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1. INTRODUCTION

The study of linear control problems with exponential-of-
quadratic cost function was initiated in Jacobson (1973)
where the author studies discrete-time and continuous-
time state feedback problems. The discrete-time linear
output feedback problems with exponential-of-quadratic
cost function is studied in Whittle (1981). Bensousssan
and Schuppen (1985) studied the continuous-time output
feedback problem in this context, and, in Pan and Basar
(1996), these results were given simpler proofs for the
general case with cross terms in cost function and noise co-
variance matrices. Furthermore, an elegant expression for
the optimal cost is derived in Pan and Basar (1996) which
has been subsequently used to obtain explicit guaranteed
cost bounds for continuous-time uncertain systems and to
solve minimax LQG control problems (e.g., see Petersen
et al. (2000)). This expression was also instrumental in the
guaranteed cost approach to nonlinear control and state es-
timation presented in the papers Petersen (2006b,a, 2007);
Ouyang and Petersen (2007).

The objective of this paper is to derive a formula for
optimal cost for discrete-time finite horizon LEQG control
problem with a cross term in the cost function and
correlated system and observation noise. We take an
information-state approach as in Collings et al. (1996),
and present details of all of the main calculations in order
to make the paper self contained. The motivation for
undertaking this calculation is that it is required in order
to develop discrete time algorithms for minimax LQG
control and state estimation in the most general case of
noise covariances and cost functional. In particular, this
most general case is required in order to develop discrete
time counter parts to the nonlinear guaranteed cost results
of Petersen (2006b,a, 2007); Ouyang and Petersen (2007).

* This work was supported by grants from Australian Research
Council.
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2. PRELIMINARIES

Consider the state space model given by
Tr+1 = ArTi + Brug + Vi1,

(1)

Ykt1 = CrTp + Wiy

This model is defined on a probability space (92, F,P)
equipped with a complete filtration {Fyy1; 0 < k < T—1}.
The time horizon is kK = 0,1,---,7 — 1. The state zj is
an n-vector, the control input uy is a m-vector and the

observation yj is a p-vector. The white noise [5}’; } has
Yk Ty
T}, Tk

Hypothesis 1. The covariance matrices Ag; bk = 1,---,T
are positive definite!. O

joint normal density pp ~ N(0, Ag); A =

E,k T,k
le ka
A% %

We note that A,;l =: [ } , where ¥_j = (X —

TkF,;lT;C)_l, T_ . = ', =
| A %S 8 il

The complete filtration generated by (y1,---,yx) is de-
noted by V. The admissible controls u = (ug, u1,- -, ur—1)
are R™-valued {):} adapted processes. The set of all
admissible control processes on the time interval k,-- -,

is denoted by Uy ;.
Fact 2. For v € Uy, 7—1, define the random variables

'+

\u r(xr — Ap—10p—1 — Br—1up—1,yx — Cr—1Tx—1)
g ok, yr)
Agy = Iy A}

Then {[A§ ]~} is an {F}}-martingale, and hence we can
define a probability measure P* on (Q, Fr) by setting

1 This is equivalent to I';, > 0 and ), — TkFngk > 0.
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dP“|
dp '7*

Note that, under P%,

:[ ’(L)L,k]il; k:1527 T.

)

(zk,yr) has Normal density ¢. O

The cost function for the problem is
J(w) = B[/ WhratdenMrery] ety gy, (2)
where 6 > 0 is the risk-sensitive parameter,
k

1
\I/;L,k = 5 Z[.T%Mgl'g + u%NgUg + 23;‘2551%], (3)
l=j

and E stands for expectation w.r.t. the reference proba-
bility measure P. In what follows, we use E* to denote
expectation w.r.t. the probability measure P“.

3. INFORMATION-STATE

For u € Uy r—1, define the measure valued process v* by

V}CA(B) = Eu[Ag,kee‘P&killB(‘rk) | yk]7 k= 07 17 e 7T~

Here Ip(-) is the indicator function of the Borel set B.
Note that vy is the distribution of z¢. Furthermore, let
{a¥} be the density process associated with the measure
valued process {v}'} so that

i (B) = [ (o) do.

