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Abstract: This paper studies discrete impulsive hybrid systems. The comparison principle
and uniform stability are established for such hybrid systems. Moreover, the attraction region
is estimated. As applications, the comparison principle is used to study the robust stability
problem for linear interval discrete impulsive hybrid systems and a class of nonlinear uncertain

discrete impulsive hybrid systems.

1. INTRODUCTION

It is now recognized that the theory of impulsive hybrid
systems provides a natural framework for mathematical
modelling of many real world phenomena. Impulses can
not only lead to the failure of stability for a stable con-
tinuous system, but also be used to stabilize an unstable
system. It is, therefore, very important to investigate the
stability problem for impulsive hybrid systems.

In recent years, significant progress has been made in the
stability and robust stability theory of impulsive hybrid
systems, in which the impulses occur in a continuous
systems at some instances, see Lakshmikantham et al.
(1989), Michel (1999), Michel et al. (1995), Ye et al. (1998),
Li et al. (2000), Li et al. (2001a) and (2001b), Li et al.
(2002), Liu et al. (1994), Liu et al. (2001), Liu et al. (2006),
Li et al. (2003), Guan et al. (2005), Zhang et al. (2005),
and Liu et al. (2003)-(2006). However, the corresponding
theory for discrete impulsive hybrid systems, in which the
impulses occur in a discrete system at some instances,
has not been fully developed. More recently, in Liu et
al. (2007a)-(2007b), the robust stability and ISS (input-
to-state stability) property for discrete impulsive hybrid
systems has been investigated. In this paper, we will
analyze the stability property for this kind of systems via
comparison approach.

Among the methods contributed to the study of the stabil-
ity problem for dynamical systems, the comparison princi-
ple is an interesting and efficient method. The stability
of the original system can be derived by comparing to
a simpler system, with known stability properties. The
comparison principle method has been applied successfully
to study of stability for continuous systems, impulsive
systems and switched systems, see Lakshmikantham et al.
(1989), Isidori (1999), Phat (2005), Zhang et al. (2001),
Liao (2001), Yang et al. (1997), and Chatterjee et al.
(2006).
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In this paper, we shall establish the comparison principle
for discrete impulsive hybrid systems. Then, the compar-
ison principle is used to investigate the uniform stability
properties of discrete impulsive systems. As applications,
the comparison principle is used to study the robust sta-
bility problem for linear interval discrete impulsive hybrid
systems and a class of nonlinear uncertain discrete impul-
sive hybrid systems.

2. PRELIMINARIES

Let R™ denote the n-dimensional real vector space and
[|A|| the norm of a matrix A induced by the Euclidean
norm, ie., |[A|] = [max(ATA)]Z. Let N denote the
set of nonnegative integers, i.e., N = {0,1,2,---}, and
R, = [0,+00). Let Apax(X) (respectively, Amin(X))
the maximum (respectively, minimum) eigenvalue of the
matrix X.

For A = (@ij)nxm, denote: |A| = (|ai;|)nxm, and A > 0 if
and only if a;; > 0 for all i =1,2,--- ,n,7 =1,2,--- ,m.
Let = (l‘l,l‘g,"' 7xn)T’y = (y17y2a"' 7yn)T € Rn,
r<yifand only if z; <wy;,i=1,2,--- ,n.

A function v : Ry — Ry is of class-K (y € K) if it is
continuous, zero at zero and strictly increasing. A vector
function 1(r) = (I1(r), -, ln(r))? : Ry — R is of class-
KnR (I € KinR) if I(r) € C[Ry, RT], 1;(0) =0, l;(r) > 0,

r >0, and l;(r) — oo, when r — 400, i =1,2,--- ,m.

