a scaler. A merit
of (17) and (19) is that they are applicable to multi-
objective synthesis with the dissipativity and exponential
decay specifications. In spite of possible conservatism in
taking common variables in LMIs for more than one spec-
ifications, combining those LMIs provides a simple com-
putational method to derive a gain-scheduled controller
satisfying multiple specifications. We show in Subsection
3.2 that several components of the variables in these LME-
LMI conditions can be non-common among multiple spec-
ifications.

3. APPLICATION OF THEOREM 1 TO SYNTHESIS
FOR STATE-SPACE LPV SYSTEMS WITH
RATIONAL COEFFICIENTS

3.1 Formulation

So far, we have presented a synthesis method of gain-
scheduled controllers for plants in the general descriptor
form (1). The solution in the previous subsection basically
solves the synthesis problem. However, it requires possible
perturbation of several matrices, namely X, ) and A,
which are functions of the scheduling parameter . Though
this can be executed somehow, we have to check the control
system with the derived controller through perturbation
still satisfies the specifications adequately. This involves
additional numerical problems to examine functions of 6.

Below we show a method that avoids this inconvenient
situation, assuming that descriptor LPV plant is equiva-
lent to a state-space LPV system. This is typical if the
descriptor LPV plant is derived from a state-space one by
augmenting the state variable to a descriptor variable in
order to simplify the coefficient matrices. By the following
procedures to formulate a descriptor LPV plant and to
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construct a state-space gain-scheduled controller directly
from a solution to (7)-(9), this LME-LMI condition with
affine coefficients is more useful for synthesis of state-space
LPV systems with rational coefficients.

Let us consider the following LPV system:

z = C157Ts + Di1sw + Digsu,
Yy = C2sxs + Dlewu

1.’5 = Asxs + Blsw + BQSU7
{ (20)

where x, € R" is the state variable and the coefficient
matrices such as A, are assumed to be rational functions of
the scheduling parameter 6. One can represent this system
by an equivalent descriptor LPV equation (1), where the
both representations are related to each other as follows.
Without loss of generality, let

L0
o=[53)
in (1) and partition the other coefficient matrices accord-
ingly as

(21)

Al By A1 A2 Bir Bas

1D D _ | A2z Az By By (22)
Cl DH 012 Ci1 Ci2|D11 Dr2 |

272 Ca1 Ca2|D2r 0O

where A;; € R™". Then, from the rational coefficient
matrices in the state-space LPV system (20), we always
derive an equivalent descriptor LPV system (1) so that
the coefficient matrices satisfy

As| Bis Bas A B Ba
Cis|Di1s Di2s | = | Ci1 |D11 Di2
Cos|Do21s O Co1|D21 O
Aia )
— | Ciz | Ay [A21|Bi2 Baz], (23)

22

where we emphasize that (23) involves a constraint:
ngAz}lng = 0. We also prepare notation of these ma-
trices including parameters from II;; that represents the
dissipativity specification:

A Bls BQS I, 0 O
Crs Dlls Dips | = | 0 I, 0
Cgs Dgls O O O I;D2
A, Bis Bag rZ, 0 0
Cis Di1s Dias 0w 0 |,
Cas Da1s 0O L0 O Ly,
B |B _
A Aiz | Bir | B 1o lo
Az Az |Bia|Bas | _ 0TI T o
Ci1 C12|D11| D12 0 L I,
Co1 C22|Doy| O -
A1 Ar2|Bi1 | Bar 7101 0
Aoy Ao | Bia | Bao e
X 0|w| 0
Ci1 Ci12|D11|Di2 otolT
Co1 Ca2 |D2y| O L m2

3.2 Construction of a state-space controller when the
original plant has state-space representation

Our strategy is to obtain a state-space gain-scheduled con-
troller realization, without any perturabtion of matrices,
from a solution of the LME-LMI condition in Theorem 1
in terms of the descriptor system (1). Looking into the
LME-LMI condition in Theorem 1 in view of coefficient
matrices of (20), we derive the following;:

Proposition 1. Assume that the coefficients of the descrip-
tor plant (1) satisfy (21)-(23). Let

_| X 0 s Vi2
X = [Xm X22:| ’ [ 0 Voo } (24)
where Xs, s are symmetric. Then (7), (8) and (9) hold iff
[J;S ;\{ >0 (25)
and (8), (9) are true. From a solution to the latter, define
js gls I g25 _I|O 0 0
Fis|Hirs Hags | := | O[] — _412:422_0_
Fos|Hots Fazs 0[0 —Ci2Ay; T
I 0 0
I .0

(26)

» J|G 0

FIH| |0

0

Then with the following controller the closed-loop system
is exponentially stable and satisfies the dissipativity:

./4 Bls ys 0 §2s T T
A= {|:Cls Dlls:||:0 I:|+|:D12S:| [‘7:15 -7:25]

15 R [

— Az Ag11— Ay Bia
0 : I

0 Hle H 2s
JERL
~(loe]o- "
» -1
X[CQS D215] |:J(;S I:|}|:$ ?:|7
_ ?25 T _ Xslgirs:|
BC N |:D12s:| j |: gérs '
S71o

L -7 (e Ba)) |5 9] 0

(27)

ow

(28)

C.=([F, F.

L. 0 _
DC:jTa EC:|:60:|a Ss:ys_Xsla
where (25) implies nonsingularity of Xs, Vs and Ss. More-
over, this descriptor controller has no impulsive modes and
hence equivalent to a state-space LPV system.