B

This also yields
0ig) = [ ai@ig(e) de = BUIAG "5 g() | )

for all real-valued Borel measurable functions g.
Now, as in Collings et al. (1996), we can establish a
recursion formula for the information-state density o'

Theorem 3. (RECURSION FOR a}')

_ 0%

Ph+1(Yh+1) /ak(g) ) (4)
RTL

Ckg) d€7

where W}, = %[f’Mké + u), Nyugp + 28" Spug] and @pqq is
the marginal density of wi4+1. O

oféﬂ(z) =

Ort1(x — A€ — Brug, Ypt1 —

The linearity of the dynamics (1) implies that aj are
Normal densities. We denote

Oz}é(l‘) —: Zk 6_%(I_MZ)/R;1(I_H}:)_

Note that

Z = (2m) " F| Rl 2, (5)

where |Ry| is the determinant of the covariance matrix
Ry.

Notation: In subsequent sections, for notational conve-
nience, we drop the superscript u from pj. For G € R"*",
x € R", a € R™, we employ the simplifying notations

q|G,a,x] = 2'Gx + 22'a, q|G,z] = q[G,0,x]. 0(6)

4. RECURSION FORMULA FOR xx = (Zx, Rx, jix)

By the recursion (4), we have

Pr+1
RTL

apt1(z) = e~ zalGrant] g, (7)

where
Yo = q[R; ", ] + a[S- k1), @ — Bruk] — q[0Nk, ug]

+q[T_ (k1) — Dity ysn) + 2(2 — Brur)' Y (eg) Ykt 1,
_ _ Ay
Gk = RklﬁLD;cAk_’l_le*@Mk; Dk = Ck
ar = —ex — (ALE_(ey1) + CLY 440)) (@ — Biuy);

e i= 0Spur + Ry ik + (AT _(eg1) + CRl— (g 1) )Wk 1-
Hypothesis 4. Gy > 0 for every k=0,1,---T—1. O

From (7), we now get

apy1(z) = Z‘/’k+1 Zkefz'm (2ﬂ)2 G| 1 4dlGr an]
Ph+1
= Z (||?k+1|| ——|G |_§e 2'Yk+2q[G; ,ak]
= Z (%)_§|G |__e %{6k+‘Z[Hk,bk,m—Bkuk]}
|} )
where

ok = q[Ry; ", k] — ql0Nk, wi] — q[Gy ", e
+q[C—(hg1) — ;Zil,ykﬂ],
Hi = 5 (k1) — (A2 ) + CLY 40y X
(ApX_(hgr) + CIST—(IH-I))

b = T_(k1)¥k+1 — Arer;

Ak = (A;CE_(]C+1) + C];T/_(k_i_l))/G;l.
Hypothesis 5. For k = 0,1,---,T —
positive definite. O

1, the matrix Hy is

We now obtain the recursion formulae:

Ry =H;! (8)
k41 = Brur — Rp11bz, 9)
Zyr1=Zi( |Ak+1|)7_ (e |7§e 5 {0k —a[Rrt1,bx]} (10)

Thsa
In the next three subsections, we will simplify the above
recursions, and express them in standard form.

4.1 Simplification of recursion (8)
We first observe that

o8y k+1ck = DkAkH (A;cz—(kH) +Cp YL (k+1)) X
S ey (AR D () + CR Y

Hypothesis 6. For all k,
CiTCe = K

k+1))
the matrix Rk — OM;, +

& lis invertible. O

Now
Hk_ E_(k-‘rl)
+E‘(k+1)(A§CE,(kH) + CRY (oy)) Kk X

(L2 (e41) + CR (4 1)) 2 (g1
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For further simplification, we write

Zf(kJrl)Ak + T,(kJrl)Ck = Zf(kJrl)Aka
T/_(k+1)Ak + F—(k+1)ck = Fl;—ilék’

where
Ap=Ay - Tk+1F,Zi10k,

Cr=C —

Therefore, one may write the recursion for Ry as

T;§+1Z—(k+1)Ak'