Consider the following discrete impulsive hybrid systems:

x(k+1) = fe(k,x(k)), k # N,
Si: { Ax(k+1) = falk,z(k)), k = Ny, (1)
x(ko) = xo, k € N,k > ko,
{ wk+1) = g.(k,w(k)), k # N,
Syt Aw(k 4+ 1) = ga(k,w(k)), k = N, (2)
w(k/’0> =wg, k € N,k > ko,
r(k+1) = he(k,r(k)), k # N;,
55 {Ar<k+ 1) = halk, r(B), k=N, (3)
T(ko) =To, k S N,k Z ko,
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where x € R", w € R, r € Ry; Aw(k+1) =x(k+1) -
z(k), Awlk+1) = wk+1) —wk), Ar(k+1) = r(k +
1) — r(k); and the following assumptions are satisfied:

(A1): The sequence {N;} satisfies: N; € N and kg < Ny <
1 '<Ni<"',WithNi+1—Ni>1,i€N.

1)
Ny <
(A2): fe, fa € C[N4 x R™, R"], gc, 94 € C[N4 x R, R"],
hc,hd S C[N+ X R+,R+];

(As): Every solution of systems S;
uniquely on N, respectively.

Let z(k) £ x(k, ko, z0), w(k) = w(k,ko,wo), 7(k) =
r(k, ko, 70) be the solution of systems S; — S3 with initial
condition z(kg) = xg9. We give the following standard
definitions.

— S5 exists globally and

Definition 2.1. System S is said to be uniformly stable
(US) if for any € > 0, there exists a § = d(e), such that
when ||zo|| < 9, the following inequality holds:

lx(k, ko, z0)|| <€, Kk >ko,k€&N. (4)

Definition 2.2. System 57 is said to be uniformly asymp-
totically stable (UAS) if it is US, and moreover the follow-
ing equality holds:

Jm |z (K, ko, zo)|| = 0. (5)

Definition 2.3. System S; is said to be uniformly ex-
ponentially stable (UES) if there exist positive constants
a > 0, K > 1 such that

lz(k)|| < Klzolle”***), k> ko,k € N (6)
Definition 2.4. A set D(z) C R™ is called an attractive
region of system S; if, for any zy € D(x), the solution
x(k, ko, o) of system S; satisfies (5).

Lemma 2.1. (Liu et al. (2004)) Let X € R™ "™ be
a positive definite matrix and € R™ "™ a symmetric
matrix. Then for any x € R"™, the following inequality
holds

rrun( 1Q)

Lemma 2.2. (Liu et al. (2004)) For any A € N[P,Q)],
where N[P,Q] = {A = (a;;) € RV : pij < a5 <

2T Xz <2TQux < Amax (X 71Q) 2T Xz (7)

Qij, 43 = 1,2,--- ,n.}, then A can be formulated as
follows:

A=Ay + EXF, (8)
where Ag = 2(P+Q),H = (hij) = 3(Q—P), S e ¥* =

{¥ e RV xn® .3 = diag(eir, -+, €nn), €] < 134, =
1,2,---,n.}, BEET = diag{3"]_, h1j,--, 27— hn;}, and

FTF = diag{3>7_; hj1, -+ 3202 hyn}-
3. COMPARISON PRINCIPLE AND STABILITY

In this section, we shall establish the comparison principle
and stability criteria for discrete impulsive hybrid systems.

Theorem 3.1. Assume that functions g.(k,v),ga(k,v)
are nondecreasing with respect to v for any k € N, and
furthermore suppose that there are functions V(k,z) €
C[N xR™, RT'] and I(r) € K,,, R, with [(a+b) > I(a)+1(b)
for any a,b € Ry, such that the following conditions hold:

(i) for any k # N;, then
V(k+1a(k+1)) < ge(k, V(k,z(k))); 9)

(ii) for k = N;, then

AV (k+1,2(k+1)) < ga(k, V(k, z(k))),  (10)
where AV (k+1,2(k+1)) = V(k+1,2(k+1)) =V (k, z(k));
(iii) for any k # N;, then
ge(k,U(r)) < U(he(k, 7)), T €0,r7], (11)
where r* is some positive constant or r* = +o0;
(iv) for any k = Nj;, then
gd(kal(r)) < l(hd(kar))? € [O,T*], (12)
(v) for any (ko,70) € N x [0,r*], then
r(k,ko,70) € [0,7%], k€ N. (13)
Then, V (ko, o) < wg < I(rg) implies that
V(k,z(k)) <w(k) <IU(r(k)), k=kokeN. (14

Proof. We prove (14) by using induction on k:

When k = 0, then (14) holds obviously. Now we assume
that (14) holds for the case of k. We show (14) also holds
for the case of k + 1.