(30)

Proof. Obviously (24) and (25) yield (7) and the opposite
direction is also true; if (25) is not strictly positive definite
one can replace (Vs, Xs) with (Vs + al, Xs + al) for small
a > 0 which does not violate (9). Next, a congruent
transformation of (9) shows that

As Bis | [Vs 0 st} T o

+ 50| [FL F

He [Cls Dus] {0 I] {Dms 7 7
Hi . Ha
\\ _1|_15 _2|_15J
Hle H225
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. 8, .
{f‘s ?15] + {~2 ] I [Cos Dari]

Cis Diis D125
Xs 0 As Bls gil—s ~
5 o] G e e
~Ys 00 0
0 H2a 0 H2a
0 31
+ 0 01X O < (31)
0 H2a 0 H2a

holds for the variables defined in (24) and (26). This is
nothing but (9) applied to the original state-space plant
(20). Then we see that the descriptor controller (10)-(13)
reduces to (27)-(30). Next, let Aq.o be the right-lower
block of A, in (27) and N be the matrix that consists
of second and fourth block rows and columns of (31).
Then it is easy to see HeAwo = [I —T|N[I —I]T < 0.
Therefore A.22 is nonsingular and thus the controller is
impulse-free.

We summarize the synthesis procedure below. This is
applicable also to synthesis for exponential decay.

e Let an LPV system be given in the state-space form.
Represent it in the descriptor form (1) so that the
coefficients satisfy (21)-(23).

e Solve the LMEs and LMIs in (8)-(9)-(25) for X, ) as
in (24) and 2, W, F, G, H, J.

o Set Fis, Gjs, Hijs, Js by (26) from the solution to
(8)-(9)-(25).

e Set A, etc. by (27)-(30) and derive a state-space gain-
scheduled controller.

The LME-LMI condition (8)-(9)-(25) includes variables
X1, Voo, Via, Yoo and Z, W that do not appear in
the controller realization (27)-(30). These variables give
certain degree of freedom and can reduce conservatism in
synthesis. In particular, if one solves the LMIs (9), (17),
(19) with (25) for the purpose of multi-objective synthesis
to satisfy a dissipativity condition and exponential decay
specifications, the variables Xa1, Voo, V12, Yoo, Z, W can
be non-common between the LMIs (9), (17) and (19).

Employing the descriptor LPV representation for origi-
nally state-space LPV systems has a merit to simplify
the resulting parameter-dependent LMIs so that the co-
efficients of the LMIs are only affine functions of the
scheduling parameter. The derived LMIs are closely re-
lated to those in dilated LMI approaches (e.g., Ebihara,
& Hagiwara (2002)). Namely, dilating standard Lyapunov
and KYP inequalities gives degrees of freedom in the
dilated LMI scheme, while applying Lyapunov and KYP-
type inequalities to descriptor systems augmented from a
state-space system also generates some freedom as shown
above. Both of those freedom can be exploited to reduce
conservatism in robust synthesis (Kawata et al. (2006)).

4. A NUMERICAL EXAMPLE

We illustrate the procedure proposed in Subsection 3.2.
Consider the following LPV plant in the state-space form:

y —0.8 — 20 + 62 0.5 — 320
0 e

class || (a) (b) (c) N=2 | (d) N=2
5 - [ 1.2423 1.2291 1.2067
Table 1. Optimal 7 v.s. classes of the variables

1 0 1
8132[553]’ B2s:|:1:|7

Cis=[12], Cos=][11],
D115 =0, Dizs =1, Das=1
Let © = [0,1] and Q@ = [—m,n]. For the state variable

s =[21 X2 ]T and the external input w, define x3 = 1+
3w, x4 = x2/(2 — 1.50) and set the descriptor variable as

x =[x x2 T3 Ta ]T. Then we get a descriptor LPV system
(1) whose coefficient matrices are affine as follows:

E = diag{1,1,0,0},
—0.8—26 0.5—320 6 0

A— z 8 _O1 101.40 ’
0 —1 0 2-—1.560
B =[10530]", By=[1100]",
C1=[1200], Co=[1100],
D11 =0, Dio=1, Dy =1.
Setting II;; = 1, IIy, = —v2 and II;5 = 0, we consider

Lo-gain from w to z subject to the exponential decay
constraint with [«, 5] = [0.5, 10]. We solved the LMEs and
LMIs in (7), (8), (9), (17) and (19), with the variables Xo1,
Yoo, V1o, Yoo, Z, VW being non-common. We sought the
unknown variables as (a) constants, (b) affine functions,
(¢) smoothed spline functions (Masubuchi (1998, 1999))
of 6 with N dividing points placed on © at equal intervals.
Increasing N for spline functions arbitrarily reduces the
conservatism in finite-dimensional restriction of the class
of the variables. Minimizing 72 resulted as shown in Table
1, where the problem was infeasible for (a). The controlled
output z and the control input u are shown in Fig. 3 and
Fig. 4, respectively, under the disturbance w in Fig. 2
and the scheduling parameter varying as in Fig. 1. The
responses decay and converge to zero, where employing
spline functions rewards a better responses. Fig. 5 shows
the closed-loop poles for 200 samples of frozen 6 from ©.
As specified, their real parts belong to [—10, —0.5].

5. CONCLUSION

In this paper, we showed a synthesis method of gain-
scheduled controllers by using the new LME-LMI con-
dition for dissipativity of descriptor systems. The pro-
posed method does not restrict descriptor representation
and does not require perturbation of parameter-dependent
matrices. The synthesis method can include specifications
of exponential decay and a numerical example illustrated
the proposed procedure applied to a multi-objective design
problem.
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