Rit1 = Spg1 — Yo Dy Thpr + ALK Al (11)
Remark:
[(k = (R;l + Cllc k+10k) 1; R;l = R;l — OM;,.
Also, define i by the relation
Rlzlﬂk + 0Spu = Rlzlﬂk O
4.2 Simplification of (9)
We may write the recursion (9) for p in the form
Pt = Al + Biug + Cllynga, (12)
where
Al = H VAR, By = By + 0H, " A,Sk,
Cy = H]g_l(Ak(A;cT—(k-i-l) + ) — T—(k+1))-

Note that we can write

A;: = Akklezl,

We also have

B;: = Br + Gflkf(kSk

Ol = H A CyTy, k+1
= AkKka k+1 - Z:%k+1)T*(k+1)
—ARK ALY iy
= AeKCplty + Tra Dty

Furthermore

— H 'Y (141

Al + (B — Br)uy,
=H, lAk(Rk k. + 0Sgug)
ZAkkkélzlﬁk
= A K (K — Gl C)
= (Ay — KL CIT L O ) i
- (Ak - cgck)gk.

Therefore we can write (12) in the alternate form:

Chfir)

p1 = Arfie + Brug + Cf (k41 —

4.8 Simplification of recursion (10)

To derive a simpler recursion for Zx, we use the relation

Ky = Gt + A H Ay,

and obtain
Ok — q[H ' b = g i pn + il ®rup + 2uj g
TYrp1 YEYkt1 + 20 OkYk1 + 2951 Dk pn;

O :== R ' — —R;'KyR, ',
dy := —ON;, — 025, K}, S
Sk = —0S, KRyt
W =T (hyn) — FI;L k+1CkKka k+1
T e Hy T (k+1)+2<T 1H '4,0T7Y
ék = 79SkKka 1+QSkAIH T (k+1)7
0

k= k—l—leKkRk + Y’ (k+1)H AkRk .
Therefore,
A 1 1
Zyt1 = Ly (| k+1|)7_|G |T2e 2"
|Fk+ |

(Mkﬂkuk + qu)kuk + yk+1‘1’kyk+1

+2Uk:kﬂk + 2Uk@kyk+1 + 2yk+1Qk,uk)

Remark: The notation ¥, denotes the quantity F,;il +
U,. That is, Uy = F;jl + ¥y. Such a notation will be
convenient in subsequent calculations. O

Remark: We observe that

=T ey By T
= _Tf(k+1)AkKkAka(k+1)a
H'Ay=H 'Y AGLt = AKy.
Therefore, by using the fact

I oen) — Ty

k+10k Y Ak = Tyei1Crs

we obtain

\if FI;Jrl k+1CkKka k+1 (Fk+1 +CkRkC;€)71,

Or =—0S, KpCiTil,, Q= -T. ! CuKu Ry O

5. VALUE FUNCTION AND DYNAMIC
PROGRAMMING

Let Br(z) := e24M7:2] Note that
J(u) = E|:€9{\I/5L,T71+%m/TMTZT}
= E“ [AZ{’T@N&T*lﬁT(:ET)
E“[{ait(), Br()]-
Now define the adjoint process

Bi(x) =E

“[ }:_FLTeG%T*lﬁT(CET)/mk =, yT}-
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The value function for the control problem is

Vih) = il E*[{af (), B¢ () faf = a(x)].

wEUK, 71

Note that, if x7 = (Zr, Ry, ur), then
Vr(xr) = (alxr), Br)

= ZT/e*%‘”R?l*””*“T} e3dl0Mr.2] gy

—1 -1 —1
— Zpe 2B nr] [ o—34lRy’ —0Mr,—Rytur.e] g

= Zpe 3URz m)  (9m)/2| REY — OMp| V2 x
ealRy (R —0Mr) 'Ry ]

Hypothesis 7. The matrix (Ry)~t — Mz > 0. O

Under this assumption, we obtain
RN R — OMr) 'R — R?
= Ry ((Rp' — 0Mr) 'Ry — 1)
= RN (I — ORrMyr)™' — 1)
= R;YORr My(I — ORr My) ™
= OMp(I — ORpMyp)™t.