For k # Ny, by conditions (i), (iii), (v), and the induction
assumption, we get that
V(k+1,2(k+1)) < gk, V(k,x(k)))
< ge(k,w(k)) = w(k +1)
< ge(k, U(r(K)))

< Uhe(k,r(k))) = U(r(k + 1)), k # Ni,
which means that (14) holds for k£ + 1 and k # N,.

For k = N;, by conditions (ii) and (iv)-(v) and induction
assumption, we have

(15)

V(k+1a(k+1)) < V(ka(k)) + galk, V(k,z(k)))
w(k) + ga(k, w(k)) = w(k +1)
< U(r(k)) + galk, 1(r(K)))
<AU(r(k)) + U(ha(k, (k). (16)

Tt follows from (16) and the fact that I(a) +1(b) < l(a+b)
for any a,b € R4, that

V(k+1,2(k+1)) <w(k+1) <I(r(k+1)), k# Ny, (17)
which means that (14) holds for k£ + 1 and k = N;.

Thus, by (15) and (17), we obtain that (14) holds for the
case k+ 1 and by the induction principle (14) holds for all
ke N. ad

Corollary 3.1. Assume that functions g.(k,v),ga(k,v)
are nondecreasing with respect to v for any £ € N, and
furthermore suppose that there exists a function V(k, x) €
C[N x R™, R such that the conditions (i)-(ii) of Theorem
3.1 hold, then V(kg, z¢) < wq implies that

V(k,z(k)) <w(k), k>kokeN. (18)

Proof. It is a direct consequence of Theorem 3.1. O

Corollary 3.2. Assume that all assumptions except that
for function I(r) in Theorem 3.1 are satisfied. If I(r) is a
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smooth vector function satisfying I (r) > 0 for all r € Ry,
then the result of Theorem 3.1 still holds.

Proof. By Theorem 3.1, we only need to prove that

l(a) +1(b) <l(a+Db), a,be R,. (19)
For any fixed a € Ry, let F(b) = l(a + b) — l(a) — I(D),
b € Ry, then F(b) is a smooth vector function. Moreover,
F(0) =0, and F'(b) =U'(a +b) = I'(b). By l"(r) > 0, we
get that function I’(r) is nondecreasing and hence I'(a +
b) > U'(b). Thus, we get that F’(b) > 0 which means that
function F(b) is nondecreasing. Hence, F(b) > F(0) = 0,
for any b € Ry. Thus, (19) holds and hence the proof is
complete. O

In the following, in order to investigate the stability of
systems S7 — S3, we assume that f.(k,0) =0, f4(k,0) =0,
9c(k,0) = 0, ga(k,0) = 0, he(k,0) = 0, and hq(k,0) = 0.
Hence, systems S; — S3 all admit the trivial solution.

Theorem 3.2. Assume that systems S; — S35 satisfy all
conditions of Theorem 3.1 and also assume that there exist
functions 1, ps € K such that

e1([[=]]) < IV (k)| < e2(llzl)), (20)
then, the US (UAS) properties of system S5 imply that the
same US (UAS) properties hold for system S;. Moreover,
D(z) is an attractive region of system S;, where

D(z)={z e R":V(k,z) < 0<Su5 *{l(r)}, keN}.

Proof. Firstly, if system S5 is US, we show that system
S, is also US.

Since vector function I(-) is continuous and [;(0) = 0,
li(r)>0(r>0),i=1,2,--- ,m, for any positive number
€ > 0, there exists a €;(€) with €1(e) < r* such that when
0 <r < e (e), we have

1)1 < ¢ (e).