Therefore,

VT(XT) = ZT(QTF)H/QlR;l — 9MT|_1/2 X
e%q[]\/IT(I—QRTMT)il,HT]. (13)
If we use the notation:
S .= My (I — Ry Mp)™*
2]

25T — (27T)n/2|R;1 B GMT|_1/27
then we can express (13) as
VT(XT) = ZTe%{“,TS%#TJrs%},

One can also prove the following dynamic programming
TeCUTSION.

Theorem 8. (DYNAMIC PROGRAMMING RECURSION)

Vi(x) = inf E [Vk-i-l(Xk-i—l(XkaUkayk-l—l))/Xk = X}-
uk €EURK, K
(1)
O
Let Vi1 (Xes1) = Zrs1 o5 {et) S i1 +5551 - This to-

gether with the recursion formulae for Zj1, ug41 implies
that

Vi(x) = i&f Jr(ug), (15)

where

A 1 1 1
i) = [ BCEE G e bt

Rr
2] a 8 .c
e2 Sk Brun=Riwabil 02%%i1 gy (yrir) dypsr
(16)

Notation:
rlIL®,9,0,2,Q] = ), + upPuk + Yjp Ykt
+2u),OUpt1 + 2l S + 2y Qi O

The equation (16) can now be written as

A <
Jk(uk) = Zk(m)_%ler%Zd; e%‘sk+1><
1y sy
e*%T[Hk@k,‘ym@k,Ekﬂk] dyir1;
Rr
(17)
where

By = By — OB g, By, Wy = Wy — 0C) 5S¢, COF,
@k = ék — GB;; Sngng, Ek = ék - HB]I: SnglAI;CL’
Q= Qp — 0C) S A, T, =TT, — AL S, AL

Note that & < 0.
Hypothesis 9. ¥y, > 0. O

Now, using Lemma 13 in the appendix, we obtain the
optimal control in the form:

u;; = 7((I)k - ek\y;l®;¢)_1(5k - @k\Iflngk)uk, (18)
and the optimal cost in the form

Vi) = ZulArar|7E |G| TF eB ko Wy 7E e RalQuand,

(19)
where
Qr = Iy — QZ‘I’;l?k - (lEk - Gk\lfglfllk)’x
Thus
05 = (Br — OpV; ') (B — O, 105) ' x (20)
(Zk — O,V Q) — (T — Q0,1 Q),
and
€5 = A TE[GHTEW|TE R0 (21)

From (21), it follows that
C C 1
Sk = Ska1 — 7 108(18k+1[ Gk - [ Wi)-
Therefore

o |[R;' — My

T-1
Os), = —log GO > log(|A ]G 1W51) (22)

j=k
5.1 An explicit expression for s,
Note that
G =Ry = OMy + T, Cy
+ AL (Shr = T Ty Thogr) ™ A,
— K 4 A1 (Shsr — T Tg by Thrn) A

Now
Uy, = (Ths1 + CuRiCh) ™ — 0CK g, CL.
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Recall that
(Trp1 + CuReCLICE = (Tiyr + AnRiCh)'.

Therefore

Ut = (Thyr + CuRiCp) — (Tagr + ARiCy)' X
5-1

P, - N
(—% + AR R A) T (Thsr + AR RiCy)

=L + 9T;c+1]5k+1Tk+1
+(Cr + 9T§c+1ﬁk+1A + k) x
(Rlzl - HA;cpkﬂ-lAk)il(Ck + GT;H—lPk-HAk)/-
Alternatively
Uy =T}, - T CuKR Gl
—00; 1 (T + A KiCp)' Sy
X(Ty1 + Akl}kc}é)rz;il
—1
=Tt
Tk [CRRRCE + (T + AeKiCL) (057)

X (TkJrl + /Alkf{kcllc)} Fl;—il-l

Therefore

Trs1 U hg1 =T — CuKiCy

—(Th1 + ApKCL) (0S8 1) (Tha1 + ApKyCy).