From the uniform stability of system Ss, for e;(e) > 0,
there exists a d1(e) > 0 such that when 0 < ry < d1(¢), we
get that

(21)

r(k,ko,70) < €1(€), k€ N. (22)

Let 0;(¢) = SUD)< ;< e, (e) {li(r)}, Sa(e) = %minlgigm
{0i(e)}, 8(e) = 3 ' (d2(c)).

By the continuity of function I(r), we obtain that there
exists a 1o with 0 < rg < d1(€) such that

(52(6) < li(’/‘o) < gi(G), 1= 1,2, e, M. (23)

Let V(ko, o) = wog, then when ||zo| < 0(€), we get that

lwoll < @2(llzoll) < d2(e), (24)
which implies that
V(ko,z0) = wo < (ro). (25)
Thus, by Theorem 3.1, we get
l(k, ko, o) || < @1 (IV (k, 2(k)])
< 901_1(||w(k7k0)w0)”)
< o1 (U0 (k, ko, 7))
<e k>kokeN. (26)

Hence, systems 57 is US.

In the following, we show that system S; is UAS if system
S3 is UAS. From the above proof, we only need to prove
that limy_ e ||2(k, ko, z0)|| = 0 holds uniformly for ko €
N.

By the UAS of system S3, we get that limg_, 7(k, ko, zo) =
0 holds uniformly for ky € N. From the continuity of
function I(r), it leads to limy .o ||1(r(k, ko, Zo))|| = 0 holds
uniformly for kg € N. Thus, by Theorem 3.1, we obtain
that

Jim [l (k, ko, zo)|| < lim oy (|V(k, (k. (k)]
< len;o o1 (lw(k, ko, wo)l|)

< Jlim oy (10 (k. ko, ro))ll) = 0, (27)

holds uniformly for kg € N.
Hence, system S; is UAS.

Moreover, for any zo € D(z), there exists a 1y with
0 < 1o < r* such that V(ko,z9) < I(ro). Hence, we can
choose that wy = V(kg, o) and hence by Theorem 3.1, we
get (27) holds. Therefore, D(z) is an attractive region of
system S7. The proof is complete. m|

Theorem 3.3. Assume that systems S; — S3 satisfy
all conditions of Theorem 3.1 and also assume that the
following conditions hold:

(i) there exist constants Ay > 0, A2 > 0, p > 0 such that
Allzl[” < IV (R, 2)|| < Aollzl”, ke N (28)

(ii) there exist a constant ¢ > 1 and 01,0, € R,

where ©1 = (¢1 ¢ - cm)T7 Oy =(d1 day -+ dm)T7 with
c; >0,d; >0,i=1,2,--- ,m, such that
ri0; <lI(r) <r10y, re[0,77]. (29)

Then, the UES of system S35 implies that the UES of
system S7. Moreover, E(x) is an attractive region of
system S7, where

E(z) 2 {x e R":Vi(k,x) <c¢r*,ke N,i=1,2,-- ,m},
where V = (Vy, Vo, -+, V)T,

Proof. Suppose that system S3 is UES, then there exist
positive constants K > 1,a > 0 such that

r(k, ko, 7o) < Krge @*=k0) >k ke N (30)

For any zo € FE(z), let wg = V(ko,zp), and rg =
1
maxlgigm{w}q, then, by condition (ii), we get

that 0 < 7o < r* and 0 < V(kg,z9) = wo < l(rg). Thus,
by Theorem 3.1, we get, for any k > ko, k € N,

IV (k, (k)| < [li(r(R))]| < (ng)f Kyle—oath—ho),

(31)

It follows from (31) and condition (i), we have
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aq
— St (k—ko)

e

P <(23"1§) K)

)\1 minlgigm{ci}

Ko( X0, &)\ 7 s
< ( (=i ) ) lzglle™F k) (32)

Hence, system S; is UES and E(z) is an attractive region
of system 5. O

In the following, we investigate the stability properties of
system S7 by using the stability properties of system Ss.
Let Q(w) be an attractive region of system Ss.