Applying Lemma 14, we obtain

Pry 1Vl = Z5 + 20,41
—(Z§ 4 Tra1)(Z5) " (Z5 4 Tisr)

= —Ths1(Z5) ' Thyr,

where

~Z;=Tir1 + 001 Pt Yo
+(Cr + 0 41 Prir Ag) x
(Bt — 043 Por1 Ag) ™M (C + 0T}y Pry1 Ar)’

=Dht1 + CuReCy + (Thp1 + ApRiCp) %

P! . -1 _
( k9+1 — AkRkA;C) (Tk+1 + AkRkC];)

Therefore we have

(Tgt1 + CxRLCL) Wy (Dry1 + CLRiCh)

=T41 4 CLRLC}
—1

- P
— (Tit1 + A RiCh)'( keﬂ — Rpq1) " x

(Thi1 + ARy Cy).
Thus

1
|Wy| =

- RS
i1+ CuRiC,

Teg1 + CkRkC]; — (Tk+1 + AkRkC;C)/X
P! ~
(% — Ri1)  (Thpa + AkRkCl/c)"
Hence

05 = log ((27r)"|RT|) —log (I — eRTMT|)

(T ~ k) log (1Ak11)
T-1

—) log (|R;1 —0M; + CiT; L C;
j=k

+A (S — Tj+11“]ﬁ1“f}+1)_1f‘ij|)

T-1

=S tog (| + CiRC) — (10 + A R;C))
=k
Pl 5
(== = Bir) " (Tjn + 4, R;C)) )
T—1 B
+) log (|Fj+1 + (JjRjC§|2). (23)
=k

5.2 Further simplification of recursion (20):

Recall that
I, = R;' — R 'Ky R,
Oy, = —ONy — 6%S; K}, Sy,

‘?k = Fl;il — Flzilckkkcl/crlzilﬂ
O = —HS,’CK;CC,’CF,;L,

Bk = —08,Kp R,
Qr = —I' [ Ce Kk R,

I, = [} — QAL Sf A, & = §>k — 0By Si.\ By,

by —6Cl Sp, Cl, O = O, — 6B S, O,
Ep = — OB SE AL Q= Oy — 001 S AL

S
Ea
I

Furthermore

Al = A Ky Rt Bl = By, + 0A, K Sy,
C]l; = Akkkcl/crl;il + Tk‘f‘ll—‘l;il‘
Note that the recursion (20) can also be expressed as
05y = (Q — O, ;1516)’(% - @;€<1>,;1(?k)*1x
(e — ©3,2, Ep) — (I — =@y E).
(24)
Now apply Lemma 14 to get

95; = *Xk + Y/k/Z];li/k, (25)

where
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X = (ﬁk 7();6\1/,;10,6) (Ex — 0,010 x
(@1 — O,716]) (Br — 6,5 10),

Vi =vo(AL - CLEI0)) - VO(BY — 618 1CL )
(B — 01 7;164) " (Ek — 01 T; ),

= (St —ocpi ey — By - 6 cyy
x (&), — BT} 1051 (BY — 6O,

The next lemma will be useful in simplifying the above
expressions for Xy, Yi, Zk.
Lemma 10. We have

Ry = Ky + KO/ T3 3 T3 G K. (26)

PROOF: Let Sj, denote the R.H.S. of the above equality:

5;1 = (kk + f(kC,’c(FkH — Ckf(kaHC,’c)_
:[{/;1*01; k+1ck*Rk ‘ =
With the help of this lemma, we can show the following:

1Ckkk)_1

My — Q. Q=R — RyRLR Y,
Sk — 0101 = —0S, Ry R,
By, — 0,0, 10, = —0(Ny + 0S5, Ri.Sk),
— Ol O = Ay R R
— U, 'O}, = By + 0AR Ry, Sk,