Theorem 3.4. Assume that systems S; — Sy satisfy
all conditions of Corollary 3.1 and (20) holds for some
functions @1, 2 € K, then, the US (UAS) properties of
system Sy implies that the same US (UAS) properties
of system S;. Moreover, D(z) is an attractive region of
system S, where D(z) = {z € R" : V(k,z) € Q(w), k €
NY.

Proof. If system S5 is US, then for any € > 0, there exists
d1(€) > 0 such that for any wqg satisfying ||wpl|| < d1(€), we
have

lw(k, ko, wo)|| < p1(e), k>kok€N.  (33)
Let 0(¢) £ @5 (61(€)). For any z¢ satisfying ||zo| < 6(e),

we let wg = V (ko, xo), then, by (20), we have

[woll = IV (Ko, zo) | < @a(llzoll) < 01(e),  (34)

which implies (33) holds for all £ € N. Thus, by Corollary
3.1, we get that

lw(k, ko, o)l < o1 IV (k, 2(k))]))

<1 (lwlk ko, wo)l) <€, k> kol € N. (35)
Hence, system S7 is US. Moreover, if system Sy is UAS
with attractive region Q(w), then, by similar proof of
Theorem 3.2, we obtain that system S; is UAS with
attractive region D(z). O

Theorem 3.5. Assume that systems S; — Sy satisfy all
conditions of Corollary 3.1 and also assume that the
condition (i) in Theorem 3.3 holds, then, the UES of
system So implies that the UES of system S;. Moreover,
D(x) is an attractive region of system S, where D(x) =
{zeR":V(k,z) € Quw), ke N}.

Proof. Suppose that system Sy is UES, then there exist
positive constants K > 1, > 0 such that

lw(k, ko, 70)|| < K |Jwolle” %) k> ko, k € N. (36)
For any x¢ € D(z), let wo = V(ko, o), then by Corollary

3.1, we get V(k,z(k)) < w(k) for all k > ko, k € N. Using
condition (i) in Theorem 3.3, we get

K>\2 % — 2 (k—ko)
lat)ll < (5°2)" llzolle™ 3450, & > ko, k € N. (37)
1
Hence, system S is UES and D(x) is an attractive region
of system 5. O

4. APPLICATIONS TO ROBUST STABILITY.

In this section, we apply the comparison principle The-
orems 3.1-3.5 established in Section 3 to robust stability
analysis of linear and nonlinear uncertain discrete impul-
sive hybrid systems.

Case 1. Consider the linear interval discrete impulsive
hybrid system:
z(k+1) = Ax(k), k#Nj,
{ Ax(k+1) = Bga(k), k= N;,i€ N,
l‘(ko) = 2o,
where A € N[P,Q] and B, € N[P;,Qk], & € N, with
By =0, and P = (pi;), Q = (i), P = (pij, ), Qr = (4i5,)

are n X n known matrices.

(38)

By Lemma 2.2, (38) can be rewritten as
x(k+1) = Agx(k) + EXFx(k), k # Ny,
{ Al‘(k + 1) = Bkox(k) + EkEkax(k), k= N;,i € N,
ﬁc(k'()) = Xy,
(39)
where A = Ag + EXF, By, = Bko + EpYXpFr, k€ N.

Theorem 4.1. Suppose Assumption (A;) holds. Then,
the system (38) is robust UAS if there exists a constant
a > 0 such that for any k € (N;, Nij41], k,i € N,

In (| 4oll + IZ ][I £11)
Y= (I + B, Il + 1En, 1 F, )
k—1
1

Moreover, if there exists a positive constant 0 < 3 < 3
such that

+ < —a. (40)

}25>0, ieN, (41

inf

ke(l\l]EN'iJrl] {k' — ko
then, the system (38) is robust UES.
Proof. Let V(k,z) = ||z||, then V(k,z) € C[N x R™, Ry]
and V(k,z) > 0. For any w,r € R4, let: g.(k,w) = || Al|w,
ga(k,w) = (| I+ Byl —1)w, he(k,r) = (| Aol + | E[[|F[))r,
ha(k,7) = (Il + Bl + | Exl[[[ Fk| = 1)r, and i(r) = 7,
then, we get

V(kE+1,2(k+1)) < go(k,V(k,x(k))), k# Ny,
AV(k+1,z(k+1)) < galk,V(k,z(k))), k= N;.
9ge(k,1(r)) <U(he(k,7)), k# Ni;r € Ry,
ga(k,l(r)) <l(hq(k,r)), k= N;re€ R4,

which implies that all conditions of Theorem 3.1 hold.

For any g € R", let ro = wg = V (ko, o) = ||xo]|, then by
Theorem 3.1, we have that
lz(k)| =V (k,z(k)) <w(k) <r(k), keN, (42)

where w(k) and r(k) are the solutions to following systems,
respectively:

w(k +1) = [[Aljw(k), k # Ni,

Aw(k +1) = (I + Bkl — Dw(k), k = N,

w(ko) = wo = ||zol|, k € N,k = ko,

(43)

and
r(k+1) = (| Aoll + [| E|[I|F'|))r(F), k # N,
Ar(k+1) = (L + Boll + [ B[ Fxll = )r(k), k= Ni,
(ko) =ro = [|zol|, k € N,k > ko.
(44)
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Thus, by Theorem 3.2 that the US (UAS) properties of
system (44) implies that the same US (UAS) properties of
system (38). Hence, in the following, we only need to prove
that the system (44) is UAS under the condition (40).

Denote a £ || Ao|| + ||| F[l, bx = |1 + B || + || B[l Fl-
For any k € (N;, N;y1],k,i € N, by (44), we get
r(k)=ar(k—1) = ak_(N"’H)r(Ni +1)

= a* N lpy (N, (45)

which implies

T(Ni—i-l) = G,Ni"*'l_Nq’_lei?“(Ni), 1€ N.
It follows from (45)-(46) that

(46)

k—N;—1
r(k)=a b, r(N;),
= ak_Ni_leiaN’i_Nf‘*l_1bN.71r(Ni,1)
1
_ ak}—N,i—lei HaNj—Njfl—lej_l,rO

j=i

i )
. k—i)Ina+ l
— Clk g | I ijTO — 6( ) ZJ=1
j=1

On the other hand, it follows from Assumption (A1) that

BNy, (47)

Ni>Ni14+2>N;_9+4>--->Nog+2i>2. (48)
Hence, for any k € (N;, Ni+1], we get
k> N; > 2. (49)

Therefore, by (40), (47
we obtain that

) and (49), for any k € (N;, Niy1],

0<rk)< e k=ps < =%y, (50)

Obviously, 0 < r(k) < rg, which implies that the system
(44) is US. Moreover, from (50) and the fact that & — oo
if and only if i — oo, we obtain the system (44) is UAS.
Hence, by Theorem 3.2, system (38) is robust UAS.

Moreover, if (41) holds, then, it follows from (50) that

0<r(k) <e “ry <e ®Ph=Rolpg b >k, (51)

which means that system (44) is UES. Thus, by Theorem
3.3, system (38) is robust UES. The proof is complete. O

Case 2. Consider a class of nonlinear uncertain discrete
impulsive hybrid system in form of (1):
Az(k +1) = Bpx(k), k= Ni, (52)
l‘(k()) =z, k> ko, k € N,

under the following assumptions:

(By): for any k € N and x,y € R"™, there exist matrices

A € R™*™ such that
|f(k,z) — fk,y)| < Ag|z —y] (53)

(B2): The functions ¢ represent structural uncertainty or

uncertain perturbation characterized by: there exist some

matrix Cj € R"*", such that

Theorem 4.2. Suppose that Assumptions (A)-(As) and

(B1)-(B2) hold. Furthermore, assume that there exists a

positive definite matrix P € R™*™ such that
Z Iny, = —o0 (55)
k=0

_ ) O, if k # Ni7
where 7, = {m, if k=N, kicN,
ap = )\max(P_l(|14/C + C']€|)Tf)(‘A;~C + Ck‘)), and B =