C}?\if};lc]gl = TkJrlF];_,l_lT;H_l + AkRkA;C — Akkk/i%
=Ypt1 — Riy1 + AkRkA;c
Therefore
X, =R;!
—Rlzl (Rk - GRkSk(Nk + HS,QRkSk)*S,’CRk)
><R*1
~_ 1 1 —1 1
= R = BB+ 0SuNTUSL) Ry
= (R = (031) ™)
= —GMk(I— HRkMk)_l
= —0Mj;
1 -~ . . . .
% = [Ak{Rk — ORySk(Ny, + 952Rk5k)S;CRk}
Nt = N 'S x ) = -1
_Bk{ (R +05kN LS1) TSN }SkR’C}Rk

= [A(B + 08N s

1 O(R; ' +0S,N, 1 S;) ! x

~ BNy Sk{SkN 151 Ry, H
><R,;1

Y /p-1 —1ar\—1p—1

= Ap(R; ' +60S,N'S;) 'R,

= z‘ik(l — HRkMk)_l

= Ak;
Zy = (Sllcl+1)_1 —0(3k41 — Rieg1 + AkRkA;C)
+(By + 0ALR.Sk)(Ny, + 05, Ry, Sp,)
X (By, + 0 A, Ry Sk)

= (SZH)_l — 0(Xp41 — Rpy1 + AL RLAY)
7{ —0AR Ry A — ByN, ' By, }
+0AL (R + 0SkN, ' S)) LA,
= (Sf1) "t = 0Sk41 + ORy1 + By N, ' By, x
—0AL(R; Y — 0My) A,
where
Mk = My — Sklelsllc;
Mk = ]\Zk(f — HRkMk)il;
/ik = Ak - Bklelsllc
Hence

So = I + A, ((s;;“)—l — 0841 + ORpt1

o o oo\ —1 _
BN B} — 04y (R — 9Mk)_1A§c) Ay

(27)

Now using the Matrix Inversion Lemma, we have
(S8~ = M A ((Si) ™!
-‘er]\fk_lB;C - HAkAk(Rlzl - HMk)ilz‘\i;C

Mk_l - — 03541 + Rk

- N SN

+AkM,;1A;) A
Now note that
M =M ' —0R,, A M ‘=AM ",
AkMkilgz = Ale;l(I — HJ\Z/kRk)_lfi;

= A MRV (R — 0My) LA,

= Gﬁk(R,zl - HMk)_lzzi;c + /\ik]\ufkilfﬁc
Therefore, we obtain
T—1
M, —

(Sg)_l = M;1A2<(SZ+1)_1 — 03541 + ORk 1

VN oN—1_ _
+BkNng’+AkM,;1A§C) At

By letting P, = ((Sf)~! + 6Ry) ™!, we obtain
Pk—1 _ Mk_l _
1% 0%yr1 + BrN,, 1B g o
gy e D
Thus
10
P, = Mk + A/ ( k+1 sz-i—l + BkN 1B/) Ay (28)
We can express S} in terms of P as
S;: = Pk(I — 0RkPk)*1 (29)
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5.8 Simplification of the expression (18) for the optimal
policy

Theorem 11. The optimal control policy is given by

UZ:Kk(IfaRkPk)fluk; k=0,1,---, T —1. (30)

where
Kk =
L[Sk + BU(PE — 0%k + BN BY) T AL,
(31)

PROOF: In view of (18) and Lemma 15, it suffices to prove
that

oSk + Bi(P)y + BeNy ' By) T Ak (I - 0RPy) !
= Z};l}_fk

where

(32)

Vi =S, — 6,0, Q — 0(B) — Cf0,16)) x
(Si) ™! = 0CLT L) T (AL = OO ),

Zy=® — 0,00}, — (B} — CLI;16}) x
((Sgy1) ™t — 00T el )y~ (BY — O, 1O)).