)\max(P_l(|I+ Bk‘)TPOIJ'_ Bk|))
Then, system (52) is robust UAS.

where

Moreover, if there exist k1 € N with k1 > kg and a positive
constant « > 0 such that

E?:S In~;
su —— < —q,
kzkl,gezv{ k— ko } -
then, the system (52) is robust UES.
Proof. Let V(k,x) = |z|, then V(k,z) € C[N x R", R}]
and V(k,z) > 0. For any w € R"™ with w > 0, denote:

ge(k,w) & (A + Cp)w, and gq(k,w) £ (|I+ By| — I)w
then, by Assumptions (Bj)-(Bz), we get

(56)

V(k+1,2(k+1)) < ge(k, V(k,z(k))), k # N,
AV(k+1,2(k+1)) < ga(k, V(k,2(k))), k = N;.

Thus, under Assumptions (Bj)-(Bz) and by using |.|, we

can linearize the system (52) into the following linear

comparing system:

w(k +1) = (A + Cr)w(k), k # N,

{ Aw(k+1) = (|I + Bi| — Dw(k), k = Ny,
’U.)(ko) = wo = |£CO|7 k € N.

(57)

It follows from V' (ko,zo) =

that

|z(k)| = V(k,z(k)) <w(k), ke N. (58)
Thus, by Theorem 3.4 that the US (UAS) properties of
system (57) implies that the same US (UAS) properties of
system (52). Hence, in the following, we only need to prove
that the system (57) is UAS under the condition (55).

|zo| < wp and Corollary 3.1

Let Lyapunov function be W (z) = w? Pw, then by Lemma
2.1 and Assumptions (Bj)-(B2), for any k # N;, we get

W(w(k +1)) = w(k)” [Ay + )" P
S )\max(Pil(‘Ak + Ck‘)TP(|Ak + Ck|))

= apW(w(k));
and for k = N;, by Lemma 2.1, we get

[A), + Cr]w(k)

W (w(k))
(59)

w(k+1)) = [T+ Blw(k)]" P
Amax (P~H(|T + Bi)TP(|T + By|))W
B (w(k)),

W(w(Ng +1)) < B, W (w(Ng)). (61)
From (59)-(61), for any k € (N;, Nij+1], we obtain that

k) < (k]'[1 7 )W (o) = P!

[11+ By|w(k)]

(w(k))
(60)

IN I/\’“

that is,

"W (wy), (62)
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which implies that

Amax(P) L5 Mina,

lw(k)| < Mﬁzj(ﬂ "Hwoll, k> ko, k € N.
(63)

Hence, if Z;io Iny; = —oo, then by (63), there ex-

ists a positive constant K > 0 such that |w(k)| <

K ||wol|, which leads to the US of system (57). Moreover,

limy, o |Jw(k)|| = 0. Thus, system (57) is UAS. Hence, by

Theorem 3.4, system (52) is robust UAS.

Moreover, if (56) holds, then, by (63), there exists a
positive constant K7 > 0 such that
)\max(P) _
k Ky | ————
[w(k)|| < K N (P) €
which means that system (57) is UES. Thus, by Theorem
3.5, system (52) is robust UES. The proof is complete. O

%(k_kO)”wO”v k > ko, (64)

Remark 4.1. Obviously, if the conditions of Theorems
4.1-4.2 hold, then, the attractive region of systems (38)
and (52) is R™.

5. CONCLUSIONS

In this paper, we have established the comparison principle
for discrete impulsive hybrid systems. Based on the com-
parison principle, we derived uniform stability (US, UAS
and UES) criteria and the region of attraction for this
kind of systems. As applications, the comparison principle
has been used to investigate robust stability for linear
interval discrete impulsive hybrid systems and a class of
nonlinear uncertain discrete impulsive hybrid systems. The
robust stability criteria obtained are verifiable via solving
algebraic inequalities.
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