Therefore

1_ -
—o Y= [s,; + (Br + 0AxRiSy) %

Z R —1 ~
a -1 _ k+1 k+1 —1
((Sk+1) g (+AkRkA/ ) ) Ak} RkRk
Sy + (Bi + 0Ay Ry, S

RyR7*,
T x(Beh - HAkRkA’) Ay | T

and

1_ - -
_§Zk = (Ng + HS]ICRkSk) + (B + HAkRkSk)/ X

-1 ~
( k+1 QAkRkAk) (Bk + QAkRkSk).
This yields
Z;'Y), = Wi R R, (33)
where

Wi = (Nk + GSkRkSk) (Br + GAkRkSk)’ X

—

- — - —1
__’_11 — GAkRkA;) (Bk + GAkRkSk)] X

|—|/\

1
Sy + (By + 0AxRiSy)’ ( - GAkRkAk) Ak}

—~

= (Ni + GSkRkSk) {S;; + (Bk + GAkRkSk)/ X

o o o —1
Pl + BeNg Bl — 0Au(R: — 0M) 1AL ) x

/\/\

A — (Bk + HAkRkSk)(Nk + HS,QRkSk)*lS,’C)}

= (Nk + GS;ICR]CS]C)_l {S;Ic + (Bk + GAkRkSk)/ X
—1

(Pk+1 + BpN; ' By, — 0A5(R; — eMk)_lf‘i;C) x
Ap(R; — eMk)—lé,;l}.
Now note that

- o o o\ 1o
(Poh + BeNy Bl — eAk(R,gl —OM)TUAL) Ay

= (P, + BuN'By) !
[I—i—&Ak (R —0P,)" 1A'(”k+1+BkN 1By~ }Ak
( k+1+BkN 1Bk) 1Ak X
[1+0 R;'—0P,)" 1A’(~ L+ BN, B 1A4
=( k+1+BkN 'By) T Aw(Ry T - 0P:) !
(Rt = 0P+ 04 (BLY + BN B~ A
= (P}, + BNy 'By) M Ap(Ry = 0P) TN (R — 0My,)
= (P, + BuN; 'By) " A(I — OR,PL) ' Ry
(R — 0My).
This gives

Wi, = (Nk + GS]/CR]CS]C)71 S;lc + (Bk + GAkRkSk)/ X

(Pl + BeNy B " k(I - 0RP) Re iy |

= (Nk + QS,QRkSk)*VT/k(I — 0RkPk)*1RkR,;1,
where
Wy, =S, R R (I — GRkPk)
+(By + 9AkRkSk) ( k+1 + BN, 'Bp)” i

oD (9Rk~)7 — P+

7Sk(9Rk) |:A/( 1 +BkN 1Bk) 112{]@
+B}(P Y + BeN, ' By) Tt Ay

= S} (0F) [ (9R) !

— My, + SeN; ' B (Pl

+BkN,;13;€)—1Ak} + Bj(Prl, + BuN; By~ Ay
Therefore
(Nk + GSI/CR}CS]C>71W}€
N1 {B,’C(P,;jl + By N, 'B,) A,
5 1 1 -1 1
+S,Q((9Rk)— + SN S,g) ((GRk)‘ -

= N[ BL(PSY + BNy B Ak + S .

)|

This completes the proof. O
6. CONCLUSIONS

For the discrete-time LEQG problem (1),(2), we have
obtained the explicit expression for the optimal cost as

8007



17th IFAC World Congress (IFAC'08)
Seoul, Korea, July 6-11, 2008

o (#, S04 +sC) Lemma 13. Consider the quadratic functional
Vilxr) = Zpe? M) through the formulas (5),

(11), (23), (28) and (29). This is useful in constructing rlx,y, u

controllers that lead to explicit guaranteed cost bounds

I ! I ! = !
for discrete-time uncertain systems (e.g., see Shaiju and =zllz+y ¥y +udu+2uOy+2u'Sz + 2y

Petersen (2007)). in the variables x € R", y € R?, u € R™.
Assume that ® < 0 and ¥ > 0. Then:
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Appendix A. SOME BASIC RESULTS where

Lemma 12. Let |G, a,x], q|G,z] be defined as in (6). If Y=E-060"'Q0-(B-CP @) x
G > 0, then L < .
1 1 (ST -CU O THA-CTTQ),
q[G7 a, 33] = q[G7 r+G a] - Q[G 7a]7

Z=%-0V'0' - (B-CV 'O x

and - s
(S~t-cyv oy (B-cuTte). O

/ e 290 do = (2m)F|G 22O D
R”
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